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410, Tipeacrapxenue QYHKNEA AHTErpasoM Pyppe. . . . oo 0o v vy,
411. Pasmeurne BOOS GOpMyaN PFPBE oo . L it i
412, MpeotpasosaAne PYPhe. . o oo v it i vt i e a it enanas

-

an

B&3

BEERE

3 353
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§ 4. DamxuyrocTh W HOAHNOTA TPEIONOMETPRWECKOR cHCTENH GyHrund

413, TipnGxwwenne $ynuauft B cpenued. JrcrpeNasnAne caolicrea o1-
PE3XOB PAAA PYPLE 4 . o . .. i a s
414, 3aWxHyTOCTh TPHIOHOMETPHUECKOR CHCTEMB « v o o o v v o b v o v s
415, TloAHOTa TPRTOBOMETDHYECKOH CHOTEMBM « « 4 v v + v v v v v s s v o v
416, Odclulennoe YPapREHAE FAMKMYTOCTH o« o o <« o« c vt v v nom v s
417, lonaernot AHTETPAPOBAHAE PARE PYPBE « o v v v v v n s v o v
418, MeoMeTPHYECHAR HBTEPRPETAMEA + « « v v v v v v v s v v v nn P

§ 5 Ouepr HCTODAH TPHTOROMETPHIECHHX PAROB

419, 3anaua 0 KOXCCAHAH CTPYHH + ¢ « « v+ o6 v v s e v v v snaannenn
420, Pemensie daxamGepa B DAIEPE . « « v o v v v v i i i i
421, Pemesue Tefinopa m 0, Bepryssa .. ... e e e e
422. Cnop mo BOBOAY 3JAYA O HONEOZHWH CTPFHH . . « o o o v v v v v o
423. Pasaowende QyEEunii B TPHIOHOMETPHYECRAE PAIM, DApencaeHne

KOSPOHOHERTORE « « o v v o v s st oo irovaovvtos P

424. Noxasareancrsa cxonumocTs panoe Pypee B Ipyrae BOMpocH . . . 433

425, JaKADUHTCABHBE ZAMEUBRER « « + + + « ¢ ¢ s s s s nn s snrarnons

JARNOTERHE

OYEPK BAJIbHEAIIETO PA3BHTHA
MATEMATHYECKOTrO AHAJAH3A

L. Teopaa an(repenuHAXLAHE YPABHEHAN . ... . ... voeueuane
Il BapBan#OHHOe BCUBCACHEE o « 4 o o + o v e v v v v n s a s aansansos
Hl. Teoprs ¢yAxnpfl LOMUACECHON DEPEMERROB. . . . v . . v v iv s -
IV, Teopua BRTErpantHUI YPABHEHHM . . o o o v v v v v i v e v v a v vnns
V. Teopus $ynxuuft semecrneiinol nepementofl . . . .. .........
VI OyHKOHOHSELHEA HAAAS « o o v 4 4 v o v vttt



TJABA HATHAZUATAR
YUCAOBHE PALB
§ 1. BBEJEHHE

284, Ocnmobune moHaTHN. IlycTh 3snana HekoTOpas Oeckodeunas
nocAEA0BATENBHOCTL MBCEA

8y, oy By oov s Oy oo )
CoCTaEneHHEll U3 STHX YHCEA CHMBOJ
oot a...4a,. .. @

HagHBAeTCR GECKOHEUHHNM DPAAOM (WM —npocTo-—pPAAON), 4
camm uacma (I)—daenamu paze. Bwecto (2), noassyach SeaKoM
CYMMH, 93CTO NHLIYT TakK:
ol
3 ag @2a)
T
yKa3arenb n npoleraer saecs Bee amaueHus or 1 jgo co¥)

CraneM nOCeZOBATEAbHO CKAAAKBATL YACHH pANQ, cocrasass (8 Gec-
KOHEYHOM KOAUNECTBE) CYMMM:

A,=a” Agﬂﬂt'-]*d', A;=a;+dg+% e }
sas ¥ A“=a1+ag+...+% lC.;

HX HA3HBANT YACTHYHHME CYMMZMHE HIA OTPEaKkaMu paja
Bry nNOCACROBATEABHOCTb YaCTRUMHIX cymM {A4,} Mu Beerna Oyaem co-
ROCTZBAATE C PREOM (2): poar STOro CUMBOAZ H SZKMIOWAETCH B NOPO-
MACHUA YHOMAHYTOR NOCASROBATE/NLHOCTH.

Konewruli uan Oecxonexnuli npedes A sacmusiol cymxs A,
proa (2) npu n-»oco:

@)

A==lim A,

#) Bnpo%eMd, BYMEpIUHD YneHOD PAXKa HHOTAa OmBacr yAolRee HAUHMATL He
C COHHHNK, & C HYAS NI Ee ¢ XIKOr0-AE00 HATYPAXLHOrG 4HCA3, Goapuero

EARRAL L,



2 . IV, YUCNOBHE PO 234

Rasweaom cy wuolf pRIa B MHMUYT

A=a,-|-ag-!-...+a,.—]—...=§lam

NpuRaBas TeM caMuM cuampoay (2) nmm (2a) wacAoBoH cMuch. Ecar pRd
HMESH ROKERRY 0 CYMEY, 20 KASHEQIOM ¢ X032 uMmc A, 8 npo-
MUBNOM Jice cayiae (m. e. ecant eyMxma pasna & oo, aubo e cyMMu
Bodce Hem)—pacxodrauume .

Taxum oGpasoN, Bonpoc © cXoHEMOCTH psfia (2), mo onpexe-
JCHHA0, PaBHOCUJNEH BONPOCY © CYIISCTBOBAHHR KOHEUHOro Rpemena
Ana necaegoparedsHocTn (3). OO6patHo, Kaxkyw OW NOCAEnOBATEALHOCTSH

xi, xy x‘; LI x,,, s

HATEPeX M¥ B3ATh, BOOPOC O HAAHYHH JAA Hee KOMEYHOro npesexd
MOKeT OHTh CBEJEH K BOOPOCY O CXOAHMOCTH DSfa

HF =) @)W — L)t @)

JAS KOTOPOTG YacTHYHEIME CYMMAMH Kak pas A Gymyr uaeHs sToff mo-
cneaosareasnocrd. TIpm oTOM cyMma paga coBnagaer ¢ NPeASAOM NO-
CACHOBATERLHOCTH.

Huume cropamd, pPaccMOTpenne GECKOHEYHOrO PAfa A €ro CyMMH
€CTh OpOCTO HOBas OP KA HEYUCHHS NOCACEOBATENLHOCTA H €€ mpe-
nena, Ho sta GopMa, KaK UHTATENE YBHIMT H3 Jaapnelmero nsaoxke-
HUA, NPEACTaRMAET HEONEHHMEE NPEeAMYIISCIBA- KAaK NpPA YCTAHOBRCHUN
CaMory CymeCcTsoBAHWA NPEAens, Tak W NMpHA €ro BHMHCACHHH, 10 of-
CTOATEALCTEG AGAIET OCCKOHENHHE pAZH baKHeHUIUM OpPYANeM KCCae-
JOBAHUA P MATEMATUMECKOM aHAAHIS H €TI0 NPUAQNKEHURX,

Nepuuerr. 1} Npocrehmuf npamep GeckoHeynoro paga MOAYLAEM, CYM-
MHDYA (y#e SHAKOMYM YHTATENI0) IeOMETPHYCCKYI0 MPOTPECCHIO

atagt e +...+ag™t 4.,
Bro vyactuuman cymMa fymer (ecas g7 1)

a—ag®
8u= l—q .
Ecan spamenatens mporpeccHs, ¢, U0 aScooTHofl BeaHUYARe MEEBOIE ENRHELH,
1o {KaK MH yue-3HaeM, n° 30, 6?] S, HMEeT RoHewyHwi npegea

8=1—_.'?,

T. & H3ill DA CXOAMTCE, B ¥ GYHeT erc cymmoft.

INpe g1 =21 Ta e nporpecchs Daer npEMep pacxonamerocs pana. Ecan
g=1, 10 ero cymuoit dyaer (-!r_rm HAH —co (CMOIpA HO 3HAKY 4); B ApOuMK
CAYYAAE CYMMH BOBCE HET. MetHM A0GonNTHNE pay, XOTOpHHA NMOJyuaercs



2351 § ). BREAEHHE i3

i a=1, §g=—1:
le=tdl=1t . =l4 D14+ —DF.%

Ero vacrvusnie CyMMH nOTepeMeHHO pEBHH 10 1, 1o O
2) Jlerko ycraMOBHTE PACXOIMMOCTh PAAnE

-]
1 1 1 1
"-"":-_—l — iy ——3 LT ——— ey
“glyn R A
B camoN xexe, Tax KAK WieHW ero ]FGHBSDT, 10 €TQ #-A YACTHYHAH CYMMA

i 1 1 t
l+ﬁ+ﬁ+...+-—ﬁ>ﬂ° ]/'F_V“

4 pacrer A0 GeCKOHENAOCTH bMecCTe C A,
3) Haxonen, wesee TpHEHANBHHIA NDPEMep REM HOCTABHT MepeMennas

ga== Tt et

Tpo KoTOPYI0 B 0" 49 Mol ACKA3AAH, 4TO OHA CIPEMHICE K Gucny ¢ 3T0 paBHo-
CHEALHO YTBEPAACHWI, UTO ¢ ABAAETCH CYMMOfl GeckomenHOro psga:

o
1,13 1 1
e=1 +ﬂ‘+—ﬁ+u- +E+ou—l+ 21}"10
. R
BemonnAast NpUSIHEeHMce BHYACAGHHE YHCAZ ¢ B h* 49, yaTarens HA 9TOM
APHMEpE CMOXET OLEHHTh BHIOAY NOCIEXOBATEABHOTC BBEXCHHA BCE MEHEE W
MeHee 3HAYRTEAbHHY TONPABOR, NOCTENCHHO YAYUMANMMX NONYYaeMie B BALE
VACTHYHNX CYMM OpHONMHCHMHE 3HAUCHHA & -
235, Ipocrefimue Teopemu, Ecam B pane (2) orSpocurs nepeue

# 9ACHOB, TO NOAYUHTCA PAAC
o

Gt Ot ooet Gap o= X ay ©)
g=m-i-1
HA3HBAEMHN OCTATKOM paxa (2) noche m-ro SACHA
1°, Ecan cxodumes psd (2), mo cxodumcsn i ap0olk 03 €20 GCmant-
xos (b), ofpamno, u3 cxodumocmn ccmamia (B) swmexaem cxodu-
Hocms ucxodrozo prie (2).
duxcupyem m u oGosHaunm -0 dacraunyio cymmy paaa (B) uepes Ay

Ay =+ B oo G
Torzaa, ouesnano, . .

Ecxn pap (2) cxommrces, Tak uro A, — A, T0—pupn GesrpaHHyHOM,
BOBPACTANNY % - CYUIECTEYET KOHeuHH{ mpenex
A=A—A, )]
M Axd CYMMH Az, UTO @ 03HAYAET CXOAMMOCTh pada (5).
*) Ecom xaxofi-au6o yAeq ¢ pAfR OXASWEBALTCA OTPAMATERLHU M HHC-

aou: g=—p (rae &>=0), 1o eMecto ...} (— &) -}-.., pumyr ... —d4...
flogvepxHeM, 9T0 YASHOM pala 3Xech GyAer mce me — b, & He b,
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O6par#o, ecanm aano, wro cxoamrca pax (5), rax wro Az— A', 10
nepemsuien paeeHcrso (B), noxarax B HeM km=n-—m (npE n >m),
TaK: Ay=An+ Ay _w
OTCIONA MONHO YCMOTDETh, YT -—Dpn OesrpanyHoM BOBPACTaHHB 71—
HaCcTHYHAA cyMMa A, BMeeT npemen

A=Ay} A, ®)
t. e, cxounrca pax (2).

HHEMA CRoBaN®, omOpackoarie KOHERNO20 YHCAR HQUAABHHX wAe-
HOB PROG UAL NPHCOCOUNENUE 8 RANAAC €20 HECKOALKIX HOBWX YALHOB
HE ompamaemcf Ha nosedeHuu pPR¥a (B CMHCAE €r0 CXOAUMOCTE
Wi PacXOAMMOCTH),

Cyumy pama (5), ecam o cxogercd, o6osHauMM BMecTo A’ cHmBe-
A0M @, YKasHBad BHAUKOM, IOCAe Kakore unesa Oepercs OCTATOK,
Torna dopuyan (8) w (7) mepennmyrca caexylomuM oGpasom:

AcsAytoy, en=A— A, 9)
Ecm ysenmynpars m X0 OecKOHEWHOCHH, 10 Ay~ A B g, — 0. Hrak:

2, Ecan pad (2) cxodumcR, mo cyMRa G, €20 OCMAMKA ROCAE
=20 ARG C S03PACMANUEN M CHIPEMUMCRE K HYAO.

YrnousaneM caemyompe NpPocTHe CBOHCTBE CXORGMIMXCH PANOB;

3% Ecan waenw cxodmusezocn pada (2) yssomcums K odun it mom
e MHONCUMEAS ¢, MO £20 CXOOUMOCPS HE HADVIUMCA, G CYNMG
Als YMHONCAMCR HA C,

B caMoM Zene, uacTHUHAR CymMa A, paaa
cay-}-cayt...-cap+... ,
OWBRINO, pPamka

A =cay-+ctat...~-cay=c (@t as+...+a)=cA,

4 uu¢eT npeneaok cA.
. Hea cxodruuxen pada

A=uay}ay-f-...+a,|...
B=b4by+...45,F...

MOJCHO ROUACRNO CKAGOHOQMD AN SNNUMAMS, mMAK 4mo pad
@ b))+ (ot b) 1. (@b} ...
maKxce CXO0UMCR, U €20 CYMMR PASRE, coomBemcmaenno, A% B,
Ecm A, B, u C, 03HAYAOT WaCTMUYHBIE CYMMH YROMSHYIHX DRAOB,
TO, QHCBHAHO,
Ce=(@ b))+ (b4 ...+ (a2t b)) =
=(m-ta...fa) @G- bt b)=A,%8,,
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Tlepexona & nupemeny, Halines, 4ro
limC,=lim A, 1lim B,

YT0 H ACKASHEACT HAlle YTBEpMAeHwe,
B sakmouenne cAemdeN eme OAHO SaMevaHye.
5% QOmudl wren @, cXodRue20c8 pAdQ cMpesumeR X Ry,
310 MOMET OHTL HNOKASAHO COBCPMEHHO SNEMERTIPHO: P& A,
(a c HHM H Ay} AMeeT KoHewHudt npenen A, 10

= A'—' AH 0.

B npeanayiiem YIBCPRACHHM COACPRKHICE Neolxodumoe ycaosue
044  cxoduMocmi pAda, KOTOPHM MH OyieM YaCTO HNOALSOBATLLL,
Tiph napyiedun ero paj 3aseaoMo pacxoanrca Oanako
BAMHO TNORSEPKHYTH, YTO STO YCROBHE He SBASCIcS caNo no cele
JOCTATOYHHM AAS CXOZAMOCTH Dana. Hanmn CAOB3NE, ASXKE PR
BHNOAHEHHH €0 pPAR MOXeT PACXOZHTHCA Hpnnepou

ST0TO CRYNHT PAR
| 35

u-rl

paccmorpennnit pume [a°284, 2)f MuorouRcAeRUBe Be npaNepu
2TOTO Xe POSE THTATEAL HafifieY B HOCACAYIOMIEN. ol

§ 2 CXORHMOCTD AOAOMHTERSHEX PLAOB

236, YcaoBHe CXOARMOCTE NONOXETCALROTO PANA. JaliMeMcs Teneph
BONPOCOM OO yCraHOBZCHHH CYOAWMOCTH RAH PacXOAHMOCTE pama. Stor
BOMPOC BCETO RPOMIE PEIaeTCs AAd PAAGS, QXCHE KOTOPHX REOTpH-
DaTeauHE; HAR KPATKOCTE TaKHe Dansl MH OyleM HasusaTs NPOCTO
RONOXKHTEABHHUMA.

Hycrs paa
.ga,=a,+a.+...+a,,+... @)
Oyner nonoxmremueM, T. e a,=>0 (=1, 2, 3, ..) Torus, oue
- App=Axt =4,

T. e mNepeMehMas A, OKasHE3erca Bospacrilomed. Benommass
TeOpeMy © Wpeaene MOHOTOHHOH nepemennoft [u® 44), Mm uemocpen-
CTBCHHO NPHXOIHM K CREAYIOIEMY OCHOBHOMY B TEODHH NONOXNICNL-
HuX PANIOB BPEINOMEHHI:

Teopema, [Toroocumessnnid pad (A) scezda umeem cymumy; sma
cysuma Cydem Konesnol (i, cAed08ameAINO, PRD — cX00AWBMCR), E0AR
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UACIMUNDIE CYHME PROX O2paNuNeHs Ceepxy, B Oeckonexroll (¢ pro—
PACXOIRIMUNCR) 8 NPOMUCKON CAVRAE.

Bee npaxravecKHe HPE3NAKH CXGAMMOCTA 2 DACROAUMOCTA HOJMOWH-
TeNbHHX PROOE, B KOHEUHOM CYETe, OCHOBAHH Ha 5TOf MpoCTolfl Teopewme.
Ho nHenocpeACTBEHHOE e npHMeHeHHE JNHINL B PEEKHX CAy4adx
No3BOARET CYAMTh © Xapaktepe psma. [prezem mpumeps sToro poza.

1) PaccuorprM pAx

v 1 1,1 1
2}?m1+5+§-1—...+;+m ,

Wa3secTAN 1ON HMEHEM TAPMOHHUECHEOT O PAZA ).
HneeM oueBRANOE HEDABEHCTBO:

1 1 1 1 1
stsmteetgoe =1 o

Ecom Bce ulleHH TADMOBHYECKOrQ PRAA, AAUHHAA CO BTOPOTO, MOCHEAOBATENHHO
paaldrs Ba rpynnu Ko 2, 4, 8, .., unenoe B Ramnol:

LUNRR WRUIFER SRR SFER FN WA R
= b2 D
—25]=;+...+5;—l_—,;... s
k-1
TO KAKEAS N3 STEX CYMM B OTAGNbHOCTH Oyfler Somsme -;—: B 9T0M Aerko yGe-

muTheA, monaran B (1) noouepepno n=2, 4, §, ... , ¥, ... OGo3HayEM n-B
YACTHYRYE CYMMY FAPMOHEYECKORC pAfa Hepes Hy: Torgg, oYesmiHo,

]
Hak>k‘ R

Mu BraMM, 970 WacTHVHWE CYMMB HE MOFYT OWTH OTpAHWYEHH CBEPXY: DA XA
UMEeT GEeCKOHEYHY CYMMY.

¥YromaHeM yme anech, uT0 My ¢ BOSPACTIRHEM £ BOSPACTET OYEHb MEX«
ACHHO, Jiaep, HanpHUMeEp, BRYACINA, ¥TO

Hieo=T748 ..., Higooes=1430 ... 0 1. 1.

BuocneActBEH MH $YNCM HMeTh cAyvaff TouHee OXApAKTEPASOBATh BOSPACTAHMC
cyun H, [n°238, 41
PaccMotpun Tenepp Goaee oSmmE pax

o
1 1,1 1
n_8=l+—23+_33+ ...+n—s+ ey

%) Kamnuft yaer €ro, HawdEAA Co BIOPOTO, NPEICTABMALT coSofi cpenmee
FAPMOHMYTECK O€ IBYI COCeAHEX wneHoB. UACHO ¢ HA3HBACTCA CPEAHHM
TAPMOHHYECKHM Yyncen ¢ 0 b, econ

i)
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roe 8-~ 0608 BEIECTBEHAOS WHCEO} OH COAEPRHT » cefe, max HacThuft cay.
uah {mpr s=1), npenuaymn paa [lo cxoncyBy ¢ pamoM (1), ¥ aror pan ToOmE
HA9LBAY FAPMOHHYCCRHM,

Tax war mpu $ <1 yXeHH paccMaTpHBaeMoro psga Goxbllie COOTBETCTBYIO-
mEx 4xeHoB papa (i), T0, B STOM UPERNONORERHH, YACTAUHHE CYMME H DONABHO
He OTPAHHYEHH CBEpPIY, TaK NTO PAN PACXOAHTCA,

Jafimemca cayuaen, Korga §>-1; momomMM I ypoGerea $=1 -9, e
¢>>0. Ananorwuno (1), BMeex ma sToT pas:

1 1 1 1_1
;+m+...+w<n‘ﬁ=ﬁo @

BuxeAss, Kak ¥ PHINE, NOCASLOBATEALHHE PYANE YACHOB:
1, 1. 1,1 1,1 1 1
ntyw ptetetm et -t
3 2 3

1 1
w-‘-...'{'@_—]y‘, wbe gy
on-1

¢ MOMOUEN (2) nerste NOKasarh, 4TO STH CYMMH COCTBETCTBCHHO MEHBIIE qae-
HOB Mporpeccun

1 1 1 1 1 1 1

3o FTP TG e Ty I
B TaRoM CAy9ae ACHO, UTO HAKYH [ JACTHYHYID CYMMY PaCCMATDEBAEMOrO pARa
HH B3aTk, OBHA 6}'1&1‘ MEHLLLIE TIOCTOARHONG WHACAA

CAEROBATRARHO, PAR CXOAHTCA,

237, Teopemn cpaenesuns pagos, ComaMocTh UAH PACXONAMOCTH
NOAOKHTEABHOrG PRAA YAaCTO YCTAHZBIMBAIOT [YTeN CPABHEHHT €ro ¢
APYTHM DPAZOM, BaBeOMO CXOAAMMCH HAM pacxqismuMcd, B ocHobe
TAKOrO CPAaBHEHES JEXHT CACAYIOULAS IIPOCTEA TeopeMa.

Teopema 1. Ilycms danw d8a nososcumessuss pada

glau*—-a1+aa+...+a,.+... (A)
u
2 ba=bitbyto bt ®)

Ecan, xomsa Ow ROWUNAGZ ¢ MeROMOpO20 Mecma (CKaxew, Aag n > N),
BMROAHREIMCR  Hepasercmeo: Au=sb,, mo R3 cxodumocmu psda (B)
sumexaem cxoduxocme pria (A) uwsu—sumo mo owce — us pacxo-
Ounocmu pada (A) caedyem pacxodumocms pada (B).
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Jdoxasarenascreo, Ha oCcBOBAaHMY Toro, uro orTGpacHBAEHE KO-
HEMHOrO WICAA HAYaAbHHX YACHOB DAAA He OTPAKACTCH HA €ro nose-
Aewrm [n°2858, 1°), mu MOXeM CudTaTh, He HApymWas oOMHOCTR, uTO
8,s5b, npu pcex suavemEsX p==1, 2, 8, ... OGosuawe uscTRUNME
cymnsi psgon (A) ® (B), coorsercreesiio, uepes A4, u B, Oyaeu

Huerb!
A, =B,

Itycts pax (B) cxzoamnrcs; Toraa, no ochnoenolt reopeme [n°238)
CyNMH B, OrpaHHYeHE:

BséL (L=00n3|§; ﬂml, 2) 8’ ltt)-
B cany npemuayere HEPaBeHCTRE, B NOZIBHO
Ayl

a sT0, no Tofl e Teopeme, BAcweT 3a coloff cxomuMocrs psma (A).
Hrorna Ha mpaxtuke Sonee ynoGHa caeayollar TEOpENa, BLTEHZI-
Mmasg B3 nepeolt:
Teopema 2. Ecau cyujecmayem npedes

nmgi=!(') (0= Kz 00),

mo u3 cxodumocmu paia (B), npu K< co, sumexaem cxodusocms
paoa (A), a us pacxodumocmn nepsozo proa, npu K >0, swmexaem
pacxodumocme smopozo, [Tawum oGpason, npn 0< K< oo ofa pana
CXOAATCH AR 003 PACXOARTCH OAMOBPEMEHHO.]

HDoxasatraanscreo, Iyers pan (B) cxomurca m K< oo, Bass
DpOBaBOABROE WHCAO ¢ >0, WO CcamoMy OMpeNSHEHRIO NpeAexa, MAS
AocraTouno GoabmHx 2 GyAes mMeTh

m <K+ omyna o, (K+4-9)b,

B n°286,3° oanoBpemenno ¢ pamom (B) Oymer cxomarnes & pEA
2(}?1 e} b, DoAyueHRHE YMHOXKEHHEM €rQ WYJCHOB HE NOCTOSHHOE
uucm(f)—{-o. Orci0aa, 10 mpesnAyinefi TeopeMe, BHTEKIET CXONAMOLTH
paaa (A).

Eczs wme pax (B) pacxomurcs ® K >0, T0 B sroM caydae oGpar-
HOE OTHOINGHHE a_: HMEET KOHeWHHR mpenen; pa (A) Zomken Ouin

pacxommmumcn, BOO, ecan OH OH CXORMACH, 1O, MO JOKASARROMY, CXO-
mnaca 6u B paa (B).

Haxonen, npmeeaes eime OAHY TeopeMy CpPABHEHHS, TaKKe Bpen-
cTapAmomyr cobot creacreae neppolt,

*) Mu npenumosaraes OpH TOM, wIC by F0.
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@ 3 Ecan, xoma ON Rasunas ¢ NeKOMopozo Mecma (cxa-
aex, 028 n > N), 6UnOAKREMCA HepaseHomeo

Ll v, ©

mo u3z cxodumocmu prda (B) ewmewxaem cxodumocms pada (A)
asl ~—umo mo e —u3 pacxodusocmu prda (A) sumexaem pacxo-
dnmocms paoa (B).

Hokasateawcrso, Kak n Bume, npr JOKasaTeAbCTBE TEO-
pemsd 1, He ymaaas oOOMHOCTH, MOMHO CMATATE, 9TO HepancHCTBO (3)
CNpaBennup0 HAS BceX sHavenwd n=1, 2, 3, ... B Takom cayvae
GyaeM HMeTH:

et DL LA

‘Rr=1 a—1

TlepentonHe ROWNERHO STH HEPABEHCTHA, MOJIYUMM:
3495 ann a,,ss;;l-b (n=14 123, ..)

Tyers pag (B) cXOmMTCRE, BMECTE ¢ HUM CXOAMTCH pmzmob no-

NYUEHHEH FMEOMEHMEM ero WIEHOB Ha NOCTOAHHHE MHOXHTEND -;—‘.
1
A rorga, mo Teopeme 1, cxoamurca W paa (A), uro u TpeGorasocs Ao~
Ka3aTh.

MNepeftieM Teneps & NPUMEPaM YCTAHOBAGHHS CXOAUMOCTH WA Pace
XOAHMOCTH [PAROE HENOCPEACTGCHHWM NPHMEHeHHeM TEOpeM CpaB-
HCBHA,

238. Mpawepu. 1) 2 W CXOARTCH, TAK XaK

=l

(n!)*
@i F Eu_“-l) <"F
(reopema 1),

2) Cpapnexme ¢ rapMoHusecxkuMi pamamm [n°236] rossoager ycra-
HOBHTb MOsEAcHAe MHOrmx panos. Ilo rTeopeme 1

o

1
(3) ugl W CXOnATCA S VW< ,f’

©) 323-““_1'”7 (p>>0) pacxoanrcw: (Inm)<s nans mocraTouHo

GonbinX,

*) {Iph ot0M @, W B, ¥OHEYHO, HPCANONArANTC OTANNHHME OF AYSR.
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0
1 oo 1 1
® 2 (in g)'"* CXORMTCR: (Inx)0s — plaina < & AL DOCTAroukHo
=l

OoAbIIRX 71
3) Tlo 'reopene 2

(@) 2 sin —(0 < x<(%) PpacxoanIcs: sin = —l-—.x; aHANOTHYAO,
]

PACROANTCA H PAH
o0

2 In (1-{—%) x>0, i (Va—1)@>1)

R Rl

© ”2 (1 - cos-%) CXONMTCA S (1 — cos %) :r% -—%’.

4) Hakonen, paccMoTpum pan

3 (h-me.

A

Meronamn  mrdipepesmpaibHOro HCYHCAEHAR JIGMKO YCTAHOBHTD He-
paBencTEO:
In(l4-2)<lx *#0, —1<x< 0}
Tloabaysch HM, MOXeM HANMHACATDH:
n41 __ 1 1
mEF—in (1 +5)<z
H B TO %e BpeMs
n+41
In -

-——lun

Fr=—n(l—rm)> 5
[Tosromy

1 ntl 1 1 1 1
0y <<z <m
Takaw oOpazoM, WACHH [J2HHOrO PAAd NOAOMATEILHN H  MeHbIIE
-]

COOTBETCTBEHHMX UIEHOB CXOAAHErocs paaa -&. n°236), caenoea-
. T—
TE/HO, H JAHHWA PAN CXOAHTCH.
Ecan oGossauntp ero cyMmy uepes €, TO HACTHYHAS CyMMA

n

3 (%-——lnk+l)-_H,,—ln(n+ 1) —C
F Y
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(H, 0603HAY2ET, KAK BCErAa, YACTHUHYKX CYMMY FapMONHYECKOTo pAZRa).
Moxtmo aaueﬂn':b sfecs In(r--1) Ha lns, TAK KaK HX PAsHOCTS,
pagHaa In (l—l—;), CTPEMHTCA K Hymo. OxoHuarenpHo; o060sHagan ye-
pes 7, HEKOTOPYI O€CKOHeNHO Maayio, EMeeM AMd F, 8aMENaTenbHyn

dopxyay
Hy=lan+4C-}1, 4)

Ona TNOKasHBAET, YTO 0OpH OeCKOHEYHOM BO3IPACTAHHR B YACTHUHEA
cyMMa H, TADMOHHYECKOTO DA pacTeT, Kak Ina.

Garypupyomas B Qopwyse (4) nocrosmnas € Hasusaerca sAae-
poso#t noctosunol, Ee wacnennoe smatesne (KOTOpPOE YAACTCA
PHYACANTL H8 APYTHX COODpaMeHH) TaKoBO:

C=0577215.,,
239, Mpusnaxuy Komu u JanamGepa. CpapHenme HAHHOTO pAfa

gla,=a;+a.+...+a,,+... (A)

¢ PaBMATHEIMA CTAHZAPTHHME pPAKIMH, SaBElOMO CXOOAUIMMHCA
BAH PACXOZRANAMHCH, MOXeT OHTh NpoBedeHo M B Ipyrod, Tak CKa-
3aTh, GoAee OPraHMsOBaHHON GOpNE.

BossMem JAas cpasHeHHs B KaudectBe pama (B), c oaHoH cTOPOHH,
CXOAAMYI0CHd TeOMETPHYECKYIO IPOTPECCHI

St=g+¢+. .t +... 0<g<),
a ¢ apyrofft CI0POHN — PACXOAAMYIOCH NPOTPECCHI0
Si=1414. 1.

Cpapuneay HenmuTyemufi pag {(A) ¢ STEMH pAgamu no CXeNe Teo-

pesil 1, OpAAEM K CAGAYIOMEMY NPHSHAKY:
Mpusnax Kown. Cocmasun 04 prda (A) ssipamenne

gu=nl/&:'
Ecau, npu docmanmouno GOASWINX N, BHNOARSEMCT NEPASEHCMEO
€<y

208 g—ROCMORRROE LHCAD, MEHDUIEE SOUHUEN, MO PRO cxodumen;
ECAU e, WAKUHOR € NEKOMOPORO Mecma,

¥,.=1,
mo pRd pacxodumes,
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Dleficreutemeo, HepapeHcTsa ¥ a,=cq Bam 'Ya,==1 papHoCHALHR,
COOTBETCTBEBHO, TEKUM: @, =5¢" BARL @,2> 1} OCTAeTCH TNPHMEHWTH Teo-
pemy 1%),

Yame, ommako, STOT OPUIHAK HPUNMEHROT B APyrod, mpeneab-
MO, dopue:

Honycmum, smo swpawenne €, umeem npedes (womeunsid nau
Nem):

fim gnmg.

Toeda npu T <1 pad cxodamca, a npu &> 1 pad pacxodumes.
Ecain & <1, 70 BOSHMEM MONOMNTEABHOE WHCAO ¢, MeMbllee, HEM
1—&, rak wro 8 € 4-3<1, Tlo onpesesesuw npemess, aax n >N

Oyaer: T —2 ¥, T+

Yucno € -}¢ mrpaer pom 9HCIa ¢ B NpeAmaymed (opuyarpoBke:
PHA_ CXONHTCH,

Ecan xe & > 1 » koneuro, 10, o 6 ==& — I, TaK wro & —s=1,
AR JOCTATOYHO OOJBIIMX SWaveHuli # HA STOT pas OyleM HMET
€y > 1: pra pacxopurcs. AHBAOrUYHNE pesyavrar u npR ¥ =o0.

B cayuae, korga &=1, 5T0T NPHIHAK HE NaE€T BO3-
MOMHOCTH CYAHTHb O HOBENEHHH DA

Ecak cpassense paga (A) ¢ YKa9aHHHMR CTRHERPTHHMME PRIaMd
NPOHSBOANTE MO TeOpeMe 3, TO NPHAEM K TIKONY RPHIHIKY:

Mpuznoer Qosambepa. Paccuompux das pada (A) omuouenue

[
9,.=-3:1.

Ecan, npu docmamoixo OOASKULY B, BNBOARSEMCR REPASCKCMED
L)
20¢ g—ROCMORRNOE NHCAO, MeNblice eOuruyN, Mo pAD cxodumes;
ECAR €, MASUNAR C HEKNQWIOPORO MECIA,
g u} 1’
mo parié pacxodumes **),

¥nofuee, 0oHAKO, MOALEORATHL NpenxeanHoft ¢opuofl nprsuaxa:
Honycmun, wmo omnowenue &, umeem npedea (Konesnwid wan

Hemy.
in? =%,

%} Paczopamocte paxs, KOBCuHO, MOEe? OLTH YCTAHOBAEHa M mpocroft
CCHEROH HA Hapymeune HeOOGXOXAMOrO YCAOBAA CXONAMOCIM [n'l&. 5).
) Hsgecb pACIOREMGCT b NPANO BRTEKACT W3 HAPYMIeHAa Be 06X 0-

a,
HZEMOT O JCAORHA CIONRMOCTE; BeAb, eChN ~2il =] Ran @y, 226y TO Gy BE
MOWET CTPEMATLCA K BYZAW, O
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Toz20a npr <1 prd cxodumecs, a npu &' ™>1 pad pacxodumcs.
IloKa3aTesbCTBO — TAKOE IKE, KaK M B cayyse NpusHaka Komm.

HoToeT RPpHBHAK HHYLTO HE KaeT, €CAH OKABHBACTCH,
uro =1,

3aMevanne Mu co&:aamm 82 N3NOKEHHM NpHspakoM HMs HaxauGepa,
g3k 970 Rerdercd obmuno. Ho ma xeze y [MamawGepa He Ouxo OTHETAHBOTO
NPEACTABACHHR O CIONHMOCTA PAAZ H 0§ €ro CYMNe Eag npefere YaCTHYHHX
cyuu. Jaxam6ep npexocreperier or NOABSOBAHAA PAAAMH, ¥ KOTODHI OTHONE-
HRe MOCHCLYOUIETO T32HE K MpEALAYIIENY OROBYETEALHO CTRHOBHTCE alcoamino
GONLIINM eNHNALN E CYATACT TaRHe PEAN <omAGouMnME», Hng TOro wrobu
pax OHX «XOPOMNM H HeoITHOCUHHM>, OB ?eéyer ML, YTOOH YNOMAHYTOS
OTHOUIEHHE OEOMYATENbHO CTAHORMACCH (20COEDTBO) MeHBIIEM €N HEHL R}
nolveprHeM, U0 M MOTPeGOBARH BHIE HPYTOTO, & HMEHNO, UTOGH 9TO0 OTHO-
weHHe CTAHOBHAOCh MENLIHM NOcTospnol nmpasmabrofl ApodR 41 Yeao-
pue HasamGepa HeMOCTATOUHG AAA CIONMMOCTH PAXA B COBPEMEHHOM CMBICEE:
OHO, HallpHuep, BHOOARAETCA XA SABEIOMO PACXOXAIETOCA TAPMOHHYECHOTO

V1
Pm 2 ‘Ft
1
Bu;pmabuoﬁ dopMe NpuzHAK G BREpBLe TOYHO COHPOPMYAHPOBAH H X0~
xazar Komu.

o5
NMeaupew: ) Hyers nan pan E(l——i—-)ﬂ. K uewy ecrecrsennc
|
opaMelnts npusnae Komu: .
1\® 1
G=(1—%), E=g<i

TaK 910 PAA CXONWTCH.
Tpuuennn mpustiak HamauGepa K CAEXyOIHE PAAaM:
oy
@ 1+ 35 >0 Fu=rF, F=0,
Fpom]

PAX CIOAUTCA, XAKOBO Oi BN GHAO SHAYCAHE X}

©)

;u&(%)u (x>0 @'u=(ﬁg, .@'ﬂ%,

PAX CXOARTCA RPA X =<I# W PacIOAAICA OPH X >¢ ApH X ==¢ NAPHIRIK
A
Hazambeps, B mpeacabnoR GopMe, RERErO e A3eT, HO TAX KaK (l +7|3-) <¢

o BCeria &7, 1, T0 PAX BCe We PACIORATCH.
3) K rapsonnuesxnn pamam

=
%=;+ 1}3++% (s3>0 (Hy)

fo
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YEASAFHEE DPHSHAKH He TPASOXHMH. Heficrenrensno, & sroM caysae $y ==
=5 <l o limFp =1, Tax waK

ln?,::-—s-T—-.o [o° 121, 3)}
Ananorauso, 4 &7, "=1_1_l"3 < I, HO, oueBnxBY, TaKEke Hm P, =1,

n
Ha apyrux cooSpamennit [n°298) My, OofHaKo, SuaeM, 9TO TAPMOHHUECKHR
PSA CEONHTCA PR 8 >>1 W PacXomutcA DpH S=: 1.

240. Mpusnax Paate. B Tex cayuasx, KOrAa YKaBaHHWE NPOCTHE
NPHSHAKA He A3I0T OTBETA, NMPHUXORATCH HPRHOETaTh K O0aee CAOMHHM
HPASHAKAM, OCHOPEHHMM HA CPAPHCHMA HCIHTYEMOTO DPAfa Yike ¢ Apy-
TAMH CTAHM3PTHHMHA PSAAMH, TAK CKasaTh, ,NERECHNHEE® CXOAMMMMHCA
W MejfeHHee* pacXOAAMMMBCS, YEM NpOrpeccus,

Mu paccwoTpum asgecs eme mpusHak PzaGe *), ocymecTsamowmpl
CPABHEHHE NaHHOTO DAma (A) WMEHRO € rapsoHuveckaMd pagamn (H).
Ilpr 9TOM MPHXOANTCS DACCMATPHBATbL TAKOE BHPAMEHHE:

a’?,,=,n(1 —1;:3).

Hpasnax Paale, Ecan, npu docmamoxno OCosswnx m, Sunos-
HACMCR REPABEHCME0
egn;r 3

20e r—nocmonnRroe yucao, Obastice edunuygu, Mo pRY cxo-
Qumca: ecat owe, HANUNAR ¢ HEKOMOPO2O Mecma,

F, =<1,
mo pad pacxodumes.
Wrak, mycte mpu AocrarouHo GOABINHX 7 HMeeM

— O T P L
n(l aﬁ);r)l 4im a,,él e

Bossmen Temeps xakoe-HuOyio uncno s Meway 1 m ri 1<ls<{r. Tax
K2K — 10 H3BECTHOMY NpencasHOMYy cooTHomennio [n°§6,3)] —

14§
(1 —;) —1
lim I ==3§

»
R0 — —
a

*) Hosed Jlwaser PaaGe (1301—1859) — memenxuft maremaruk.
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10 AAS ;ocTaTowno Goapmmx x Gymer [n°86, 1°]

148
_(_l::.:i’_)—L_i<r aan (1-———13-)’)1—%,

2 CAeAOBATEAbED, H
Gast 1y
s <(1 ") ’
DT HEPABEHCTBO MOXHO IEPelHCATb CAEAYWMM O5pazom:
1
8gyy _fr—1\s _ af
—G:-<( n ) =1
(n—1)¢
Cnpapa MH HMSEM OTHOICHHS [NBYX NOCACHOBATEABHHX WACHOB CXO-
asmerocsa pama (H) (s™>11); npumenns teopeny 3, ylemmaemca B
CXOIAMOCTRA pasia (A),
Ecri ¥e, HAYHHAL C HEKOTOPOTO MECTR,

(-t <

TO QTCIOAA CPasy HaxommM, 470

a n—1
B, T

L
n -
ar B i '

n--1
TpUMEHHB K paly (A) B K pacxogsmemycs paay (H, teopemy 3,
8AKMOTIEM © pacxonuMocts paza (A),

ITpusnar PaaGe TOMe MDUMEHSETCH NPEHMYUIECTBEHHO B NPEAE]HHOR

thopue.

Honycmuxn, smo supaxcente %, uneem npedes (Koweunwd uau
uem):
lim &%, == €%,

To2da npn % > 1 pad cxodumes, a npun K <1 pad pacxodumes.

Cpapuusas npusnake JamamGepa n PaaGe, enauM, uTo nocneanmi
sHaysTeARHO canbuee mepsoro. Ecan mpesea &F=—lm P, cymectsyer
W oTmdes OT eamsuud, To am &%, —n(l —P,) cymecrayer npe-
1en o7, pashuft 4-oco npg F< 1 u —co npa & >>1, Takum obpa-
som, ecan npusuax JlamamGepa AgeT OTBET Ha BONPOC O NOBENEHHA
Darnoro pama, To mpAsHak PaaGe u noaasHo ero maer; Goabie TOro,
BCE Takme CAydYEH QXBAaTMBAIOTCA BCETO ABYMA H3 BOSMONMHNX 3Haye-
el o, mwenno oo, Bce ocramube sHavenua <% (ucxawogan

= 1), Tarke DAOUEE OTBET HA BOMPOC O CXOAUMOCTH, COOTBETCTBYIOT,
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TaKAM O0pasoM, CAyuasM, KOrZa npHssak JaaamGeps sapenoMo OTBETa
He nzer, notToMmy wro P ==1,

B xavecrse apuMepa npaMencurs npuasaka PaaGe paccMorpEM pam

o
— i 1
1+ 2 ST
=]
Tpuzpax JaxamGepa x sToMy pAXY HeDpRAOKIM, G0 y,,=2'-‘12("2u;_;);)—~1
(u nprroM &, < 1). Cocrasun supamenne PaaGe:

= (|~ ) =G

Tax xax 39?=Iimg9r,=-%> 1, 70 paa cxomntCs,

Oanako npA &7 =1 MK BCe e CHOBA HE HMEEM OTBETA HA BONPOC
O nopefeH#y pana, B nogofuux cAyvasx (KOTODHE OYeHB PelKkH) npu-
X0AnTCR mpRrOeraTs K eme Goaee TOHKHM H CHAOXKHHM RPH3HAKAM,

241. Hnrerpaasnnil npusnsx Maxaopena——Komu, B sakmodenne
Mbl BHBENEM G0 OAMH NPHSHAK, OTAHYalEACY 0O (OpMe OT BCEX mpe-
AWTYIIHX,

IIycre npeanowenHHi pag useer dopuy

éa,.s ngf(n), ®

rae f(n) ecrs snauemwe npE x==# HeKoTopot dynkumm f(x), onpe-
nexenHofl mxd x>1%); QyHKnmo STY DPSANOROKHN HENPEPHEBHOMN,
ROAQHATENABHOR B MOHOTOHHO yOuBaIOMEN.

PaceNoTpnM kakywo-za60 nepaoolpasHyio diysxnmo aan f(x):

Fo)== 5 ) ax.

Tax xax ee nponssoguas F (x)=Ff(x)">0, 1o F(x) sospacraer smecre
C X H NpH X— 00 HIBEPHO HMEET Npejed L, KOHEUYHHH uaAH
ger [n° 47]. Ha pasauuennn sTHX CAYMaEB H TOCTPOEH CHEAYIOLLHMN
OpasHaK CXOMUMOCTH X PACXOAHMOCTH, KOTOpHH OMR BHCKaBaH 2 reo-
metprweckolt Gopue eme B 1742 r. Makaopenow, HO OCTaACS HesaMe-
YEHHEM, § BHOBL GuA OTKPHT B 1827 r, Koma,

Humeapassuwll npusuex. Pd (B) cxodumes, ecau npedes L
nepsooGpasuol F (x) xomeden, u pacxodumcR, ecsu L=o0,

*)} Hauaapsuia 3HAUCHHEM HOMepa 7, BMecTo 1, Nower SuTh B ANGOE Apyroe
BATYDAKLHOE UHCRO 7ty TOIIA B QYyHxnEw F (x) HAEACKHT PACCHATPHBATD IDH X 27,
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Ouepngno, Gespasinano, ¢ XaKoH Hs NEPBOOGPASHWX BECTH DPewb,

ubo moGuie ABe MEPBOOSPASHHE MOTYT PasHATHLCH AHIL HA NOCTOAHHYIO;
NOAOKHY

F(x)ms}‘(x)dx. ©®

Beagy moHorounoctH dymkuwms f{x), am necx i},
tp=fa+ )<f)=f(m==a,

TaK 9TO H

1
Gm‘ﬁ.st Ff()dreza,

in(x)dx

Han pana

-5 JACTHUH3R CyMMAa €CTh

1
K f@dx=F @1y

ACHO, ¥TO 9TOT DAA CXOAWTCH BAH PACXOAHTCA HMEHHO B 3ABRCHMO-
CTH OT T0r0, Oyaer am L xosewnwm wan Her. Ilpm xonewdom I, no
«<reopese cpaspennn» 1 [n°287] cxognrea B pEA ¢ MeHbMUME uReHAME

$a,m, acHER W pan (8) macGopor, npn L=00 W NODABHO PACROARICA
o3
Paa ¢ GOALUIEME YACHAME! ¥a,,, 1. e. paa (8).

Mraguzru, 1) Paccuotpus ppesxe BCEro BEOBL TAPMOHHYECKEE PAENS

o o
@ S5 © P 6>
[ [ ]
B cayuae (&)
f(x)—%, FPlx)= S %fslnx-u:o PR X — O,

PAR pacXoEmTCA.
B cayuae (6):
1 dx __ 1 =13
f(x)=F, F{x)= F--—--i—_—_—ix' —0 opR X -+ 00,

PSR CXONMTCA,
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I8 yike SHaKoMule Han peayantatel [n° 23] momoamAM moBLIM:
(<]

1
D Y
v
3pect . p
FR)=rpy Fl)= }-j—hf—x=lnlnx-~oo npE X =00,

PAR PACXOAHTCA.

3amernM, yro npeaen wuurerpasa (6) NpR X — 0O HA3HBAKT HHTE-
rpaioM oT 1 g0 ©0%*) » o603HAYAKT TaK:
L]

F(oo)= Sf(x) dx.

Taxum o5pasod, MOMHO CKA3ATh, UTO npediomenunli pad (5) cxo-
GUMCa UAH PacXodRICR, CMOMPR RO MOMY, UMEEm AU Smont unme-
2pas KoNedROe SKauenue HAW Kem.

B taxoft opMe HHTErpaALHLI IPH3HAK AOMYCKAET MPOCTOS IEeOMETpH-
YeCKOe WCTOAKOBaHue, Giuskoe Kk uaee Maxaopera, Ecam w3oGpasurs
dynkuaio  f(x) kpusont
(puc. 1), T0 uHTErpaa
F (x) Gyner supakars mao-
Wb GUryps, orpaHayen-
}, HOH 5TOH KDEBOH, OCBKO X
%A@ka\\\\\\\‘?f/’l/ﬂ— r L} m’y‘“ Opma‘l'aﬂll; AH-
] 3 n n+l Terpaa xe F{oo), B HeKo-

TOPOM  CMHCAE, MOXHO

Puc. 1. PpacCMaTpHBATy, KAK BHpa-

WEHUE RIS MAOmaId B ce i

GecKOHEUHO NPOCTRpaiomeHca Hanpaso ¢urypu noa kpaeol. C apyroi

WE CTOPOHH, YACHH @), T3 ..., & ... PAAL (0) BHPAKAOT BEAHYHHH

OpOUHAT B TOUKaX x==1, 2, ..., #, ... WK, 9TO TO Xe, MAOWAagw mpa-

MOYIONBHEKOB C OCHOBAHUAMH 1 @ C BHCOTaMH, DABHBIMH YIOMAHYTHM
OpAHRATAM,

Takum obpasom, cymma panz (6) ectd Me 9r0 HMHOE, KaK CyMMa
nAoWERER BHXOAAMKX DPAMOYTONBHAKOE, H JAHIG NEPRHM WICHOM
OTAMYZETCA 0T CYMMH NJOWAZeR BXOZSIMHX MNPAMOYrOABHAKOB, 310
JensetT COBEPIIEHHO HAPARAHHM YCTAHOBJZCHHHH BHING pESYAbTAT: €C/H
niotlage kKpHBOAUHEHANON GATYPH KOHEYHa, TO W NOAABHO KOHEYHA NAQ-
many sakmoveHHol B Hell crymexvatoft GHTYDH, M NPSAAOKEHHEHH pax
CXOAMTCH; ecaw ¥e naomams kpupomunefinoft ¢mrypw GeckoHeuda, TO
GecKOHEYHa H MAOMAAL copepikamefl ee cTynewyatoli QHrypH, Tak 4Eo
B 5TOM CAYUYae pAR PacxOARTCH,

¥) 310 TaKk HasmBaeMsl HecOGCTEEHHHH HHTErpaa NOAOOHLNA
HHTEFPanaMK M G¥NeM sanHENatbca B raase XVIL
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§ 3. CXOAHMOCTD MPOH3BONLHLIX PATOB

242, Npununn cxoxumocTs, OOp2TAMCE K BONMPOCY © CXOAHMOCTH
PAROB, 9ACHH KOTODHX MOTYT HMETH NPOMSBOABEWE BHIKM, Mul 3smaeM
[n°2B4], 40 — RO CAMONY ONPEALASHHE) — BOTIPOC O CXOARMOCTH PAHA

Somatat ...ttt t e Ot o

TOXNECTBEH ¢ BONPOCOM © CYMGCTROBARMR KOHEYHOTO NpEAeaa s
NOCASNOBATEMLHOCTH YACTHIHHE CyMM

}1‘], Ab LEXE ) Aﬂ' Aﬂb ey Aw aw (1)

B n°52 Oua ycTanoBAeH MPHHUEN CXOAHNMOCTH AA NOCAEAOBA-
TEALHOCTE, jgaomait ofies ycaoBHe, HeoSXOAHMOS H JAOCTATONHOE JAN
cymecTeoBanud Takoro mpeaena. Tlepedpasupys stoT nparuun mpuMe-
HATENRHO K NOCAEROBATSALHOCTH (1), MOMBO TEnephr ChOPMYIHPOEITH
€ro Tak:

Lag mozo wmobu prd (A) cxoduscs, neobxoduso u docmamotno,
4molu Kancdomy wucay v >0 omsevas maxoll Kosep N, wmoOn npn
>N uepasencmso

| Apew — Ap| =1+ apat 0o a4 | <2 @
SHNOAKRAOCY, KakGBO Ot Wi Obao m==1,2, 3, ...%).

(3necy n-{m urpaer pom sroporo nomepa n’ B n°52, KoTopHft
He SABACHT OT £ 0, Oes yMadeHus oOWIHOCTA, MOXET OHTH BIAT GOAR~
WHM, ueM n.)

Echm, npeanonaras pax CXOAMUAMCY, B HEPABEHCTBE (2), B 9aCTHO-
CTH, NOAOKETIL m==1, TO MOZYUHM:

I“Ml!(‘ (wpr 2> N),

TaK IO @py—0 wm (4ro TO Me) @,—0, ¥ NN BOzBpaHIZEMCH
K HeoO0XO0RHMOMY ycaoea n°286,5% Omo caMo mo cefe eme me
ofiecneydpaer CXOAMMOCTH pSg2, ©® HMEHHO [IOTOMY, UTO JaieKo
He HCUEPIHBAST CONEPHAHHA BHCKASAHHOrO BHINE YCAOBUA: HYMHO He
TOALKO, wroOs AOCTATOMHO MAJIeKME WICHH paga B OTAEABHOCTH
Guau CxoAb YPONHO MaAH, Ho H YTOOH CYMMH TAKHX UICHOB OKA3H-
BaXUCH CKOOB )FTOJIHO MAJAEMAE, HEZABHACHMO OT TOr0, CKOABKO -
HX HH B8ATH. IT0 XODPOWIO HIMOCIDHPYSICH NPHMEPOM TapMOHHYe-

o0
CKOro pana 2%. ¥ kKoToporo ofmimit vien (=—}'-) crpemures K 0, n
Haml

*) Aptops storo ycnoeusa— Goastado W Ko —oGa RZaad ero npesesR-
TEALEO MMERHO K BONPOCY O CXOAKMOCTH (ECROHEYHOrO pafia,
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B TO KE BPEMH, €CAW -5a STHN YJACHOM BSsTh eme n— 1 caegyousy
YASHOB, TO CYMMa BCEX OKASHBECTCH >-;—[n°288, {1

243. AGcoxoTHAd CXOMHMOCTh. TaK Kax HENOCpeACTBEHHOE NpAMe-
HeHHe NPHUHUANG CXONFMMOCTH uaNe BCEr0 BHSHWBAET SATPYAHCHHA, TO
OpeAcTaBAseT HHATEPEC MIYICHAS KAACCOB CAYydaes, KOrAa BONPOC pe-
WaeTCH ¢ MOMOHLI0 Golee MPOCTHX CPERCTB.

Mea puRenn 8 DperHAymeN naparpade, 4TO B OTHOWICHAW NONOXKH-
TeABHSX PAAOCE CXOAEMOCTs MO GOMIIEH Y2CTH YCTaHABAMBAETCH JETKO,
Gaaropapd HaAMuwHK paga yaoOuHX npmeHsxos, ITosTOMY eCTECTBEHHO
HauaTb ¢ TEX CAyvaen, KOTAA BOTPOC O CXONEMOCTA RaHHOrG paia DpH-
BOAMTCA K BOTPOCY O CXOIAMOCTA MOAOKATEABHOTG DAAA,

Ecan unesw pspa He BCe MOJNOMCHTENbHH, HO, HAYHHAR € HEKOTOPOTO
MECT3, CTaHOBATCS NOJOKUTEALHHNH, TO, OTOPOCHR IOCTATOUHOE KOAH-
YECTBO HAYAMBHHX YAeH0B PAZa [0°286,1°) cheaeMm ZeA0 K BCCAEAOBA-
HEO ROMOXKATSABHOrO paZa, ECAW YAeHH pPASs OTPUUATENBHH RAH, MO
Kpaftnelt Mepe, ¢ HEKOTOPOFO MECTa CT3HOBATCA OTPHUATEALHHME, 10
MH BEPHEMCH K YHE PACCMOTPEHHHM CAYYAIM DNYTEM HIMEHEHAS SHAKOB
acex uymenop [0°235,3°), Taxem o6pasoN, CYmECTECHHO HOBHM CyYacM
GynAer TOT, KOTJA CPed YACHOR PHAZ €CTh OECKOHEYHOS KONHYECTBO
KiK NOAOKHTENLHHE, TAK H OTPHOATCALHHX YU/ACHOB,

HaneM caeayomes ONpesgacHHe: ecal pRo

ga,mm+a.+ vt ®
cxodumes odnospeNenno ¢ paioK
zla.!=ia1|+laﬂ+-m +laglt oo (A%

mo pad (A) xaswsaemcn alcoAWMEO CXOIRWUMCR.

Vimeer mecro

Teopesma Kowmn. Cxodumocms oduceo sums pria (A%), cocmassen-
X020 U8 GUCOMOMINNY SeAUNUN WaeNOS8 danno20 paida (A), esewem 3a
coboll yace B cxodusocms 5moz0 nocaednezo,

BOKABSATEALCTBO CPA3y TOAYYsCTCA HE NPUHIIANE CXOZMMOCTH:
HEPABEHCTRO

|2 Cpiat-... Fapm | | @ f+1amal+ ... +[au+u|

MOKASHBACT, 9T0 €CAH YCAOBKE CXORHMOCTH BHNOMHseTcs mas psxa (A®),
T0 OHO TeM Oonee emmoamsercd aax paaa (A).

Moxno paccyxnare # usHavye, PactMoTpEM B OTXEABHOCTH NOAD~
WATEALHEE WheHH paga {(A)  a0CONOTHME BEAAYHHH €10 OTPA-
HaTeAbHuX yacHoB., ITepenymepoeas # T€ 8 JAPYTHE B TOM NOpPAAKS,
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B KIKOM 5TH YICHM DCTpeuaiorca B pade (A), cocranmm apa (ROAOK-
TeNLHEX) pAana

gbs—_—bt'l‘bl"l‘ e (B 210u=¢‘1+‘-‘s+ O (X

Hs cxoammoctn paaa (A*) BuTeKaer CXORBMOCTL OOOMX STHX PREOS,
HelicTanteasHo, MmoGa% MACTAMHAA cyMMa, B, was C,, TOro BB APYroro
U3 HHX MoWer OuTh npezsofifiena Hexotopoll uacTHuHOM cymmoft psaa
(:‘:%86? CIGROBATONBHO, OCTaCTCH MeHbmelt cymun A* ororo pasa
[ [

Ecau pssTh Temeph UsCTHUHYI0 cyMMy A, psna (A), TO €& MOXKHO
NPeacTaBHTE B BHEE PasHOCTA

A =By —Cp,

rae & H £t 0SKAVAOT, COOTBETCTBEHHO, WYACRO NONOMHTEALHHY HAH
OTPRUATEABHHX CHATAEMHX B COCTaBE CYMMW A, TaK 4ro £ H 2 8aBu-
CAT OT 1 ¥ BOBPACTAlOT BMecTe ¢ 72 a0 Oeckonmeurxocts *), Toraa, oue-
BHJHO, CYIRECTBYCT KOHeuHNE npeaen

A=limA,=8—C, @

ree B u C—cymuut panos (B} u (C), u cxommmocts psaa (A) amoxa-
saHa, BMecte ¢ TeM HONYTHO JOROAHHTCALHG YCTAHOBMEHO MOAESHOE
yTBepi(ZeHHE, YTO TPH CACARHHHX FAPEINONOKEHRAX CYMMA JAHBOTO
pama paBHa DPASHOCTH MEEAY CYMMOR DRR3, COCTaBACHROTO M3 OmHuX
NONOMHTeABHHX €r0 WICHOB, M CYMMOR pRA3, COCTEBAGHROIO HB abco-
NOTHHX BEAHYHH OTPHIATEABHHX YICHOB,

Taxam oOpasoM, ofHOff AMIs cXOfMMOCTH paza (A®) XOCTATOUHO
aat aGcoawrnoRk cxoamsoctn pana (A)

Kax ysumuM RIDEe, BOSMONHH CAyuad, Korma psa (A) cxomurcs, a
PR (A%) —ner. To2da prd (A) wasusawm HeGOCOADIMHO X0
dguuMcR, )

Jas ycrapopnenns abcoxmTHOR cxoaEMocTd psama (A} x noao-
MATEABHOMY DAY (A¥) MoryT OuTh HPEMCHEHH BCe NPHINAKM CXORH-
MO CTH, HSYUCHHHE B NpeRuaynieM naparpage. Ho uysmo Outs oCro-
PORENM ¢ NPHSHAKAMH DACXOAMMOCTH: echd xaxe pap (A*) oka-
¥ETCH PACIOASUMMCH, TO PAR (A) Momer Bce me cxommThes (HezGco-
AWTHO), Hixmouenne npeACTasAsoT ToabKo mpusHaka Homu B
Tdaxswbeps, W HUMEHHO NOTOMY, WTO, KOTHR OHR KOHCTSTHDYIOT pacxo-
AHMOCTb Duna {(A*), T0 5TO auaunt, wro oOmu# uwaen lae,| paaa (A®)
He CTPeM¥TCd K Hym **), & TOrIa ¥ @, K HyMO He CTPeNETCH, TAK WIO
B pax (A) Take pacxompres, [Togromy yNOMSHYTHE NPHBHAKM MOIYT

*} Mu Bce BpeMA HxeeM & BHRY vafi, Rorma 2aeBoR paxs (A
GeCKOHEUHO MROTO B BOZOMNTEALHHX nc:zpmreamuz? e @
*4) Cu. tHocxm Ba c1p. 22,
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OuTe nepedpasapoBadl TNPHMEHATEABHO K NPON3BOAbHONY paay. Cae-
ZaeM 970, HaTpHMEp, AaA MpusHaka JapamGepa:

Hpusnax Jasawmbepa. Ilycms 0in omuomenus .@"-—-—_lﬁ%’%
cymecmeyem onpedesennull npedes "
Tt =lim T

mozda npu & * <1 dannuil pad (A) abcosiomuo cxodumen, a npu
%> 1 ou pacxodumes.

Meamerw. 1) Npumenns npuauax Jaxambepa k pagaw (2) # (6), 0 KOYOPRX
Guniaa pevs B 2) n° Ho oT6pOCHE TpebOBaHEE X >& Mu noxyuum, uto

a‘i pak alconOTHO CXOUATCA AAS ECeX SHaveHKfl x;

PAR aSCOXWTHO CXORATCA IPH — & < X < & ¥ PaCRORMTCA OpH X =2 ¢
BAM 2.x) —e (NpE x=+tg Hapymaerca HeoGXOEMMOE YCAOBRE CIOJAMOCTH).
AR PALA

(=]
2](_ 1)n-£'”'.?.==x —§+§— t——?i “
B!
HMeeM:
Di=Tlxh @r=Ixl,

TAX YT0 PAA CXOMMICA aGCOINTHO Aaa [x|~<1, pacromwres msa {x|> L
Tlpa x=—1 paX Taxke PACXORHTCH, HGO NOSYIACTCA HI TEPMOHAYECKOTO HaMe-
HEHHEM 3HAXOB er0 usenos. [lpr x =1 uy nDpExOfnM ¥ paxy

1,1 1
R i St 2l k) At SR
OTHOCHTEREHO XKOTO0DOIO BOII])OC 0 CIOAPMOCTH NMOKA OCTACTCA OTKPHTHM,

244, 3uaxonmepememHnme pagH. C noMompic cOOGpameHn# NpeAn-
Aymierc HOMEpa, eCiH # MO%el OWTh YCTaHOBA¢HZ, TO TOABKO abco-
AHTHAS CXONEMOCTL PuEa —K HealcoMOTHO CXOAMUEMCH DANEM OHU
SaBeNOM0 HenpuaowuMu. IJOSTOMY MW PpACCMOTPHM, B S3aK/IOYEHUS,
BONPOC O CXOAMMOCTH OASIOr0 CHENMaALHOrC, HO BAMHOTO KAACCA PANOB,
HASHBAEMHY SHAKONCPEMCHHHINY, CPEAH KOTOPHX €CTb # HealCOmOTHO
CXOAAULRECH,

BuanonepeMeRHE KU HISHBRIOMCA PRI, WACHR KOMOPWX
NOCUEPedNO UMEIOM MO NOJOOCUIMECALRNT, MO OMPUBAMEASHNE SHAaKY.
3uaxonepemenanit pIA  yaoGHee SanmcaTh Tak, YTOGH BHAKA WACHOB
O BwABAEHH, HAnpuMep (eCMM CuMTaTh Bee ¢, >0),

C‘—€g+€a"'—€(+ ‘e +(—l)ﬂ—icu+ v (4)
To orsomenwio K nojofHmm pagas eme n 1714 r. JlefiGuun
(e macoMe K M, Bepuyann) BuicKasan cAAYIOULyio NPOCTYIC TEOPEMY.,
Teopema Jlelibnnga. Ecau siens sxaxonepesennozo paia (4)
MOKOMORKG YONREQIOM No alcosnmnuoil sesnsune:

Ene1 < n=12 3 ..) ®)
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U CMPEMAMER K HYAR:
lme,=1,

mo pRA cxodumcH.

HOoKASATEALCTHO. YacTHunyo cyMmMy ueTHOro nopsgka Cen
MOMHQ HANACATL B BHAE:

Cam=(c1—ca}+(ca— )+ ... +F (Cams — Ca)-
Tak kax kawaad ckoOka, pBuAY (§), €CTh MOZOKHTEABHOE UHCAO, TO
OTCI0/a SCHO, 4T C BOSpacTaHdeM m cymma O, TaKie BOIPACTAET,
C apyroft croponn, ecan nepemucats Cay, TAK:

Gr=¢1—(cx— ) — ... — (Cam-2— Com-1) — Cams
TO MerKo yCMOTPeTb, 4Te Cy, OCTAaETCH CBEPXY OfpaHHueHEOM:

Cim < 1.

B raxoM cayyae, mo TeopeMe O mOHOTOHHOR nepemensoff [n°44], npa
GesrpaHHuROM BOSPACTAHHH ¢ 4acTHyHay cyMma Cy, HMEeT KOHEUHHH
npeaea

lim CM=C.

Hi=r0d

INepexoan K 92cTHRHOH CYMME HEUETHOT O DOPAAKR Cy, g HMEEM,
oueBnano, Copy==Cop =t Cop Tak Kax oOmuit wies cTpeMurca K
HYm0, TO ¥

lim C,,,,_1=C.
B3

Orciona cueayer, yro C H Gylder cyMmofl BamEoro paaa.

3aMEyaHAE Mo BageaH, YTO YaCTHYHHE CYMMH UETHOIG TOPAAKA
Cyn NpuOAMKANTCS K cymme C psda BospacTas Hamucas Gy y
B BRAC

Comr=03—(Ca— ) — ... —(Cags— Cam1)s

AETKO  YCTZHOPHTH, TG CYMMH HEYETHOrO NOPsAKa CTpeMaTca K O
yOnsaa Takum ofpasom, ecerga

c!m < C< Cim—l-
B vacTHOCTH, MONHO YTBEDXAATL, 4TO
00 e ©)

310 NO3BONRET AATH BeCMzZ NPOCTYI0 H YAOSHYIO OUEHKY BAA OCTaTKa
paccmarpHBaeMoro paga (KOTopwH # CaM MPeACT2BANET CoGoH Taxol ue
sHaKonepemeHunl paa), Vimenuo:

5= (== 1" {cn"_cuq-!_l" '“}'

B cuay (6), pHpakeHne B CKOOKAX NOJOKHTENBHO ¥ MEHBIIE [y,
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Taxam 06pasoM, BO BCEX CAYIaSX ocmamox pade Aelfruyee-
CK 0206 muna *) uMeen SHAK CEOL20 REPBO2ZO NAEHT H MENMIE €20 NO
abcospmnoli sesusune,

Sro gaMeuaHBe YACTO NCROARSYEICS NPH NPHOAMXECHHHX BHUHCAS-
HASX ¢ DOMOIBIO paice [cu. nu°®260).

MpocrefliME NpAMEpPAME pagos schOHHIEBCKOro THOA CAYRAT PRIN

® y ‘:_$=1-_,‘5+%-—-...+(- Ly
A=l

)|

PR TR
]

Cropiuotts 0608X PAROB BMTERACT H2 NOXAZARAGH TeopeMM.
B 10 me spema paaw, cocrapAeEnue #9 AGCONIOTREY BeZRUNH MX YAeHOB,
PACIONATCR: QAR PANA (a) 810 Gyler FepMOMHUECER]) PAR, Axx pana me (6) noay-

HRICA pax . 1 1 )
tytstetmogte

PACIONHMOCTh XOTOPOTO SCHA B3 TOPG, IO €TI0 UACTAYNEA CyMMa
L. n
1 1 1
2 51> ) n=g e
Bl f =y}
Taxem ofpeson, paast (2) B (6) saKT Nepeue npaMepu Heabcoawrpo
CXORAMEXCA paxos. | Hume uu yerauoBHN, 4o CYMMR NEpPOro H3 HEX ecTs

In2, 2 cymma BTOporo pana -:- (cx n° 256 (22) » n" 208 (20)).]

§ 4. CBOACTBA CXORAIHXCA PAROB

246. Couerareavnoe cpolicTo. IlonsTRe cymmu OGecxoneuxoro
PAfA CYWIECTBEHHO OTARYAEICA OT INOHATHA CYMMH KOBSYHOTO MHCAA
CASFAEMHX (PacCMATPHBaEMOrO B apudmeTnke n axrepe) Tew, uro
Bxaouzer B ceba npeReanrHRH mepexos XoT™d  HeKOTODHE
CBOHCTBA OGHWHHX CYMN TNEPEHOCATCK ¥ Ha CYMMH OCCKOHEUNMX ps-
ACB, HO HAIe BCETD AWIIL NPH BHNONHEHHN ONPEAEACHHNX YCAoBuf,
KOTOpHE H NOAAERAT MBYwen#l0. B MHHX ®€ CAYVANX BPHBHIHHE Had
CBOHCTBA CYMM DasnTeNbHNM OGpasoM H2PYMIBIOTCH, TAX W70, Boobmie,
B STOM BONPOCE HALJCHHT COGMOAATH OCTOPOMHOCTS,

*) Tox M HESWBAeM SHAKONEPEMEHHHN PAR, YAOBACTEODSOMMA yC20BHAR
Teopemu JleGamna,
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Paccuotpim cxomsminiica psx

[ -]
”Zila,=a.+a.+...+a,.+...: A)
NnoCHACAOBATENLHOCTE M0 YACTHUHEIX CyMM
Ah A’, ‘e Am e (1)

CXOMETCA K cyune pama A, Cranem ofbeSEHATL WICHNM DAAa NIPOH3-
BOABKEM OOpPa3OM B FPYNNL, K@ MEHSS NPH STOM AX PACROKOMEHHR:
aj+¢.c+a'lf af‘t“"+’"+aﬁi’-""
c”b—l“+""+a"h’ .
3necs {m,} e€cTL HEKOTOPAR, RIBJCYCHHAS B3 HATYPAILHOTO PHAA,

YACTHYHAR BOIPACTAOMAN NOCACAOBATEARHOCTS HOMCPOB.
Teopeaa. Pro, cocmassennsit us amux cymm:

@ttt
F a1t @1t (A)

sce20a cXOOMMLR W umMeen: my Jce cyNuy A, wno u uexodnns pro,
Huuma crosama: cxodsmulics pgd obsadaem coNemamess NN M
caolicmeon.

JefiCTBHTEALHO, TIOCHCIOBATEAWNOCTD YACTHYHMX CYMM HOBOIO DuAa

Ab ﬂ’ RS} Ab e
€CTh BE 9T0 FAKOS, KIK YaCTHIHAA ROCACAOBATEALHOLTH
A“‘, A.', ey Aﬂ T

AR nocAesoBATeNbHOCTH (1) 4, CAENOBITENLHO, CXOBATCA K TOMY e
npeaeny A.

Msl BUZNM — NOKA — NOJKYI0 aHZNOTHK ¢ OCBHIVHEIME CYMMAME, HO
ST SHAAOTHA HAPYMISETCH, €CHM ME NORWTIENCS NPAMEHSTE C(OUCTa-
TEMBHOR CBOHCTBO, Tak CKasath, B oOparsHoM nopsaake. Ecan gan cxo-

AsmBACH pRa (A), 4AeHH KOTOPOrO KOKAME B OYTAeABHOCTH Npen-
CTap/sioT COGOR CYMMY KOHEYNOI0 UWCAA CAAr8¢MME, TO, ONYCTHR CHOOKH,
MH TOAYYEM HOBHE pan (A), MOryurui oKazaThCA ¥ PACXOAAMEMCH
Bor upocrolt ToMy npHMEp: pait

-+ —-)4a—0+...,
OUCBAMHO, CXOAHTCA, MEXTY TEM KK HOAYYICHHWR W3 HETO OffyCKanmeM
cxoBoK pax D PURE R P DU OE SO
GyAeT pPACKOMNELUMCA,
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Koneuno, ecau—onycmus crRolikn— M BOAYIHM c.foax-
mudtcr pro (A), mo e20 cyMMa ma e, wmo u y prda (A), 310
BHTEKIET U3 AOKA2IHHOTO BHIUE,

3aMEuanuE [IpA HeKOTOPHX YCA0BHAX MOXHO HaNepex, rapas-
TApOBaTH, uTO pAm (A) Oymer cxomurbea, YIpocremum CAyuacM 5TOrC
poAa #BANETCE TOT, KOr3a BCE€ caaraeMwe B (A) BHyTDH
OAHHX B TeX Xe ckobGok GYAYT 0AHOrO 3HaAKa®).

JeACTBHTEABHO, TOTHA TIPH HSMEHEHHH R OT #,.4 1O M, Y4CTHUHAA
cymMa A, Oyzer H3MEHATHCA MOHOTOHHO, CJENOBATEALHO, Gyzer copep-

MATHCR MEXKRY Aq, A§_1 u A,i—A,. Hpn aocratouHo Goak-
BICM R 3TH NOCACOHHE CyMMH HPOH3BOALHO MANO DASHATCH OT CyMMH A
pana (ﬁ), CAEAOBATENbHO, TO e CHPABEANHBO B OTHOCHTRALHO CyMMH A,—
NPH AOCTATOMHO GOABIIOM 7, TAK 9T A,,-—r)i.

248, MepemecTaTesnsoe caolcTE0 26COMOTHO CXONSMHXCH PREOB.

Nycrs pan cxonsmuhes pea (A), nwewommf cymmy A. Ilepectasus B
HEM YACHH NPOHSBOJMLHNM 00pasoM, MK NMOAYYAM HOBHH pax

zlai=ai+a§+...+ai+... ™

Kamamstt 9fen g 9TOr0 PANa OTOKUECTBANLTCH C ONPEASACHHLM 4ie-
HOM @,, HCXOAHOrO pama **),

Boanuxaer bonpoc, cxoumrcs ar psa (A)) H—3B cayuse cxopu-
moCTi — OYyNeT A €ro cyMMa pabHa cymme A ucxoauore psma Ilpu
PACCMOTpEHME STOTO BONPOCA HAM TNPAAETCA MPOBECTH PE3KOE PARAMYHE
Mexay abconioTHo W HeaGCoAOTHO CXOINIMHMMCR DAZAMA.

Teopema Hupuxae ***). Ecan pad (A) a6coamuo cxodumen,
mo pad (A), nosyuennuill u3 He2o nepecmanosxof BAEHOS, maxwe
CX00UMmes u uMeem my xce cyMuy A, wmo u ucxodnwit psd, Vnuua
cnoRaMn, aScoAVMAB O cxodamuiica psa ofaadaem nepemecmu-
measHn X ceolicmsox,

HoxasaTEApCTBO, TlpoBeneM NOKSSAaTEALCTBO B ABAa NPUEMa,

(a) TpeamoncuM cHAMANZ, UTQ PAx (A)-—-no.uomxemnﬂ

PaccMoTpHM  NPOKSBOJBHYK 4acTHUHYi0 c<ymmy Ap psma ().
Tok xax A==0p, G==dp, ..o G==0Gyp

10, BSAB £’ GGABIIAM BCEX HOMEPOB My, Mg, ..., M, OUCBHAHO, Oyaem
HMeTh Az=g A, 4 CICROBATENRHO, B NOAIBHO

Apes A

3‘1‘01' 3Ha®, OT OFAAX CHOGOK M APYIHM, MOMET MEHATLOA
**) [Ipuyes NocaeA0BATEALHOCT: HoMepoB {ny} 6c3 uponycxoa H NORTOpE-
i) nocnﬁvmom—c TOYHOCTLY IO uopma—nary?a
s##) Nevep Pycras JMexen-Anpnxae (1805— m)—neueunn Mate~
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B Takon cayuae (A} Oyzer cxommumumcs [n°236), m ero cymma A’
He npessofiner Al
A=A,

Ho # paz (A) 83 (A") moayuaercs NepecrasoBKof YAEHOB, NOITOMY
2HANOTHYHO:
A=A,

ConmocTapaAAn MOAYNEHRME COOTHOWIEHHd, NPAZEM K TpeCyemoMy pa-
BEHCTBY:

A=A,

(6) Ilycrs remeps (A) Gyaer npousBOABHHR aGCOAWTHO CXOAS-
nMAca pan
Tak Kak cXomdmuficy HOAOXUTEALHH R pam

éllaul"-—-lanl—i—lcsl+---+la,.[—i—..., A%

no AOKAsaHAOMY, mpa molofl NEepeCTIHOBKE YJACHOB OCTAHETCH CXoAs-
muMcd, TO Mo TeopeMe n°243 coxpanur mpu sTOM CBOW (36GCOMOTHYIO)
CXOAMMOCTE W pAR (A).

Hanee, mat Buaead B n° 248, vyro, B Caydae aGcomoTHof CXOAH-
MoCTH paga (A), €ro CyMMa BHPaKacTCA Tak:

A=B—-C,

rae B u C cyTh cysumbl noAokuTenbHHX pagob (B) » (), cocrasaen-
HHX, COOTBETCTBEHHO, N3 HOJAMKATENbHWX uAeHOB paga (A) u =3
a6CoMmoTHHX BETHIHH €ro OTPHOATEARHWMX 4Y4JEHOB, l'lepecranonxa uae-
HOB B page (A) BH30BeT NEPECTAHOBKY WICHOB ¥ B STHX PASaX, HO He
oTpasuTcd (MO AOKABZHHOMY) Ha MX cyMMaXx B u C. Cregosatesso,
K CymMMma pama (A) ocranerca npexHed, uTo 4 TPeGOBANOCh AOKASATDH.

247, Cayuafl neaGcoMOTHO CXOgSmMUXCR panres. OGparnuca
Teneps K PAcCMOTPEHHD HeaGCONIOTHO CXOAAUIAXCA PRAOB H yCTa-
HOBHM, 4TO OKN Nepesecmumenrsnny ceoficmeos ne oGaadaom.

Cnenaem oZHO mpemBaputensHoe samevanne. Ilpegnoaonum,
yto psa (A) cxomurca, HO He abcoawrHo. Ha cxoammocTs ches
fyer, uro lima,==0 [n° 285, 5°] “Yro we kacaercs pasos

6 ® S ©

k=l mal

0 KOTOPHX MH YNOMAHAZH B NPEARIYIIEM HOMEDE, TO, XOTA, QUERRAHO,
im &y=0 B lim ¢,=0, @

ke on m o
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HO B NA2HHOM cayuae oHH o0a pacxogarcs JelcTesremno,
€CAR CPSAM MEpBHX # WAGHOB pama (A) ecTy £ NONOMATEABHWX H M
OTPHIATEABHHY, TO
Ay=By—Cg, A;=Bh+cm'

Bropoe 3 STHX DPAEGHCTB TOKaSHBAET, Y0 o6a pana (B) # (C) He
MOTYT OXHOBPEMEHAO CXONRTbCH, RGO HHAYE CXOmHACH Ob M pag (A%),
BOMPEKH HAPEANONONEHIHIO, A U3 NMEPROre YCMATPHEZEM, YTO €CAH OW
OfEH M3 S5STHX PANOB CXOSHACY, 3 Apyroft Her, TO pacxodnncs OH
pam (A), 470 TaKKe NPOTHBOPEURT TPLANOXOKCHHI,

ToxakeM Teneps CACAYIOWYKX HHTEDECHYIO TCODeMY:

Teopema Pamana. Ecsu pro (A) cxodumir neabcorsvmnuo,
mo waxoe On Ku 83AMs Noneped wucao L, wonewnoe wnau pas-
Hoe “¥00, MONCKO IMGQK MEPECMQGUMb WACKM 8 SmoX pRie, wmolw
npeolpazoeannsii prd umMes cecell cymmoli umenno L,

HorkasaTBascrao. OcrasopuMcs Ha cayude Koweusoro L,
Haunew ¢ samevasan, uro seumy n° 288, 1° u Bce oCTarku panoe
@) a (C) rawe OyRYT PAaCXONSIEMBCH, TAK WI0 B KAMAOM H3 STRX
panoE, HagHHAS ¢ AWOGOFO MeECTa, MNOXHO Kalparh CTOABKO
yaeHos, 9TO0H RX CyMMa npempsomaa awboe uHcao.

Nosbayack 5THN, MH CACAYOIEM OOPAsOM RpOUSBRZEM NepecYa-
BOBKY vuaAeAOB papa (A).

CHauana BOSHMEN CTOABKO MONOMHTEABLMHX YACHOS RIWETO pPRAa
B TON NOPAAKE, B KAKOM OHH B HeM PpSCTIOJONKCHM, YTOOH HX CyMMa

npeesouira yucao L:
bbbyt by, > L

Besesn 32 HEMR BHOMIEM OTPHUATCHALHEE 9XeHH (B TOM  HOpAAKe,
B KakOM OHH PACMOAOKERN B HAHHOM DAAE), BANB HX CTOALKO, urobu
obutan cymMa crana Menpmwe L

b‘+bg+...—l-bgl—ci—-t'g—'...—cﬂ‘<£.

ITocae sTOr0 CHOBA NOMECTAM NOJOKHTEARHHE WICHH H3 WHCAZ OCYap-
nruxce 7aKk, yrobum Guao

b1+...+bg1 —_—£ —...-—C”"-l-bg’ + l—l-. ..+b.’> L.

Sarvem paleped CTOABKO OTPHIATEABHHX 9UACHOB H3 YACAI OCTABHIAXCY,
yrobu Guaoc

bi+...+531—(.‘§—...—8”1+bg‘+|+...+
+b,’-c,,1+|—...—c,.<£,

r T. A Tlpouece 9TOT MH MHCIHM NPONGAKEHHHM R0 GecKOHEYHOCTH;
ONEBHANO, KaWANR yaeH paZa (A), ¥ DPHTOM €O CBONM SHIKOM, BCTDe-
TATCS HA ONPEACIKHHON NECTE,

Ecnn peskmit pas, BHMHCHBAS WieHH D nay ¢, HalupaTh nx ne
Gomuie, yem HeoOXONMMO fNm OCYECTRAEGHHR TpeSYeMOro Hepaped-
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Ctba, TO yKAOHEHHE OT Yucka L B 1y uA® Apyry CTOpOHY He Fpe-
ssofiner no a6COMOTHOR BEJNRYEHE MOCAGAHENO0 HAMACZHAONQ WJSHA,
Torza m3 (2) acHo, uro pan

(b‘+...+bgl)“‘(cg+.-.+£',.l)+...
"'+(b§£...]+1+”'+b§|)_-(ch._]+l+“'+cﬂi)+°"

nueer cpoel cymsol L. B cury samevanns 1°245, 310 ocTaHercs
PEPHEM W WOCHAE PACKDPHTHE CKOGOK.

Ecnu L=-1-00, T0 MONHO Gua0c Om Halop HOMOMHTEXBHHX THCEA
NOAYHHEYTL TPeOOBAARM, YTOON CYMMN NOCACHOBATEABHO CTIHOBHIHCH
Gomwe 1, 2, 3 8 T A, 3 US OTPHLATEABHNX YJCHOD ROMEHIATH JAAMb
no ONHOMY RocAe kawnoH FPYNNH NOAOMKTEALHEYX. TakuM nyveM, oue
BHAHO, COCTAaBRACH OH PAE, UMeOUIHR CyMMY - 00, AHAIOTHYHO MOWHO
NORYYATE H DRA © CymMoH — oo,

YcranoBAeHENE pESYABTAT ROAYEPKHBAET TOT GakT, wro Heabco-
AOTHEA CXORMMOCTE OCYIECTRASETCS Admb Odaromaps BsaAMHOMY
NOTAWEHHID MONOMHTEABHEX H OTPHIATEABHHIX GAGHOB, H UMEHHO nO-
TOMY CYINECTBEHHO SABMCHT OT MOPANK3, B KOTOPOM OHH CAGAYIOT
ONMH B2 JADYTHM, MEMAY TeM Kak abcoATHAN CXOAMMOCTh OCHO-
BaHA Ha OHCTPOTe yOMBAHWA STHX W/GHOB — ¥ OT TOPAIKA UX He B8a-
BHCHT,

fIpxmee. PaccuoTpuM 3amenoM0 HeadCoOXOTRO CXOXAWMECH PUm:

1 1 1 1 1
l=g+g—gt+tgz—gt- @)
S o S, -~
CYNM2 KOTOPOrD, KAk YBHAHM amke, ecty It 2 %), [lepemectiie €ro YACHH TaK,
uytobH BOCAe OAHOTO NOAOMETEABHOFG CAEHOBANH ABA OTPHUATEALHLIX:
1 1 1 1 1 1 i 1
l—g—gty—sg-gt-tgomn=—mt> @
MW FTRCPKNZEM, Y10 CYMMA PRREA OT TAXOLO HepeMemleHRSA
FHMEeRLMATCA BABOE.

B canom gene, ecant oGO3RANMID YACTRUHME CYMMW STHI DHIOB, COOTBET-
CIBCHHD, Uepes A ® A, to

= 3 ()= 3 (k)=

aa |
n
=1 3 ()=t

‘) 3nech A48 HAC CYMCCTBERNO ZBIIL 70, WTO 3T CYMMA OTAHYH3 OT fryas

[* 244, (&)}
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T8k w10 Ay, —+ %1112. Tar Kag
3 r l r ’ l
A1 =Rt g b Mm_z=Aim b3

1
CTpeMATCA K TOMY Xe Tipeaesy —2-In 2, To pan (4) cxommTcAa W MMeer cymMoit
HMEHHO STO YHCAO.

248. Yunowenne panor. O NOYICHHOM CAOXEHWH MIH BHYATAHUR
ABYX CXORAIIMXCA PAAOB, DPABHO KAK O NOUASHHOM YMHOMEHUH CXOAA-
mIEFOCH PAAA Ha NOCTOSHHUM MHOXKNIEAb, Vke Onia pevs 8 n° 285,
3° n 4° Tenepe Mu patinemcs BonpocoM 06 YMHOXEHHH PALCSE.

Tlycrb maAel fBa CXOASMIAXCA PALA:

A=~-§°}l PPATIPAK SR T @)
u
8= 3 ba=bitbit...tbat... ®

l'lonpazlcaa NPaRUAy YMHONEHUN KOHCUHHIX CYMM, PAaCCMOTPHM R 3I6Ch
BCCBOBMOMKHEE NAPHNE MPOR3BEIERUA WACHOB 3THX pPAUOB: ﬂ,bk; A3 HAX
cocraBuTea GecKOHENHAA NPaMOYTOALHAA MATPHEA:
9151 ngt agbl “es ﬂ‘bl .
a;b, ﬂab' aabg e a‘bg e
ﬂlba a,b, aabg e a“b’ ‘s (5)

..........

Y
STH APON3BEACHHS MOMHO MHOTHMH cnocoGaMd pacnoRaraTte B BHpe
NPocTOH MOCASHOBATENLHOCTH,

Hanpemep, kax 370 BRepsMe cAenanr Hown, MOXHO BHNHCHBATH
BPOHSBCACHHS NO ARAFOHAAAMN:
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o0pemyuHsas OpY STOM WYAEHHW, CTOSOIHe Ha ORHOA AHATOHANM:

ayby - (arda -+ aghs) - (@yba -} agby - aeb) 1. .
oot @by G0+ Gaaba - asb) - (6}

Teopeswa Kowu. Ecau o6z pada (A) u (B) cxodamern abco-
Apmuo, mo pad (6), cocmasaennnli u3 npousgedenud (5), maxoe
cxodumen u tseent ceoed cymmoll npoussedenue cymxm AB.

Jokasateascreo. [lo mpeancaosienuio, paas

3 al=lal+lal+..+iait... "
TR TARSTAE SRS TAE ®*)

CXOAATCY, T. € HMEIOT KOHeuHne CyMmu, ckawew, A* u B*. Ecm
oA 3TAX PANOB COCTABHTH pam, Bpoge (6):
las|-|B1] Q] | be| -] asl-] 1) -
(@l -tbs]+1aal By l-F-[as] 18D +... 4
+(al 1ol 1 8ual ... a4
Fiaud-iud4 ... (6%

T0 OH aBHO Oymer cXoAsmuMcy, B0 €r0 -1 YacTHYHad CYMMa
MEHEIIE

(a|+lasf e Dbl ba] +.. 8D < A%B*

[n° 288). CxosmMocTh coXpasarcd H B TOM cAydae, ecaH ckofkd B (6%)
onycrute [cw, sameastiwe n® 248). Orcwona caeayer [n° 248), uro pan,
RoAygeHHnl us (6) onyckaHuesm ckoGok,

aybs 8105+ oy - asby - agbys - ayhy ..,

TaKKe CXORUTCH B nparoM aGcoawrHo, B Takom cayeae on ofaz-
AT HE TOABKO COUCTATEABHHN, HO H MEPEMECTHTEALHHM CBOHCTBOM
[v° 245, 246]. Ero cywma, cosnajaiomas ¢ cymmoit papa (6), npome
BCero MoweT OHTh onpefcaeHa TaK. PacNOROXKHM €F0 WICHH He 1O
AuaroHansM, a Mo KBajapaTan

aby | ah | ahy . .

aby aby|abyi. . .
a.b,a,b,a.b,...

—pe
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# BAOGaBOR OOBesMNAN TIOCARAOBATE/BHHE TPYNNE, KOTOPHE OTAMIAIOY
ORMH KBaApar of ApYroro:

ayby + (b + aaby + asby) -
“+ (@1by - aghy 1 aghy + aghy |- ab) +-. . M

Yacraunwe cyMmu pama (7) Oymyr
AyBy, AyBy ABy, ...y AuB,, ...

(ecam wepes A, B, Kok OOHYHO, 0BOSHAYMTL NacCTHUHWE CYMMH DAROR
(A) n (B));, ons crpemATcds K npomasemcHEl AB, Koropoe, TaKHM
ofpasoM, SBASETCH CyMMOf#l He TombKo pana (7), Ho m psga (6).

Neryueru 1) Nomyosus pag

-i__.;azxﬂu=1+x+x’+...+x“+... (xl<l)
L]

ra caMoro cela, moaywAM:
n_l—x),=2.:ux"“—l+2x+3x'+...+ax“1+...
2) Kax uet suaew yxe [o° 243, 1) (@)} pan
iﬂ§=l+ﬁ+§+§+m+’,§,—'+m
&

a6COXOTHO CIOANTCA 7IpH BCeX suayenmax X, OGo3mivHM ero cyMmy gepes

E {x). (pousnepense E(x) ma E(y) moker 6uth NOCIPOEHO A0 TPABKAY YMHO-
weHns pARos. OGmUA 9neH DPOH3GCNCHHSA Gyner TaKkoB!

¥
e (u’:m""zi (u—r“' +kl I_Lu-—k)l+ +ul
=2m”"’""*‘2°’"’“ %ﬂ'

Takeu ofpasos zan Qyneusn E (&) noxyvsercs COOTROWeEHHE
E(x).E(p)==E(x+5)
[BuocnexcTaut mmt yeuapM, o E(x)=2s%.)
3) Pan

SN ) e T T S i
S =yt e e

Al
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mo Teopeme JlefiGuuna, cxomHrca, A0 He a6coAWTHO [0° 234, 2)]. Ecmn,
BCe e, NONHTATECR YMEOEEHTh €r0 Ka casoro cefd mo npabaay Komm, 10 no-
SyuHTCR pal ¢ obmMM uneHOM

1 1
o (T ot 1 |
A Tty

Tax xax wamnoe caariemoe B CHobEaY Gosbme -};, 70 BCE BHpamende no afco-
ZOTHOR BeaHuHHe >» 1, W —BBUAY Bapymwewns Heo(XONAMOro YCAOBHA CXOAH-
NOCTH — paa paczomrcal DTOT mpUMEp NPMHAXACEBT caNomy Komm.

3aMEBYUAHAE Mokio NOKA3aTh, YTO, €CAH H3 ABYX CXOARIIAXCH
panon (A) u (B) xors oZHH cXomETcs aGCONIOTHO, TO NPABAND
Kowmm eme coxpauser cany. Toapko, ecan o00a NepeMHONIEMHX paaa
CXOAATCA HedabcoAwTRO (XaK B NpedHAyEN NpuMepe), HX fpo-
BSBEASHHE MOXET OKASATHCH PACXOASUIAMCH,

§ 5. BECKOHEYHME NMPOH3BEAEHHA
249. Ocropnsie monsreg. Ecm

Py Po ooos Par oo 8]

€CTh HEKOTOpAR 33A3HHAR NOCACNOBATEABHOCT: YHCEA, TO COCTaBACH-
HHA H3 HHX CHMEOA

pl'ﬁ‘ﬁ'--.'ﬁ;'...: H]p“‘) {2)

Ha3HEaOT GECKOHEUHHM RPONSEEAEHEEMN,
CraneM NOCAEHOBATEABHO MEPeMHOXATL wHcaa (1), coCTapasg 9a-
CTHYHHE NPOUIBEREHUSN

Py=py, Pa=piPe Ps=p1-Pa'Pv..0»
Py=pipasec P ... 3
31y NOCAENOBATEALHOCTh TACTHYHMY npoussesewuf {P,) Mm mcerna
Gyaem conocrasAsTe CAMBoAy (2).

Honewnuil usn Secxoneunnd npedea P nacmiusroze nrpousscdenns

P, npn n— oo
Hm Py =8,

*) Cumeox I 7 osuanser mpomssenenne.
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Haswsawm B8Kaweruexm npoudsedennn (2) u namyt:

o0
P=pipye...ppee..=T] pur

Bl

FEcau OeckoNedroe npousgedexite uMeem KoHewnoe 3sxgienne P u
RpUMOM OMAULHOE O KVAR, MO CAMO Npoussedennc HasNEaOM
CXORMUMCH, 8 HPONUBHONM HCe CAYHGE —pacxod AR Me T ¥),

JlocTaToulo ORHOMY H3 COMHOXHTCAER mpoHspeAecHUA GHT: Hyaed,
qro0K KW SHAYEHNe BCETO MPOHIBEAEHHS TaKme OKJIC DPABHO HYAN.
B paneHefiAX paccMOTPEHHSK MR 3TOT Cayyal GyaeM HCKMOMaTh, Tak

"Yyro gad Hec BCcerma p,#0,

Yuraredb JErkO YCTAHOBHT aHaior#K ¢ pafamu [n® 284) n yscuur
cefie, yT0 — HOJOOHO pAZaM — B PACCMOTPEHAE GeCKOHEUHOrQ NpoHsSBe-
AEHVS TAKME eCcTh JHL CBoeoOGpasHas popMa nByyeHHs moche-
fopateApHoCcTE # ee npemesa. C srofl GopMoft nOAEARO  NOSHAKO-
MHTBLCH, TaK KAK B HHHX CAYYasX OHA NPEACTaBAReTCa Gonee ymoduof,
ueM ApYyrie,

0o
remMeru. 1) H (l — ;a-l;). Tag ¥ax YacTHuUHOE OpOM3BEAEHHE
nen -2

R

10 (eckoHeyHoe APONIBEACHHE CRONHTICH, W €ro SRaveHHeM Gyaer -% .
2) ®opuyna Baanuca [n® 188]

= 2.2-4-4....-2n.20

OYeBHING, PABHOCHALHA PAIRQEECHHI MHCAL % B Geckoneunoe NPONIBEACHHE

o]

x_2 2 4 4 2 %
TTTET R S T mEiT

CHa xe npuBOAET K {opMynan

Mi-wisl-  IH0-d-2

*) Taxnums ofpasos (moAuepkHeM 510), ecaM P=x=0, 10 nponsseleHne Afa
nac OymeT pACIONAWIMMCA XOTA 972 TePMMHONOrHY MIET B Padpes C Tep-
MUHOROrRER, RPHEHYHOM NnNA pANcR, HO oA OOWEeNpHHATA, HGO ofnervaer
GopMy THPOLKY MEOTHX TEOpeM.
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250. NMpocrehmne Teopemn. Cpasy ¢ pagamu. Orlpocns B Gecko-
REYHOM npouseefenun (2) nepeHe m WACHOB, GOAYYEM OCTAaTOYHOE
NPOUsBEACHAE

o

Ty =Pyt Prsa*eoe Poiaers= || Ip,,, L))
a—m-i-

KOTOPO® BMOJHE AHAJOTAYHO OCTATKY GecKOHEUHOro psaa.

1°, Ecau cxodunmcs npoussedenue (2), mo cxodumes, npn 4060 m,
i npoussedenue (4); olpamso, u3 cxoduwocmu npoussedenus (1) ooi-
mexaent cxodusocms Hexodnozo npoussedenns (2)®).

JloxasaTeAbCTBO MpPEAOCTABAAEM uaratemo [cp. n°235, 1°].

Tawam obpasom, m B cayuze OGECKOHEYHOIO NPOUIBENEHMA oOmOpg-
CWOARIE KOHESHO20 HHCAT RANGADMNX MNodcumesell usn npucoedune-
HIE BHANAAC HECKOASKUX HOSWX Muoowcumesell (omaensx om 0) na
€20 NOBEEHUN Ne OMPANCReMes.

2° Ecan Oecxoneunoe npoussedenue (2) cxodumes, mo

fim n,=1
-0
feu. (4)).
2710 chaexyer H3 PaBeHCTRA
i

H K3 TOro, 4T0 P, ¢rpeMurca X P 0,
3% Ecan Oecxonesnoe npouseederue (2) cxodumer, mo

lim p,= 1.

=

HeticTeuremuo, suecte ¢ Py, o P,y CTPeMHTCa K P, Tak yro

lim p,,=lim§::=-§-=l.

A=+00
[Cp. n° 236, 5°)

He nepeuncasas apyrsx cBoficTe OeCKOHEWHHX nNponssenenull, ana-
AOTHYHKX CBoticTRaM OECKOHESHHX PAROB, MH oOpaTHMCH K YCTaHOBIE-
HHEO CBABH MEWEY CXONHMOCTHI0 OecKomeuHHX NOpORSBEAEHAR M paaos,
YTO MOSBOAHT HAM HEDOCPERCTEEHHO MCOOAB30PATh JAA HPORSBEACHNHH
noaApoBHO Pa3IBATYIO N4 PAKCE TEOPHIO.

B cayuse cXomMmErocst NPOM3BEACHHS MHOXHTONH D, HAYAHAg
€ HeXOTOPOTO Mecra, OyayT noaoxureasms (3°). Bnpouem, ssupy 1°,
MH He HapywsM ofmpccTs, ecm SyseM BUpeAb NPEAROAATATDH
Bce p >0,

#) Hanomuiiy, YT6 M pad BABCErAa NPEROGAONRBIH p, 70,
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4° HOan mozo amobu Oecxoneunve npotissedenne (2) cxodusocs,
HeOUX00RNO U DOCMAMONKHO, LMol cxoduscx pro

3 . ®

fpu  sunosnenun smoze ycaosum, ecan L ecms cymma psda,
ameen:

P=¢".
OGoanauup uepes L, wacTuunyw cymmy psaa (5), Oyzem HMETh:
Ly=MInpP, P,.ue"*.

Ws wenpepussocrd xorapudmmveckoft W nokasatemyot dynkuad  Te.
Reph cheayeT, 4TC CCAH P, CTPEMHTCH K KOHCUHOMY MO/MOKHTCALHOMY
npeneny P, 1o L, crpemprcs K IS, 8 obpardo —ecad L, nAmeer
Koueanu#t mpexea L, 10 ana P npeaesou Oyzer e

IIpr uccresopsHAR CXOZMNOCTH OeckomeuwHoro nponsscacsas  (2)
YACTO DpencTapmtercd yAoOHWN, nonaran

Pi=1-+a,
SalHCHBATS €10 B BAIE
..lj: 13y, @%
a pan (B)—b sune
ij; tn(1+-a,). (]

B 3TEX 060SHAUCHHRX UMEEM NPOCTYI0 TeopeMy:
&° Ecan, no xpalined mepe, dar docmamourno Sosswix n Gydem

a, >0 (s 6,<0),

mo das cxodumocmiy npoussedenns (2%) neofxodnma u docmamouna
cxodusmocmy pRda

2 ay (©)

Tak xak g8 CXOAAMOCTH KaKk nponssexcnda {2*), rak H paxa (6)
B0 BCRKOM (aydae mneolxzomumo, wrobu Guino

lim a, =0 ¥

R=>3
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[em. 8%, TO mpeamosokuM 510 yCAOBHe BHOONHEHHWM, Torma mueer

MECTO COOTHOMICHHE
Hm !n—(l-:-—"a =1

N D (]

[u°65, 1)]. B TaroM caywae, BeHEYy TOrO, 9T0 useHm ofoux psice (5%)
H (8), naumnaa ¢ HEKOTODOTO MECT3, COXPANSIOT ORpERCACHAHN SHaK,
no reopeme 2 #°237 STH PR CXOANTCH WAH PACXONATCA ORHOBJEMEHHO,
Orciona, B ceasu ¢ 4° H CHCEyeT Bamle YTBEDNAEHHE,

VYoousneM o© Cayaae, Koraa OecKOHeuHOe NPOHSBEAEHAS <PacXo-
marca» k 0,

8°. Han mozo wmobut Oecwonennoe mpoussedenue (2) [wsm (2%)]
HMEAD KYALB0E IHANENuE, KeoUXoOUMO B DOCMAMONNO, $molK
pad (5) [uan (B%)) anes cymmolf — co.

B wacmuocmu, smo Oydem max, ecan G,<_ 0 u pad (6) pacxo-
dumen,

HpenocTdpaseM HOKASATEALCTBG UATATEMO,

B pakmoucHEe UCNOABYEM CBNSB MewNy nponssemennen (2) [nam
(2*)] n panow (B) [zam (5*)] mas yevaHowaewss monsTaa alcoawrT-
Hofl cxompmocTd Oeckomeusoro npoussenenns, J[lpouseedemste Hashi-
8alom abcOADMNKO CXCIRUNMCR UMENND B MOM cAysae, Kozda
abcoAMRO cxodumes coomsememeyouuli prd us soapuhmos
ex0 Nnowcumesell,

Hecnenopanna n°248 u 247 cpasy xe NOSBOJANT BAKAOUATD, UTO
a6CONWTHO CXOASIKACCH NpoN3Bedennd oOGAIASIT NepeNecTHTAL-
HuM CBOHCTBOM, B TO BpeMAd Kak He26COAKTHO CIOAMRBECE
338EN0MO HM Re 0OnamawT.

Jlerko aokassrs, no ofpasuy 5% uro

. Jdaw acosawmnoll cxodunocmu nponssedexun (2%) neot-
xoduxa u Gocmamoina abcoslpmran yce cxodumocms proa (6). .

251, fipemepss, 1) TMpaAnenuM ROKASIRALIE TEOPEMH X $ECKOHCTHHM IFROM-
BEACHRAM:

[
() ]](l-]--’:—x) cromures NpH x>>1 @ pacromnrca npa O<<x e,
‘-1

B COTAACHRA ¢ TAKHMW e NORSNCHHEM pAAa Z -'i’-,- 5"
L )

o>
{6) H(l —l—:,—) opa x>>1 czomprea (5%), a npes O << ¥ 1 paczommrcs
”-.

! ayﬁmﬂ(&}xen, TT0 (UpE a > B> 0)
o BB+ Bdn—1)
Jm ETF )G
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Hna proro noCTaroNNO YCTAHOBHTR PACKOAMMOCTH GECROHENHOrO HpOU3Be-

ACHHA o oo
(o

nau [cM, 6°] pacxoREMOCTE pAfa

o

25

=D

A sTO AErko BNTEeKAeT M3 CPABHEHAA MANMCAHAOIO PANA C FAPMONMYECKHM.
Jtor npEMep NoKAsHBACT, KAK HEOR pa3 mefiCTBATEAbHO BMIOAHO CBOANTH
PASHCKEHAC NPEAEAa MOCACIOBATEALHOCTH ¥ HCCAEKOBARUID GECKOAEYHOIG HPOHI-
BefieHHA C HCHONbIOBAHHEM PA3BMTON LA GECKOHEUHBIX NPOHSBENCHNN TCOPHH.
3) TNpusenem B 23HMOYCHEC SaNevaTeAbHN NpAMep NpeolpascBaHHA Gec-
KOHEWHOrO NpoHSBeRcHHA B pal, Nprkattexamdit 3fsepy. Ecas mepenymepo-
BaTh NPOCTHE UHCIA B MOPAIKE BO3PACTAHKA!

P12 =3, Py==5 v Pl 1o
0 NpH x}l HMCET MECTO TORALCTBO
1

) (1—-5;) (1—-3‘;) (1 —5ix) -(1 -—-y-&)

i

==

Lb g et gerboee e

191
A-gs
Amll ™= pw=il

1
*

Had
o0

Hmeen 00 QopMyae AnA CYMME FCOMETPHUSCKON MPOrpPeCcCHE;

1 1 1 1
sld+—F+—4 . F—,,,
_Tl._._ +p§+0’9"+ +(Pi")”+

Ecad nepesmnOEWTL X OHEUHOe YHCAG TAKHX PANOB, OTBEWAIIRHX BCEM Mpo-
CTHIM VUCHAM, HE VIPEBOCXOAMIGMM HATYPATBHOFD uBcAa N, TO VACTHYHOE NPOHS-
BEJICHHE OKAKETCA PABHEIM

L] N o0
W=l —r=Ya=3%+ ¥ & o

. T=
p;:le"p_x re=] nm=l AN
&

rie WTPHI 03HAYAET, YTO CYMMHPOBARHC DACHPOCTPIHACTCA HE WA BCE HATy-
panbHule UMCEA, 3 NHME (Fe CUATAA €N¥HUGH) HE TE W3 HAX, KOTOPHE B CROEM
PASIOKEHHN HA DPOCTHE MHOKMTEAH COAEDEAT TONDKC YHE BECACHHMWE Rpo-
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croie umcaa (neperie N HATYPAALHWI WHCEN STEM CBOHCTBOM, ROHeUHO, ofAa-
Tapt), Or1coAs W OONABHO

v i v !
<P~ X m< ¥ &

=l Aw N1
v !
Beuay crommmocTH paga 2 —v BHpANENHe CTIPABA, NPEACTABINMIEE X0
"=l

oCTATOK nocae N-ro waena, cipeMmutca k O nps N— oo; mepexoas k mpe-
Neny, B AoAYMHM TpeSyeMufi pesyabTar.
f-)ra dopuyna Sfinepa smocaezerenn (1859 r.) Suaa mchoabaobaBa Pamarom
B €ro HCCACKOBIHHAXY OTHOCHTEALHO PacNpPENEAEHRA NPOCTRX YHC e A
4) [lpn x =1 cooTRomenae (3) eme coxXpauder CHAY; OTCIAR

N
P{N)= [[ —‘I“T'> 21”};'=Hm
A

=~1—
Px Pr

TaE 910 Dpyt N 0 Ka 3707 pas P(¥)— co, 1. e. npouasenenue

1 _ 1
(1-—%) (1-—%)(1—-%)-...-(1-?%)-... , 11—51;

PACXONKHTCA H HMEET SHAYeAde -f o0

B srom cocrour mamace 3faepoMm HOBoE NOKA3ATEALCTBO TOrO, YI0 MHOWE-
CTBO MPOCTHX ynceX GecEoHedHo (WeM, MO CYWECTRY, B NPOBEAEBROM Paccykne-
HH MH He NOABACBAANCH); Befb IPH KOREUHOCTH STOr0 MHOKECTSA K NPOH3-
BeNeHHe HMeno Oil KoHeyMOe suauenme, ECIM LoXYuerHmfl pesyabTar Hepe-
nHCath TaKk:

(=D (=) =2) (=)= (=)o,

70, B CBA3K ¢ 5% MONHO 3IKADYATL O PACIORHMOCTH PAKA

o
E

[~
1,1 ,1 1 1
DR - e =g§1‘;;.

310 pamHOe NPEAXOKEHHE AACT, CBEPY TOr0, CMIE HEKOTODYR XADIKTEPHCTHRY
Potra OpOCTHI WYHCEN, OHO rOpasno CHABHEE YTBEPRACHER O DACIONEMOCTA
o0

1
TIPMOHAYECKOTO paxa 2 ! nbo suecs peys  HAET AL O WACTH ero

A=l
gacnoa!
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§ 6 PASRONEHHS DAEMEHTAPHEIX $YHKIRA
B CTEREHHEIE PARB

252, Panx Teitmopa. Ma yxe BCTpesann B mpuMepax CTENEHHHE
pPSAH BHIY

Sor=atartatt. tart. ., 0

PAcHONOMEHNNE N0 CTeNeHIM X,
PaccuaTpuBaior # cTeNeHHNe pagH Goaee olmero mmaa

S — =t a G — R b B~ AP @)

PACHOAOKEHANE IO CYCNSHAM ZEyuaeHa x —x, (smecro x), Taxoft
. PRA He P&SHHTCR CYMECTBeHHO 0T pgaa Buas (1), u0oc DpHBOABTCH
K Hemy NpocToR BameHoR nepeMenHOR: X — Xy==¥ (C TOUHOCTHO A0
0005 HaATEHHA NepeMeHnoR),

B nocneayolieN MH HETAABHO HSYWHM CBOHCTHA CIEMCHRNX DAROR,
KOTCPHE BO MHOTOM YNOROGAsOTCH MMorowseHam, OTpesKaMH CTemen-
HOTO PANA SBJAWTCA MAOCOYAGHN, X0 JHEH2€T CTENeHRHE PRAH YAol-
HHM CPEACTBOM paAs npul/mxenHumx puuncacxnfl,. B cesse co BeeM
oTeM npuolperserT GOABIMYW BAXHOCTE BOMPOC O BOIMOMHOCTH Kafe-
ped sadannyi (BYRKGUR PAIAONCENME NO CIMERENAN X — X, (B 4aCTHO-
CTH, NG CTeNeHsM X), T. €, DPeACTISHTb € B BuNe CYMMH pana
TRMa (2) [Eau (1)].

Mu saftMeNcs 8a6ch BOAOGHEIM PATHOMCHHEN N0 OTHOMIEBNMIO K SJe-
NEATADHNN QYHKIHsM, ODHY9EM NyTh K PEICHHIO TOCTABAEGHHOTO BOTPOCS
RaM orxpmBaer Gopwyna Tefinops, noapoGHo usyuennag B n° 106—108.
B caMoM fAene, BPEANGAOKHEM, YTO paccMaTpiHBaeMas yERmEA  f{x)
B npoMexyTre [Xe Xy H] sm [xy— H, x](F>>0) sweer npouas-
BOAHHE BCEX NOPSAKOD (TEM COMBEM — Helpepeiskme). Torms, xax M
pupera B n° 106, oan ecex sugvenuit X B STOM DPOMEXYTHE HMeeT
MecTO diopmyaa

FEy=F ) +E50 (6 — ) + L4590 — 2+

ot B ey ., @
rhe AONONHUTEABHHE uaed r,(x) Moxer OWTb NDERCTABACH
p omsolt H3 Ywasammwx 8 n® 106 dopw. IIpn oTOoM 2 MH mMOMeN

6parh CKOAB YyronHo Goabumnm T. € AOBOANTL BTO PASAQNE-
HEE R0 CKOAR YrOQHO BHCOKMX CTEREHEHd X -— X
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Sro, ecrecToeltHO, NPHBORMT X MHCAR O GECKOHEWHOM DAS/TONOHUWL

Fr=7 )+ LG (- )+ (..
...—i—ﬂ:-T{Q(x-x.)‘-{-... &Y

Takol paa -~ HESARMCHMO OT TOID, CXOAHTCR A% OH B HMECT a4, HA
caMoM zene, csoeft cywmmoft f(x)-—wuasupaerca prdox Tefiaopa s
bymxan f(x). On ameer pun (2), TpaYeM KOSDPRUHEHTH eTo:

a.=f(x.), “lmf(ﬁ.}. a’___fu (fo) fu"n(!xe)

3 w4

puany Hyi=

HOCST HasBaHue Kos(bgbuguenmos Tellaopa,

Tax xak pasiocrs mewny f(x) » cymmo#t n-1 uncions paaa Tef-
A0ps, seuay (3), ecrs Kak pas r,(x), To, oueBuAHO: 048 Mozo, 4molu
npR HEKOMOPOM SHGRENUN X DelcimOUMEALND HMEAD MECIRO PaIAONCE-
nue (4), NeoBxoduMo u docmamosno, LMo JOROANDMEAHEL Saen
ry (x) gpopuyan Telsopa-—npu amox anavennu x — cmpesuscs k0

¢ sospacmanuen n:
lim 1, (x)==0. 3)
L -

Tlpn HCCAGROBAHHR BOMPOCA, MMEET JAH MECTO 9T0 DABEHCTRG ©
NPE KAKHX HMEKHO SHAYEHHAX X, HMaM & OyAyT NOACSHH pasAHuHWe
DOPNH  BONOAHATCALHOFQ WNEHA [ (X), BHABAAOMIME €ro 8aBn«
CAMOCTEL OT B,

Yame peero MPAXOMHICE UMET: AEM0 CO CAYYSEM, KOTAA Xy=<0 ¥
dyukana f(x) pasraraerca B Pal HENOCPEACTBEHRO RO CTENEHAM X:

FO=S O+ LR x4+ LRy Ly 4 )
9707 pua ameer BuA (1) ¢ kospuuuenramn:

a=fO a=L1, a=L - @

g) rrerr au= 'Y

Bunumenm Tteneps noapofHee ROROAHMTOMMHEHA waeH 7, (x) nBprMe-
HATEALHO HMEHHO K STOMY YACTHONY NPeANOJOMEHHI0 Xy==0 [r° 108}
B gopue Jlarpanma

ro () =L 08 om, @
n dopue Komn
ra () =T 20 (1 — oy, ©

*) Bror pax ofuknoRennc EaIMBANT pAdon Moxaopena,
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Ilpr sroM o muommrese f HSBECTHO TOALKO TO, 4TO OM COACPMUTCA
mexiy 0 u 1, HO OH MOMET MCHATLCH NPH UBNCHCHHA X HAd n (B
Aame — HpH Aepexone or omHo#l QopMEI X ApyroH).

[Tepefiaen K KOHKPETHHM PA3NOMECHAAM,

253. PasaomeHHe B pAX nOEKR3&TeALHO# B OCHOBHHX TPHIoOHG-
merpuueckax ¢Ppyuunul. oxamesm cHavata caeAyoiiee APOCTOE APEA-
JAQMEHNE, KOTOPHM Cpagy OyAeT OXBaueH pad BaAXKHHX CAYUAcH:

Ecan gdynngun F(x) ¢ npoxescymwe [0, Hf wan [— H, O} (H>0)
wMcem NpoUssOGKMe 8¢ e X nopRdNos n ace Smu NpousLodNue nPR U3~
MENERUL X 8 YKG3GRROM BPORENCYMKe OKAINEANMCR 1o abcospmuol
SeARNINe O2PANUKCHNNNE OORUM U MeN e SUCAOM

[ )= L (19
(20e L ne 3asucum omin), mo 80 8ceM NPOMENYMKE UMECHt MECIRO

pasaomerue (6).
B canoM Jede, BIAR ROTOAHATEMbHWE 1aen 7,(x) B dopme Jlar-
paixa [cM. (8)), nmeem, B cuay (10%

N Piliaidd (23] H
e =y |+ <L o
TIpn GearpaHHMYHOM BO3DACTaHHE 1 BHPAaMEHNHE % cTpeMuTcs k
[o° 46, 1)} sre [p caay n° 285. §° chemyeT B H3 CXONHMOCTH papa

" 2 H.IH-I

[n® 239, 2) (). Ho B Takom cayuae ® r,(x) umeer npesenon 0, uro
8 ROKasupacT HaW¢ YIBCDAKACHRNES,
310 npeaTOKEHRe HENOCPGACTBEHHO TPRACKHMO K (QYHEIIHAM

f(x)=e*, sinx, cosx

B n060M npomexyrke [—F, H], W60 NDOR3BOAHHE RBX, COOTEET-
CTHEHHO PaBHHE

F® () =¢", sin(x-[—u-%), cos (x—l—n-%),

GynyT B Hem no aGCOMOTHOR BeNBUMHE OFPAHHNEHH WHCAOM e — jng
$yHkumn €*, H eunuuel —ana sinx B CO8 X,

Tak xax koospdmuweHTH Tellnopa MM yke BHUNCASAH XIS STHX
dymaunn 8 n° 108, 1)—3), 10 MomeM Cpasy HAMHCATh [ASAOMEHHS:

=145+ E L+ -f,-;+.... an
siux=x—§+§-...+(—1)" —__—5-+m. 44}
cosg=1—Jp 30 — 4 (— 1)*%-[—... (13)
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Bce oHH BMEIOT MECTO — BBHAY npOMSBOJIBHOCTE H—upu Ao GoM
SHAYEHRE X.

254, dopuyau Dlinepa. CamuP BEE kosdGHIEEnTOR TOABKO 49T0 MOAYUEH-
HHX SaMeyaTeAbHHY PpasAoXeHEl roJcNasHegem Muicay © HeKOel c8A3u
MeNedy NUMU, HO— €CIH OCTABATLCA B OGTACTH BEMECTBEHHHX WHCES — YCTd-
HOBHTbH TAKYID CBA36 HEROSMOMHO. DANCPY YOHANOCH OCYLIECTRATh STO HYTEM
BELECHAA CRICREKI ¢ MRUMBM NOKA3GMEILN.

XoT B HIZAracMOM KYpCe PRCCMATPHBANTCA AAWK BEIECTBEHHHE YHCAI H
BRHIECTBERANE NIepeMeHHEe, HO — QTETYNA OT 9TOR OCHOBHOH NWHHN — M BCE
me npuseaeM 3neCh  Popayan Fiiceps, BHPAKAOWNME TPHIOHOMETPATECKHE
QyHEUHA OT BEIMECTBCHNOFO APTry MeH T& Yepes NORASATEALHYID ByHE-
HAK OT YHCTO-MEHMOr o apryMenta

Ecan nopcrasurh {moka — gucro dopmansiol) B (11), BMECTO BEMECTBEHHOIC
YHCAR X, MHEMOE YHACNO M, T0 MOXYUHM:

- GO0t e O,
R
TV ST i
=lpp—g gl it
und, OTOCARA BEIECTBERHYW UYACTh OT MEHMOf,
T PR A O A XY )
¢ "( ¥+ '")"“(” FtE—)
Bupakenna B cxo6Kax xax pas M NPefcTaBIANT CoSoH MIBECTHHE YHe Naw
lem. (13) B (12}] pasoowmenna Sym:mm cosy H siny. Hrax,
eMe=cosy-+isiny. (14
3auenan 3neck ¥ Ha —y, GyAeN HMETh AMAXOTHYHO
e¥=cosy-—~isiny.
Hounennoe caoxense B BHYHTAHKE STHX ABYX COOTHOUIGHHH W FDHBOAMT Hac
K SHAMEHHTHM Popmuyacx Jiasepa.
el et e¥ ¥t
cwooy=2tET iy =2 (5)
@opuyars (14) & (15) nMewT B aNALHIE IIEpoxoe TpPHMEHEHNE.

OGpaTaMca X IOrAYecKOMY OCMHCHCHHM CKasanuore *), HaumeM ¢ paccmo.
TPEHHA KOMRACKCHON fepemeHHON 2y= i, -} iy, SiEACAmed OT HaTypain-
MOrO YyRasaleas n. Ompepcsenne Npelena ee JAeTCA B T€X Xe TepMugax,
¥f0 M NIA BewlecTBeHHOro cayuan [n* 2B): xomniexcuos yicao c=a -+ ib Ka-
3usaemeR npedesom nej d 2,, €0, KAKOEO Ot Hit GNA0 BOAOMUME-
HOe qucso s, ocecda meR maroli nosep N, umo 0an n>> N sunosnzemes

HEDABERIA0 |2, —¢ | <2 *F).
Tak kax

|2g—¢|=[(xn—8) +1{ys —B) =V (xs — 0F + (v, —

‘2 C YUETOM TOTO, ¥T0 ¢ XKOMINEKCRHMH WHCIAMH M ¢ KOMIASKCHOR epe-
MEERON YRTaTelb YK€ JHIKOM M3 HYpC2 Bucmedl aareGpe.
*¢) 3nech |w-fifi| 0005HAYAET CMONYAb> KOMIAEKCHOrO WHCAA o - if, pan-

b TH: 3 g ey 8
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TO CPasy ACHO, UTO L, & MOM U MOADKO 8 MOM CAYHGE, ecAn OAS deuge-
CIsERIbX U muxb COCMABATIOUEX Xy 1 ¥y RO OMOLILHOCHU UMeER:
Xy—o 8 —

* Pam'g:pn Teneph ZOMMACKCHWA pan

z ‘pr (C)

On HASHBAETCA CXOPRUUMCR, CLAM 60 YACTHUHGA CYMMA
Ca=ei 4o+ toy

¢ BOIPACTAHNEM 1 CTPEMHTCA KAK K DDEACEY K EGXOTOPOMY ROMIDEKCEOMY HH-
cay C—cymme p Peaaaras Bee yNOMAHYTHE 3ReCh THOEL HA BelleCTBeH-
HYD B MHHMYIO COCTABAANIIEE

C=A+ ‘B’ ‘u=¢“+1b‘| C“=A“+ ‘Bm

apates
Apz=a, 4840485 By=8 4 b4 .4 b5

H3 TPERMIECTBYOMErc SaMEYsHNA SIKANULEM, TTO
€y~ C oznoppemenno ¢ Ay— A, B,— 8B,
1. € CXOEMMOCTh KoMmtexchoro pama (C) x cymme C paBHOCAALME CIOEANOCTH,
LOpO3HDL, BEMIECTBEHRNX PAROB
L oo
zcs (A) = zbs (B),
Rux} Al
COooTBETCTBEHRO, K CcyMMaM A 1 B, Otcmxa, B vacTHOCTH, BLITeKaeT, uTO X0~
EAIHECS KOMIACKCHNE PAAL — ROROGHO BEmECTRENHHM ~— 06AAANT COY e T a-
TeXbH UM cBOfiCTROM rn‘M].
oo
Ecan cxoxercs pan $ |eg ) cOCTaBAenHME Hd MoAyAeH paxa (C), 1o,
RRUNY HEPABEHCLS

CIORATCR B PAAH

(EMLATS Y N -4 7N

o0 £
$wmj$%b

A * —
o e B L e

Nep, paa
I 5t et +on a8)

OpH ZRGOM KOMAAGXCHOM SHANCHER 2 26COSWTHO CIOOUTCA, RGO CXOAMICA Be-
WECTRCHHUA DAL MOAYXell €ro uZeHOB

R L YL
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Abcoswrio cxomampfics pax (C) ofxamaer MepeMecTHTENB MW M
CBOACTBON, NOTONY WTO 9THM ceofictPoM ofzaxamr pamd (A) u (B) [n° 246].
Hawoen, Ba KoMREeXCEHE afCOMRIHO CXONAA(iecd PAOM PACHPOCTpAHASTCA H
teopema o8 ymmomenun {n° 248 Aokasarenncrso, MaHHOe ANN pemie-
CTHEHHOIO CAYHAR — MOCH® CASAAHRNY 3aMeYatnl — SXech MOReT GHTL WOBTO-

PeRO HOCAORHO.

' _Mocrasan Teneps » ofmem BHRE BONPOC Of OOPeXEACHHH CTemeHM & npA
xomnzexcsoM 2. B ToMm cayuae, KOTAA z eC¥h BRECTBEHROE THCAO, X, 9TA CTE-
nEHL yRe Ot otpegezes; B nremnymeu HoMEpe MH RORASA AN, YTO BAR
Hee BMeer mecro pazpowenae (11). B cxywse mumMmore noxasareas z crenesih ¢
eme He ONpeRsaeHa; NOAPAKAA YNOMAEYTOMY Da3uomefiio, Ml Ha STOT pa3 mo
ORpexexennw NonarieMm £ pabHOE cymme pana {16) (saBeaomo cymecrayo~-
meh!). Ouent BAXEO, YTO BPH STON COXPRNREMCR OCHOSKOe ceolicmso noxa3c-
me A 8% o oF = g7

B yeM Xerko yGeautocs, mepemHoRaa DAAW, Aapmmue & x o Icp. n* 248, 2)).
Takpu 06pados, aawenss ewme B paanoxepnu (11) & Ha yl, Mm nonpocty
ECOORb30BAAM YKASAHHOE DACHIMpEHEe NOHATHA CTemeRy.
Orverin B 3aKAMUEHRE, UT0, eCHE 2 == X -y, T0 NO iipasaNy nokayareseh
5 ez e® . oV, Jax yto, ¢ yueroM (14), okonuaTeanmo:

e+ = o* (coe y + Lsin y). (17
255. Pasaowmenwe aprramrenca. K dynxuur y=arctg x nokasas-

soe Buwme in° 283] ofmee npeanowenne ywe menpuaoxuuo. ledcrsa-
TCALHO, BRIDRKEHNe NAA ce m-ft BpoMIROgHOM, Hafimewsoe B n° 96, 5)

Y =(n—1)cos*y.sin n(y -l-%) @18)

H¢ TAPAHTHPYET CymlecTeoBanud o6meR rpaunun xaa seex y(®!
Tak xak coorsercrsyomuf psa Tetaopa (cw. n° 108, 6))

D - T By et M

cxonuTcs amnib B npomexyTke [-—1, 1]%), To BnHe 3TOrO0 npome-
KYTK2 He APUXOAKTCH YHe TOBOPHThL C BMPAKEHHM
byakunn aretgx sTHM paaoM. HaoGopor, Asa [x|=<1 umeew
no dopuyae Jlarpanka (8) [c yeerom (18) W monarax y,==arctglx]

coo*tyy - ain (3 + 1) {34 +§)|‘ |
Irn(x)fé ll+l ix]uﬁémo

Orciona scho, 10 (X} =0, Tax ur0 HAn ecex sHavewuf X B Npome-
wyrge [— 1, 1] nMeer Mecro pasaokeHnue

arctgxa-—-x—%f—l-%:—...+(—-1)’"§‘:’-;I+... (19
%) ITo npmanany HazauGepa [n* 243) aero T&amml. Y0 pan &aﬁcomno)

cIONHTCR, ecal | x| <1, B pacxopurca npH |x[>1. Cxomsmocts {nealcosmy-
Rad) Npg xa::!l cureue'? B3 Teopesu JleAGumua [n* 244



56 /L XV. HHCNOBHE PRAH [256

Mu eme paz noauepKmBacH, uro, Xord arctgx m BHe aTOro mpo-
MEXYTKA HMEET ONpefiefeHHHE CMHCA, HO pasaomenwe (19) ram ywe
He peHCTRHTEALHO, NOCKOALKY DAJ HEe HMEeT CYMMH,

Vs psma (19) mpH x==1, B UacTHOCIH, NOAYYAETCH SHAMEHMTHH
pro Jdeidounna

F=twbs e Mgyt @

— nepsKf paj, B HCTOPHH aH3MH3A, NPEACTABARIOMAR PAASOKEHAE YACHE =,

266. Jlorapudpmauecknf pwn. Ecan p kavecrse dymxmua f(x) asms
In{l1-}x) (x>>—1), To cooreercreywumti pag Teliaopa Gymer Taxos
[n° 108, 8)]:

PR TR SR N i L

On cxomercs /mmb nas sAavennt x B mpoMexyrke (— 1, 1]*); aHawmr,

TOABKO ANA STHX SHAuUeHHH M HMeeT CMHCHK HCCAERO-

BaTh NOPELEHHE NOHOAHHTEABHOr¢o uwaeHa r,(x)
BoswMeM ero cHauana » dopume Jlarpanxa (8). Tax xak

flat x)=1" { +u;)?&
[a° 86, 2)} 1o
e

=y e <0<,

Ecan O0=cx=51, To nochenimft MAOXHTEAD HE NPEBOCXOANT EAH~
HHUN H OYCIOA2

]r,(x)ls'&l, TaK 4to 7, {x)—0 (mpn n—»co).

Ho npm x <0 noBencHRe BTOr0 MHOMHTENN CTAHOBHTCR HESCHMM,
B NpuxoAuTce NPRGErHYTs X (Qopse Komm SONOAMMTEALNOrO WAEHA

fem. (9))
Hueen Loy
n@=c1rei Lol ey,
TaK 4TO
I X I.IH-I. 1—@\»*
*) U saect a6coamTHan CXOmMMOCTS NPH |X|<1 W PIcXONHMOCTL HpR
| x[=>1 ycrasapampaercA ¢ TosMomb® npuanmaxa NsaauGeps. TIpH x =1 wasugo

(neaGcoawTiad) cxoamMoct no reopeme JlefiGumta, a apd X = — I Rogyvaered
PAcCIOAAMHACE rapMoEHy PAA C BINCHCHEEIME JHAKAME,
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Tax xak npa x>>—1 Gyaer 1-4-0x">1—06 10 Nocrennut MHOKH-
TeAb MEHbIlE EHHLH; CAEEOBAaTeAbHO, AHUL TOMKO |x )< 1, sasenomo
r,(xy->0.

JiioGonutHO, WTO, XOTA ¢opMa Komm EncaHe HCUESPMBIBAET BONPOC
Ana Bcex sHAYEHAH X mexny — 1 @ 1, oHa HMuero He HAaET HPH
X=1; B 5TOM CAyYae MH TNOJyYacM

Irll(l)!<(1.—8)“’
HO EBHZY BO3MOKHOCTH ANA § MeHSTHCA BMeCTe C f HEMb3Y SAKNIOYATD
o Tom, uto (1 —8)*—0,
Hrak, no COBPOKYOmHOCTH, HN% BCeX 3HaueHaH X 8 [OPOMEXYTHe
{(— 1, 1}, meficreaTenpso Gyaer

I 4x)=x -5 +F— =Sl @)
B yacraocty, Hpu x==1 noayuaem yxe sHawomuift Ham pag
21— gt (— D 22)

Hs pama (21) MONHO BHBECTH X ApPyTHE NOJCIHHE DASNCHEHUS,
Hanpamep, saMeHSs B BeM & Ha —.x (upd SroM Mel cuaraeM |x{<1)
H BHUNTEA TOAYYeHHRH PAS NMOWNERHO M3 pafa (21), npazen X caeaywo-
mewy paiy:

nfEE (1 f patp P b gy ) @9
1

Tlomoxum sgecr x==

prEm T TAE #— NPOMSBOAbHOE HATYpaibHoe
yacao, Tak kak Toraa

1+x __n41

i—x_ n !
TO NN FQAYWAM PasNONCHAE

1 2 1 i 1
]nn-: =m[l+§.m+?.w—}rﬁ+...l, 24

KOTOpOe HaM NOHAZOGHTCH NpH BHMuCHeHHH Joraphdmos [n° 262)

257, Popuyna Crupadnra. B xavecrse Apyrore NpuiokeHHA pA3AOMeENHA
(24) noxaweM, Xax € €10 DOMOHLI0 MOXET GLTh BWBEACHA onHa Baxnas op-
MYia aHagHaa, HOocAulas BMa CrHpanara *),

C 970# Lexblo MepemmileM pazackenne (24} b BHRe:

(p+g)u{i+3)=1 45 @i t+s @ o

*) Omene Crupagur (1692—1770) — surauficknit warematux. [lpuac-
ZENgA EAxe Qopuyra Guaa BM onyGawmosama v 1730 r,
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310 supaenue, oveRHAHO, Gonbme ENUHNUM, HO MERbIme, YeM

1 1 1 1
13|y et b= Y

Hrax, umeen

'<("+'%‘)'“(1+?]?)<1+ 1—2n(:l;+1) ’

oTEYNa, NOTEHUNPYS, Halgew
1 1
e<(1 44 T TTRTD
Baexen 1eneph TaKy® QYHKUHIO OT HATYPANBHOTO YKasaTeaA m
- alet
s “T“""'i

Torna
1

1\st+5
8y (I +—3-)
Gy ] i
A B3 APEAHAYIIHX HEPABLHCTS CACEYeT, UTO |
i Tax
1< ?"a_ < BT =t
o FGFD

TIK 410, ¢ ONRON CTOPOHM, Gy - Onyy, € ADYTOH e,
1 i
ba-t Bggy ¢ BETY,

TauaM oSpadom, ¢ BO3PACTEHHEM # DepeMenHas 4, yGwsaer (ocrasanck
OFpEHEYEHNON CHM3Y, Hanpuuep, HyAeM) H CTPEMHTCA K KOHEUHOMY Rpexezy d,

1aa

Hepevenman e a,,e_ BOIpACTAET, CTPEMACH, OYEBHAHO, X TOMY e NPeNexy 4

{nbo e R, 1). Tax wax, ApA AOGOM A, PUNOAHARICA HEPIPLHCTRA

1
ay-¢ s < 8 Ty,
10 HaftAeTca Tamoe wHCEO 0, saxAWYEHNOe MERAY HYAeM B enwHHueh, aro
] 1
S=ay:¢ % oy a,ma-cm.
(3axernm, y1o wncao 8, soofme rosops, SABHCAT OT #) BCNOMBEAN onpenese-
HAC NepeMentiofN &, HATOANM:

a 9
m=.¢ﬁ-(%) B eI 5)
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Ocraerca Temeps ONpexeARTh BeNMUARY NOCTOsSHOR ¢ C 9roRf neabp
acnounun opuyay Bassuca [n® 188), xoropyw MoxXEO SANHCATD B BRNE

V 3= im LN
2 g Va1 (2r—1H *
Nocxeauylt MEOXHTEAD UpeoOpASYEM COEZYHUIHM OODAIOM:

21_{1! =%l:=w.(“!£;

NONCTABAS CIOKA BMecTO n! Bupamente
— [
Va (—}) "G
4 BMecTe 2uf aMRAOPHYHOE BHIpRKEHNe
vEG)
2] "G

nocne SIeMERTADHHI YRpomennft Noxyqmu

27 avw YV@ef1) G 2°

12X 910 == ¥ In.

ToAcrasxas 310 Shagenne o 5 Qgopuyay (25), Mo ¥ DpHEeM & Popupse
Cmnpaniza

’
N
m=;r§;;-(§) P o<e<t),
Ecas 0‘]‘6?“!{1‘5 HOCACEHBA MHOMETeXh, TO NOAFYHTCA NPHOIEEEHNNaA

bopuyxa® ui:y_m(_}).’

N0IPORAWINAA BHYACIRTL BEXHYAEY QantopHiza »! mpy COAbLIMHT SHAYEHHAZ M.
O16polneEuMR k¢ MBOXKHTCAL JNAET BOIMOKHOCTE JErkO OHEHHBATH RONYWEH-
nyln . OTHOCHTEABHY N NOPPEMIEOCT, KOTODAR, OUEBUEHO, MEHLIe

T2x

Gopuyaa Crapapmera wyacto DPEMCHAETCE B TEOpHH BeposTHOCTES B Cra-
TECTAKE,

258, Bnnomuazeuufi pan. Bossne, manowen, f(x)==(1 4| x)*, rae
m— go6oe PElleCTBOHHOE WHCA0, OTindsoe of 0 u OT BCeX HATypaap-
HEX 4HCea (apd HATYPAALHOM M HONYSAETCH HSBECTHOS KOHEUHOE Pas-
-[rl%meﬂne t;cir topuyne Huiorona), B sToM caydae paa Tefinopa umeer sna
n* 108, 4)]:

I_I_m_i_m(m.-—-nx,_i_“._i_m(m-—]i,h.,__.(m—-u—[-l}x,_l_m;

L T

*) Ee, cofcrsenno, H ycrauosga CrHpashr,
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€10 HAIWBAWT OUROMUGASHNN PRIOM, 3 Ko3tpdunueHTH ero——Ouno-
Muaasnoiun Kosuyuenmant. TIpA cAeraHENX OTHOCHTEARHO ¢ Mpen-
HOROWEHUIX HH OARH H3 BTHX KoddduuuenTop He Oyaer Hyaem (Haobo-
PoT, ecai G pt GLN0 HATYDANHHEM YHC/IOM, TO KOSMQUUAESHT Mpy X+
H Bee cAeaywmnsHe olpatnanck 66 B Rym), C nomompy npusHara Jla-
nauGepa [n° 243] nerko ycranosute, 40 npA |x|< 1 GuHOMAambHuH
pan aGcoAlTHO CXOAHTCY, 4 mpE |x| > 1 pacxoaurcs, Mccaeaosa-
Hoe RONOAHRTEABHOrO YAeHZ r (x)}) mu OGymem npons-
BOAHTD B RPeANONOMEHRH, 4TO |x|<(1, npuueM cpasy B0O3b-
meM ero B dopme Konm (9) [dopua Jlarpauxa W 3mech gaeT OTBET He
NpK BCEX MHTEPECYWMMX Kac anadeHunx Xl
Tax xak

£ () = m (m—1). . m—n4-1) (n—n) (1 + 2™,

TC JONOJHUTSALHHY yiey

ra) = =D G OB (1 — g,

Tpezcraean ero, meperpynNAaponaB MHOXHTENH, B BHAE:

m—Dim—2)...(m—1—n+1) myf 1—03\2

ra(x)= R T X" mx(14-8x) '(m;:) .
Heproe u3 9THX Tpex eHpAMeHult npeacrTamaser coGoH oSmud uaen
GUHOMHAZBHOrO Me Paaa, HO OTBEYAINET0 NOKasatemo m — I3 Tag
Kak npA |x|<(1 GHHOMHAZBHHR PSA CXOXMTCH, KaKoB GM HH GHA IO
K43aTeNAb, TO STO BHPAaMCHEE NDH #-— 00 CTPEMHTCH K Hymo. Yro ke
Kacaercda JARYX ADYIHX BHPaXeHHE, TO BTOpOe No abCcoMmoTHOK Bei-

YyUHE COAEPKATCA MENMAY FPAHANIMA

|m |1 — | )" w [ree]- (1| ),

HE SABHCAULAMK OT /1, a Tperse, Kak m B n° 258, Mennme enuHunu.
Taxum o6pasos, r,(x)—+0, T. e am {xi<1 useer mecro pasno-
WEnHe

(1+x)“=l+m+%x’+'"
S oo

KOTOpOE TaKwe CBasaHo ¢ HMeHeM Herorona,
Mu He KacaiHch Bompoca © NPHMEHUMOCTH €10 NPH SHAYEHHAX
==2F1, Tak Kak ero pemenne TPEGYET KPONOTAKBOrO HCCACAOBAHUR
ACNOAHHTEALHOrG unena, OrpaHnguMcH  yKasaHHem, 910 upd x=1
pas;ogenne (26) umeer mecro mm m>—1, a mpa ¥=—1 pam
m>0.




259 $ 6, PASAOXEHNA DNEMEHTAPHEX SYHKUMA B CTENEHHHE PALK 61

OTMernM HeKOTOPHE 4YACTHHE cayyan OGHHOMREALHOFG PR3, OTEe-
uaniue, Haopnmep, m=——1, 3 —%;

.l_l_x_=1—-x—|—x‘-—-...+(—l)"x"+... (— 1<)
(OGHKHOBEHHAA TEOMETPAYECKas MPOrPECCHA), SaTeM
— 1 ]
ViFr=1-4 Tx——?x’-[-]%x'—%x‘-}-...
eyt @M | (—i=e<))

Rn
1 1 3 5 35
7—-——-.{-—-”-_ =1—§'x+?x‘—i§x’+m#—'.u

RERER |t el S P T3

Bamno ROAMEPKHYTh, 9T0 B CIyude PARHOHAABHOTO M CywMa GHHO-
MHNBHOrO PpAA2 JEeT BCETA2 apHGMETHUECKOE OHAYEHHE pa-
AHKana,

250, 3aMensnue 06 WCCACROBAHAN ROHOAHHTEALHOFO WNeHR. B paccmo-
TPEHHKE BHIe OpHMepar pasAoxecsns (ynuuit v pax Tefsopa mceraa oxasi-
BagoCh, WE0 JAA BCeX SHAYEHHR X, DPH EOTOPHX DAN CIOAKACA, €To CYMMA
paBHARACh HMeHAO BexomHod YHRUMA. [103TOMY ¥ UATATESH MOTAO BOSHHKHYTE
NoR03penRAe, 970 BOOGHIE ROCTATOYHO YCTaHOBHTh CIONEMOCTL DANA, AKe He
nposepaa cooTomenun (5):

lim ralx) =90,
| -]

yrobu yke Ouao ofecoeuedo pasfoxenne (4) wam () (crp. S1).
Ha pexe, opano, 810 ne Tak. Pacomorpay, suecte ¢ Komp, s neae npamepa
DYHKHRD, OOpeleadeMyX PABECHCTBAMA

_1
f@=¢ 7 (upm x3£0), fO)=0,
[lpa x 5£0 ona HMeeT NpoHSBONHHE BCeX MOPARKOB

1 1
2~ ——
FO=gd ", prw=(—gti)e

H, mea
i

f®(x)=P, (.;_.).g‘_?l' (n=1,23,..), 7

rae P, (z) ecth neanfl OTHOCHTEABEO £ MBOrowaeH (creNeun 3n). B ofmpoctn
STOrO 3aKOMA aerko YSeAMTHCA HO METOAY MATEMATHYECKOR amyxomm,
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VctanomEM Tenephb, UTO W B ToWKE X =0 QAN HAMER DYHEHUHS CYWECTBYIT
NpOR3ROAHLE BCEX NOPAIKOB, NPUNEM BCE OHH PABHH HY Aw®). [ei-
CTSRTEABHO, NPeXAe BLETO, .

M}ﬂm%—ﬂ mpE x—0,

¥

rok uro F' ({0)==0%¢), MonycTes, 9T0¢ HOKAIWPAEMOE FTIBCPRXNEENe BePHO N5A
BCeX OpPONIEOANHI AC A-F0 AOPSIXA BKMOYATEARHO. Torma [cM. |

I (x)— Fim (0) - ‘l_. + Py (“:7)
x !

s

—0 mpa x—0,

NOCKOABKY WHCAHTEAD TPENCTaBnder cofolf CYMMy wAcHOB BN ‘jéi Seayer, 0

FEH () u ), [To Meroxy MaTeMaTHuecKol BHRYERHE YraepkiieuHe olpeaiaHo
NOXESCTHID.

Pan Maxnopena (8) amm stolft QyHRENE-—Co CUROMML HYSeBHNA EosdHdu-
HREHTAMN, XOHCYHO, CXOXATCA NPH BCEX SHaYEHHAX X, HO NH APH OZHOM H3 STHX
sravenEfl (xpone x==0) He BoCTpPOBSBONHT MexoaHoH QysKnAN.

TagaM ofpazom, NpeNBApHTESLHOE OBpeXeReHHe O0NACTHE CIOAMMOCTH pand
Tefinopa BMceT mHOL BCOOMOTATEALHOS HASHAYEHAE OHO NOABOAAET AHCA pas
HAOEPEL HACKMONHTE M3 DACCMOTPEHMA T& 3HAYCHME X, A XOTOPMX OTpHRa-
TeabHWf pesyabTar BANCpex ACeH, INOCKOALKY PARL PacropBtcd. B 1ex we
TOYKAX, rAC PpHA CXONNTCH, TOALKO HCCACIOBAHME ZONONHMTEILROTO YAeHd
@opuyan Teflaopt faer EOINORHOCTL NORA3ATH, UT0 cymMmod p A xa Tefisopa
Gyfer EMeRREO RCXOXHAR QYHKURA.

§ 7. IPREAMNXEHHDIE BHYYHCAEHHS C TOMOLLIO PRIOB

2680, Mocramoexka Bonpoce, Ha npnmepe NOoSyTeHHHI HAMH KOHKPETHHY
PASRONXEHNH M DRIBACHEM, KAK GecHOHeuBe PAEH MOTYT Onthb MCMOAL3OBAHHI
A2R mexeft MpRGAMKEHRHT BuucAenwi Tlgexpouaed pax olIAX saMeyannit.

Ecan untno A pasnokeno B pax:

Aty 0y Gyt B e,y

rAe &, Oy, O, ...— YEOGHUE (0OHHHOBEHHD, PAGHOHANBHLC) THCAR, B MH NOXO-
WHN DPHOANKEHHO!
A‘-:A,,mﬂ; +¢, +.¢.+ ﬂ".

*} Jamered DOUYTHO, 910 Jlsrpamk cunTan ACROSMOMHEM, 9T00u QyRKNER
(ne pabnas TORENECTREHAG Hyxw) ofpamanach ¥ kakol-auSo TowHe B nym
BMecTe CO BCEeMH CBONMB RPOR3BOAANME Koma nocrponx coll
RPHMEp NNEARO SAX ONPOBEpEeHHa sToro myemus Jlarpamka,
‘e‘s S0 suTexAeT 3 OOmErc 3aMeudnHd {KOTOROE CHEAYCT HuMeTh B BNAY
H EaaBINe), uT0, KAKo® O W GuA moxazavens g >0

=
lim
s—yme'=0

{ew. n* 324, 4} 3xecs poanv ¢ Arpaer xi,{upa x=0)
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T0 HORpaPKa HA OT0pACHBANME BCEI OCTANBHWE YACHOR BUPMNTCE CCTATNOM
L R T e

Tipn moctrarowno GOALIIOM # 5Ta ROTPENIHOCTE Cramer koAb YIOOHC Maxoh,
18K 4TO A4 Bocnpodssener A ¢ Amlofl Hanepex SanANNOR TOMEOCTHIO.

Mn saNETepecoPaSH B BOIMORBOCTA NDOCTO NPOMIBOEHTL OHEHKEY
OCTSTEA @y} 970 NO0SBCAMAC OH KAM I BOBDEMS OCTANOBHTLCE UDH RHYHCHCHMH
ROCKEAOBATEABHHX JACTHUMKX CYMM, KOTHd yie GYZST DOAYUEHO RPUCAHLNCHHC
meﬁmﬂoﬂ TOYHOCTH.

PACCMATPHBAEMMH DRI ORAIHENETCE SHAKONEPEMENNHIM H HPHTOM
€ MOHOTORHO YOWBaMEMA Bo aficoamTHofl BexHyHBe uienaMp (cachtimuen-
cxoto THIAr), 10, HAE My BnEeam [n° 244, samegadme], OCTATOX MMeeT SHax
CBOCro NepBOTO WICHE H No ASCOIMTHOR PEAHUMHE MEHblIE erc. Jra oUeHEA
B CMHCZE MPOCTOTH He GCTIBAAET WeRaTh NYULIEro.

Hecxoabko cRoXHee OGCTONT KeRO B CAYYA¢ DOFOKHTEALROrO pAms. Torma
OSLKHOBEHRO CTAPANICA HANTH HOSORUTEIbHUA e pSA ¢ GOALMIEME usenam#,

&

KOTOPHEA Ol JErXe CYMNBPOBAACK: ?a’, 6,220, ¥ B RaueCTBE OUEHKH JAS

OCTATRA &, GePYT BeXHYHRY OCTATKA o, 3T0FO ROBOPO PAAA: ¢, =S a;, Hanpuuep,

oo
AR pmx-;;r MOKEHRO NOSYNHIB:

o hcd o

#< 2 wwn=_2 )=

Mment-] mmntl el

mni-1

[stqn“cineuoa N AKTHYECKH H MOZB3OBANHCL DPH BHUBCICHHM YHCEM £
BN N

OGuuaoBEHHO HIleTCA ZeCATH YK O Apuboxende wncoa A, B 1o BpeNS
Kax yneatl paga MOryr B He GWTh BHDANEHS ACCATHUHHMA Epodswy. [pa
OSpamiensH BX B ACCATAYHYD XPoSb gKPYLAcHHE CHYEAT HCTOVHAKOM HoBOR
TNOTPECIHOCTR, KOTOPYID TENXE CAEEYET YUeCTh.

Hukonen, otMeTd, 4T0 AA4CKO Be BCAKMA DX, UMEOmHD cyMMoft Hntepe-
CYRmee HAC YHCAO A, UpHroatE Rad QaXTHUESCR Or O BHMIHCReBHN dTOro
YHCAA (AAWe CCAW €ro SAEHH NPOCTH, ¥ OUEHEA OCTATKa llgl:mmnwlm'ru:a Re1x0).
Bonpoc -9 Ouc':zore CIORHMOCTH, T. €. 8 OHCTPOTE NPHOGXMEEHHS YacTRYROG
CYMMW X WHCXY

Boasmew Nax mpumepa paam [cu. n° 205, (20) 1 n° 256, (22)]

1,53 1 1,1 i
l—-§+~5—--7+ we B 1—73—-{-'5-—-?-‘-—;-—...,
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x
RA0IMue COOTBETCTBEHHO PASROREHHE tmcea-a— B In2 Onu crogarca oueHs

MeRZEHAO, B TAL TOr0, YTOGH € MX MOMOIEBIO HaliTH NpHOMMEEHHMe 3HAYEHHA
STHI YHCEN ¢ BHCOKOR TOUHOCTHW, HYWHO OLiXO On CEOMMIB OTPOMHOE KONH-
yectno ynenos. Hake mu 6ea ocofioro tpyaa walem necATEYENE OpAGAREeHun
YOOMAHYTHX uHCEX ¢ Oonbmol TOUHOCTRY, HCHOZLAOBAER G(o0aee NONXOEA-
iHe &uu.

1. BumEcAeRHe dMCAa % BoCnOAL3YEMCA HIBECTHWIM PAXOM NIA APKTaH-
reunca [n* 285, (19))

arctgx=x—§—|—x-5—s—x;+... —lgxi)
Poau padts x=—1——_, 10 Btolg X ==, B MH TOAYTHX PAN
V3 &

= 1 1 1 1 1 1 1
?="]}‘_3—(1_-? 3ty E—T )

¥Xe MPHTOAHNE AAA BEYECIERHA.
CyotecteynT, OfHAKO, pANM ropasio Goxee yAROORAHE LAS BHYHCIEHHA

gucoa = Honomem a==arctg 5» 04

2
i 5 5 1 120
tga-—-__, tg21=_l=ﬁ, lg4a=——ﬁ-=ﬁ—,
'\~ 1@
Bsully GaH30CTH 370r0 4ncAa K 1, Acro, ure yroa 4z Gamsox k -:—; D0AOKHB
f=4a —-:—'-, Oynes Hmern:
120 {
_ 1 1
gh= 50 = 539 T O $=arc!gﬁ§.
119
Orcmwra nosyvaerca Takas Gopmysa:
1 t 1,1 1 1 1
r=le—B=16{g—g5 gty w7 5+

R I e

BuyHeIdM mo Helt wncoo # © ceMbI0 3HAKANA noche Janarof. Jas storo
NOCTATONHO TeX uwjeHoE GOPMYAN, KOTOpHe daxTHUECKH BHIMCARH. Tax xag
ofa pana —tama JlefGHHRA, TG AONPIBKH B YMEAbIIAEMOM M BHIYHTSEMOM HA
oTOpACHBAHE HEBHNHCAHANX YJEHOB, COOTBETCTBEHHO, GyRyT:

16 i 4 1
0<AI<W<W " 0<A,€W<W.
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Coxpanennue uaeHR o0GpaTMM B NECATRIREE IpolH, oKpPYTASA RX (O MPABRAY
XONOAHEH®A} BA BOCHMOM snage. Buuncieawa cpegenw ® taGauay (- man—
B CHOOKAX yKaswBacT IMAX 1oNpasun)

16 16

7 = 820000000 §oa = 0,04266667 (—)
o = 0,00102400 g = 0,00002025 ()
G = 000000001 () i 000000008 ()
3,20102491 0,04269506
~ Onsonssa6 o = 001673640 ()
T 315832886 "3__%§‘.=o,00000010 ()

0,01673630
Yuurubad 5Ce NONMPARKH, AMEEM:
3,15832895 < 162 < 8,15832898,
— 0,01673632 <7 — 4B < —0,01673630,

TAaK 4TO

3,14159263 < = < 3,14159268.
Hrax, oxowasreaspo, x==3,1415926..., npHues Bce BHUNMHCEHHNE 3HAKH Bephu,

k BuvyncaeHHe AOCapHQMOB, B ocuose suumcaenma memmr pan (24)

n.

In ”j:l=ln(n+l)—lnn=

2 1 1 1 1
=2n—-|-][l+-3—‘ . W-I-B- » m +¢oo]o (l)

Mp #=1 noayuu™ pasaoscente nza In2:
2 1 1,1 1,1 1 1 t 1 1
e e R e e R et s
i 1,1 1,1 1
+T§'F+B'F+T’7"§‘+"‘)'

3ror pax snoawe mpuroaer Axa pwvHcaennf. [Tokamew, Hanpuwep, 910, OTpaNm-
NHBAACHL MHULL BMOHCAHHKMH YXCHAMH, MOXHO RafiTH 102 c AeBATHI NPABHAL-
HEMH ReCHTHYHHMH 3HAKAMH.

B camoMm gnese, ecnd OT0pOCATD UACHH STOrc PRAAA, HAYMNAEA ¢ JIECATOrO,
TO COOTBETCIBYOMAA NONpaska 6yNeT:

% TETR S U P T I
2

{
T2 198 < e
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Bwuncaeyma, ha 10 3naxos, cpeleln B TaGamny:
-3- = 0,66666 66667 (—)
2

Fogs = 0016460005 (1)

g = 00001306421 (4)
5 = 000001 12801 ()
§oTgs = 0:00000 10264 (~)
§To—gr = 00000 00065 ()
o = 0,00000 00083 ()

- 2 5= 0,00000 00009 (+)

0,69314 71805
Yunurmsas sce HONpasky, HMECM:
0,6081471802 << In 2 <« 06081471809,
tag yro
In2-=0,608147180...,

H BCE NamHCaRRNEe O SHEWOB BEpHN.
{loaaras teneph B (1) n==4, Ealigeu:

ln5—21n2+—g~(l+-;- . §‘r+-é- . ‘§Eri+)

Noavayach yme BUYACKEHHHM 3HaucHAeN In 2, mo sToRt dopuyse xerxo BHyKC-
anth In 5, & setem I 10=m2-4In5 Tlocre sroro, ¢ IPoHSBOALHOH cremeHbI
TOYHOCTH, MOXeT OHTL BLIYHECNEH WMOAYNb

1
N=35

X% n:g:xom OT AATYPAXLHHX ACrapBgiMoB B NECRTARNLHM, O paped
{3—20. hm;ﬁl vee YMBORHS HA MOAYNL, HaAleM NECHTHYMHH € IOTApHML:
g Hoiog

TlepefiieM X KecATHY P M xorapudMaM U B ocHoBHOR dopMyse (1):

log(u+l)—logu=;mi-£;-r[l+%-r_m:ll:w-i-%--m-l-...]. @
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Mogaras spech A=m30==2.10 n nperumas eo BAHMauEe, w0 R4 l=
=81 == 3¢, pafinem oM

41033-810g2=m(1+%- . Eﬁ’ﬁ""?l{ . méﬁ-l-) 41,

oruyaa nerno nafird log 3. fMoxaras, nﬁ:ée, B MR (2) n==2400==3.2¢ . 102
ﬂnyell HMETH u+1.=§401=7a o B dopuyae (2) 3

4log T—38log 2—-log3—2=4%% (1 +% . m}m“’)

tax yro wafinew w log 7. MonGupas nopodune uncacssie kouGEHANBAH, MOXHO ¢
NpOHIBOALKOR CTEMEABIC TOTHOCTH HAATE ForapHdMul NPOCTHX HHCEA, 4 HO MAM
NYTeM YMHONEHHA HA HATYPSAbHHE MEHOKHTENN W CHOMEHHR HaAZyTes XOra-
PUPNE COCTABHHX “HCEA

Mowro 6uxo 08 DOCTYNHIL K HAAZYE, HENOCPEACTBEHHO BHYHCAAA aorapsﬁ-
My NOCHEACBATEAbHEIX HATYPEALAWX YHCEN K Mepexoda or lega x log (&3— )
nga nomow Gopuyan (2). Tax, A BuvHCIeHHa Xorapuduos wacens or 1000 xo
10000, posbrem B Qopuyde (2) TOABKO ONHH GXAeH, T. . NPHGIHMCAHO NOAOKEM

1og(u+l)—1ogu=§n3”*_-!_;l- (108 << n << 104).
TMonpabka npu stom Gyzer
A=

M | 1 1 1
w3t |3 @EF Ty )<

oM 1 1
<ty @y tery =
oM oM
SO Gt D AR
Tax wax y wac n 2108, a 2M < 1, 10

1 1
A<z <30

Ecms 6u gawe nce omulxn c{voﬁunpona?lch. 10 B OSHIEM BCE Nie NOrpelr-
HOCTH Guaa Gboi MEHbilE, YeM i = 5o Ho aerxo wu3GerByrs TAKOrO

HAKONINEHAR HOrPenmocTeR, BLYHCAHB Hefnlt PAN HOHTPOABHKE XOTapMpMOR no
neppouy Meroxy. TauUM MyTeM MOWHO NOCTATHYTH ropasfno Goaplueli TOUHOCTH,
COXpaHHB B 10 Me BPEMR NPACYIHE BTOPOMY MEFOAY ABTOMETH3IM BHUYHC.
heHhl, KoTOpHH OYEHb UeHeH, ocOGeHHO NIPH COCTABAGHMH OGIHpHMY Talawm,



TJIABA WECTHARLATAS
SYHKIIHOHANBLHLWE NMOCAEJOBATENLHOCTY H PANN

§ 1. PABHOMEPHASA CXOJHMOCTD

263. Beoxunie saMeyansd., Mu msyganrm Bumie GecKOReYHHE MO
CAENOBATEALROCTH R WX nNpefean, OeCKOHCYHHE PAAR A WX CYNME;
SACMEHTANM STHX NOCAGHOBATENBHOCTEN HAM UNEHAMH PANOE OMAH
nocroannme yacas IpaBrs, wHON pas B WX COCTES H BXOZMAH, B POJH
NAPAMETPOB, T€ HAH HHHE NEPEMEHHNE BEAWYAHH, HO BO BpeMd HCCHAE-
ROBAHMA WM HeBSMEHHO NPHNHACHBANUCHL ONPEAGNCHHHE NOCTOSHHEE
anayennd. Tak, HanpHMEp, KOrAa MW YCT3HOBANBANH, 910 NOCAERO-
BATEALHOCTE

(1) (2] (43 2]
HMEET MpefencM & WA 9T paj
B e A | L} I

mucer cymmoli In(l4-x), ang Hac x OWAO 4ACAOM TOCTOSHHEM,
OYHKUKOHAABHAA NPNPOAA SIEMEHTOB MOCACZOBATEABHOCTH X
€e NMpeleAa WM WICHOB DANA W €r0 CYMMBl HaMii BOBCE He YuBTHEB2-
Aach; Ceflyac M€ HMEHHO K STOMY MoMeHTY OyZeT NpPHBIEYCHO Hale
BHHMAHKE,

IIpennonoxnyd, 9T0 JaRa MOCAGXOBATEALHOCTD, SACMEHTAMH
KOTOpOH ABAMIOTCH HyHKIAH

hH L), fil) oo So(®)e.. M

OT OFHOH H TOH me MNEpeMeHRON X, onpeAcicHHHe B HEKOTOpo# 05-
xactn ce uswesenns F'=—{x}*), Hycrs A8 Kakaoro x us X om2
NOCAEAOBATE/ABROCTE HMEET KOHEWHWH npesen; 7ak Kak OH  BNOJHE

*) Yame Bcerc sto Symer znyouemyron; HO MBt COXpaAAeM NOKa HamBomn=
WYX oSMHOCTE, pasyMes TOA aoGoe GecroHeyHOe YHCAOBOE NHOXECTBO,
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ONpEAeNSETCA SHAYCHHEM X, TO Tawwe npeacraeazer coGoiwo dynxnuio

or x n 2
f@)=lim f,() @

KOTOpY®o Mu (yAeM Hasupars NpeAaeabHoB ¢ysxumefd A mo-
caeaopatenntoct (1) B aaa dymxngs f, (x).

Tenepr M OyneM HHTEPECORATHCS He OHHMM JMmb CYILECTBOBA-
HACM NPEACAA B OTAEARHHX TOMKAX ¥, HO # (YHKOHOHAALHHMH CBOH-
CTBAMH npenexAsHOft (YHKIUM — BODPOCIME O ee HenpepweHocTH, 06
€¢ MAPOH3BOAHON B HHTETpate,

-Mu yxe eupesn [n°234), uro paccMOTpEHHe WHCAOEOFO PAfa H
€ro CYMMH €CTh JNIDL APYras (opMa HCCAGIOBIHHR NOCACACBATENALHO-
CTH GHCEN W €€ npeaena, PaccMOTPAM Teneph P, YACHAMA KOTOPOLO
AenA0Tca QYHKUAN 0T oXHOH M TOR e NepeMenHod X B HEXoTopoOH
obaacry 2

“ilu..(x)=m(x)+us(x)+---+u..(x)+... ®

Tlyc1s STOT DAA CXOAMTCY NpH KaxaoM suaveAun x b 2 TorAa
€I CYyMMa TaKwe NpPEACTaBHT coG0H HeroTopyw dyhkumio oT X F(x).
3ra cyMMa onperemarcs NpedesbHEIM PaBERCTEOM Buaa (2), ecim nog

Ja (%) pasymerp wacraunylo cyMmy
Jaly=u () -+t () ...} 1, (). @

O6partHo, BONPOC 0 NpedeabHOR (YHKUMH JAR DPOHSEOABHO SagaHhoR
ROCAEAOBATEABHOCTA (1) MOMHO PACCMATPHBATD HOA BUIOM CYMMHDO-
BaHug pama (3), ecad NOJOWHUTH

iy () =11 (x)
iy (x)=f! (x) '_'fl (x)’ Ten nn(x) ﬂfn (x) _fu-l (x)w LEL]

HaM yame mpAKETCA HMETH G0 HMEHHO ¢ QYHKUHOHAALHMME PRAaMH,
TaK Kaxk sta GOPMA WCCNEHOBAHMA NpedeALHOR QYHKIMM Ha TIDaKTAKE
ofuuno yacbuee.

U amece Takke cAeAYeT NOAYEPKHYTb, WYTO NPEAMETOM HAlIHX
Omikafiax Hecnenosaduit SyAyr He OAHM JMML BONPOCH CXCAHMOCTH
paga (3), HO 1 DYHKIHOHANBLHNE CBOKCIBE €10 CYMMH, O KOTOPMX Ml
YHOMAHAME BHIDIE,

Kak oxasumsaercs, dynxumosaipHue cROHCTBa npeaenbHofl dyHKUuaA
(cyMuu paRa) f(x) CymecTseHHO BaBRCST He TOABKO OT (yHKUMOHAAL-
Huy ceofices Qyuxumd f,(x) (BAM WAeHOB psAg), BEO A O CaMoro
xapaxrepa npubasxenns f,(x) x f(x). Hayuenvem THIMNECKNX
BOSMOWHOCTER, KOTOPHe 8feCh NPEACTABAAOTCA, MH NpewAe BCEro H
satmemcn,
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264, PamnoMepyas ¥ REPABHOMEDHAS CXOABMOCTb. Jlonycrnu,
9r0 paa Beex x ua L umeer mecro pasenctse (2), ITo camomy onpe-
NeAcHUIC Mpelena STO SHAYAT CAGAYIOLeS; JNWUIL TOABKO (PHKCH-
posano sHavenue ¥ ms & (A28 TOro TOGH HMETR NE20 C onpe-
AefeHHOMf THCAOBOB DOCAEHOBSTEABHOCTLIO), NO MOGOMY 9aRIHHOMY
e >0 nafinerch Takoft Homep N, wro mam seex n >N BHROMHAETCR

Hepanercreo | fa () ~S ()| <5, ®)

rEe NOA X pPASYMEeTCH AMEHNO TO SMaueHue, KOTOpoe
Guao sapafiece dUKCAPOBANHO,

Ecau BafTe ApYyroe 3HaueHHe X, TO NOAYUMTCA ApYyras uUicao-
BaS TOCAEIOBATENRHOCTS, H—MNPH TOM e e— Haftmennufl wmowep N
MOMET OKASATHCA YHe HERDHrOAHEM; TOrAd €ro NPRUMICCH OH SIMEHMID
Géapbmum, Ho x npunumaer GecKoHeuHoOe MHOXKECTBO 8Hawe-
AEA, T2k 49T0 Tipex HiMd OecKoHeyHoe e MHOXECTBO pas-
AMYHHX YACAOBHX NOCAEAOBITEALHOCTEH, CXONAMAXCS K npeaecsy. Jlam
Kool U3 HEX B OTREABHOCTH Hafifercd cpoe N, BOSHHKAET BOMPOC:

au TaKoM Homep N, KoTopuft (WpH 9amzHHOM &) cmocoSed
Gua OH 0OCAYNHTE: ORHOBPEMEHHO B{E 3TH NOCISEOBATENEHOCTH?

TMoxaxen Hz mpuMepax, uTO B OAHEX CAYU8SX TAKOM HOMEp Cyle-

CTBYET, £ B APYTHX — €0 HET.

1} Mycrs caavarza
Faloy= 1 f)= tm fo(x)=0 O<x<l)
Tax wax 330
VL fal) =gy T S
T0 CPAZY ACHO, YTC BXA OCYIRECTBACKREA HEPABEHCTBA fy (X) << ¢ XOCTATOUHO, sa:ou'o
62 ¥ Omao x, BAATL N> 7" Taxnw cfpasom, HanpeMep; AcIo Ne=E 'E) )

B STOM CAYUAC IOARTCA NXA BCEX X ONHOBDENEHHO.
) Toaoxux Tedepn:

fs(x)ﬂT_FWt fx)=lm fo(r)=0 (=)

Haa awloroc @RKCBPOBEHHOrG x>0 ROCISTONHO B3aTh >
>E(—;1‘—), aroffu Guao: f,,(x)<§<c. Ho, ¢ apyroft cropomm, cxoan
GoabmENM RAH B3aTH 1, K13 Qyexnma £, (x) 8 upomexysxe [0, 1] mcerna
Hafnerca -rouxa, HMEHHO TOWHA Xy B ROTOPOH €2 SHaYEHBe PpEbHO -2—

f,( ) - Taxum ofpasom, sa cuer ysexmwenns n caesars fy(x)< T

*) fo nopoay crueoaa E(x) ow 1. |, crp. 44,
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AnA Bcex apavenuht x or O o 1 CAYOBpEeMEHHO BEKAX Heab3n. Huou.
MO CAOBANH, yXe QA8 ¢==m- He CYmmectsyer momepa N, ROTOpHE romuica Gh

AR BCEX X OBBOBPEMEHHO.
Ha puc. 2 nsofpaweny rpares sTux ¢ymkuph, orsevamuiie m==4 u

n==A0; XapaKrepen r o p 6 BHCOTH 5+ MEpeEsHTammufica ¢ Boapacranuen n

co0pasa Hazepo. XoTA N0 HAMNOR PEPTHKAAR, y-—ﬁ-‘;,

B OTAENLNOCTH B2ATOR, TOYXA MOCAENOBATENb- ¥ i

RHX KPHBMY C BO3PECTAHHEM nt (ecuoMeyuo | N g
HPUCARKADICA K OCH X, HO HH OXM3 KpHBaR
B USAOM He DPHMBIXACT K STOA oCH Ma ! -
BCEM TPOTARCHAAN o x=mO go x=l, F ]a f i

Huaue oficrodt feno ¢ pyEKuBAME, pac- — /
[« ] EHHHNE Fa I OM MeCTe; MH He H-
BD:;I:I B rpamo? néo oM, aanpnnepnn’im S
n=4Hm 1 =40, TOXyyADYCA B3 rpadBKOE,
HI06PARERHHX WA PHC. 2, myTeM yMeMbiie-
BHA BCEX ODRHHAT, COOTBETCTBEHRO, B 4 WIH
o 40 pss, B sTom coyuae xpuesie cpasy ma
BCEM CBOSM DPOTARCHNH NMPUMLKAWNT K OCH X,

Ilanwm Temeps ocHoBHOE OMpeXe-
ACHAZ

Eean: 1) nocsedosamessnocms (1)
wazem o X npedessuyio Pyswguo f(x)
7 2) 348 wawdozo sucsas s >0 cywecmsyem maxof ne sasn-
cRmuld om x wuosep N, smo npu n>>N nspasencmso (5) ovi-
nosRzemcs odnospemenno dan scex x us X, mo 2080pam,
I wmo nocacdosamessnocms (1)
{ cxodumen [RAu—Pynrgus f(x)

cmpesumes| ¥ @yneguu f(x)
POBROMED RO OMROCHMERSHO

gzt x ¢ ofsacma .

Takeu ofpasom, B8 mepros
N3 IpABCACHANX NPEMNEPOB GiyHK-
nas fy(x) crpemurcs K Wymo
PaBHOMEpPHO OTHOCHTEALHO
X & npoMexytre [0, 1], a mo
BTOPOM — HET.

PaccwoTpEM pasbeeflige npw-
n (] MepH HepaGHOMEpPHOR CXo-
RANOCTH.

3) Ecan
—r | S)=s @iy,
Puc, 3, F(x)u= “1_19100 Fa(x)==0
mi x<\iuf(l)=1.
B stoM CRYURE BEBOIMOKHOCTD HEPABLHCTRA X% < ¢ (PR & < ]} OEHOBpe-

MeRHO AR BCeX x<l BENMA XOTA G W3 foro, wro x™—1, ccam (npm
duxcapoaatpod n) &1, PHCYROX 3 msetr mpencrasaeEue ¢ caceolpaskoM
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XapaKtepe NapyuleRWs PABHOMEDROCTA: SAECH NpedeabHas (YBHIHA HIMEHACTCS
CKaYKoM, a T 0 p (i HemoNBHEKEH,
4} ITycrs, Hakonew,

Fu (X)=2ntx . g—105* V< x<l)

Heposnomuiocts paeRomepioro npuGammenns B [0, 1] & npeleasholl dyEKuEN,
HOTOpAd 3fAech TOMACCTBERHO pabHa 0, czenyer XoTa OH T0r0, 4TO, UPH

A06OM 1,
A3)-2.

Ha s1or psas sucota Fop 60, ROTOPHE MEMANT PABHOMEPHOMY CTPEMAEHBE
k 0, BRoBapox eme GeckOEeYHO BO3PACTAET BMECTE ¢ &,

ITepeHeced Temeps Bce CKA3aHHOE BHIIE O CXOAAMOCTH (YHKIHH
Ha cayvalt dyuxnuoHaasHOre panz (3),
Tlpeancaaras psa CXONRMANMCH, BBEAEM B DPACCMOTPEHAE

ero cymMy f(x), wactmumyw cymmy f,(x) [cM. (4)] B, naxomen, ero
OCT4TOK MOCAS A-TO WICHA

W= 3 () =F () —Fa(2)

=g

Ilpa moGom duxcEpOBaHHOM X
lim fo(x)=F(x) » lim ¢, {x)=0,
R—D R—

Ecau wacmusnan cyRua fo(x) empesumen v cyume pada f(x)
pasrosepno omiocamessnwo X 8 obsacmu X |uan, umo mo e,
OCHAINOR PRAS 9.(X) pasHOMNEPHO CcmpeMumCR K Nyao), mo
2osopsm, wmo pro (8) paenomepno cxodumen s smofi obsacmu,

310 onpegenecHme, CUEBHAHO, PABHOCHABHO CACAYIOWEMY:

Pgd (3), cxodamuicn 0an ocex x n3 obsacmu ¥, Ha3nsaemcn
PasroMepro cxodmuyusca 8 smoill obsacmu, ecan dag wagcdozo
agcaa € >0 cymecmsyem maxoli ne 3asucsuuti om x Hoxep N,
tmo npu n >N nepasencmso

1 fa () =F ) | < mam [y (2) < ©)

SWNOAHALPICA QO HOBpeXeRRO dag seex x us 2.

Ipamepst paBHOMEPHO M HEPABHOMEPHO CXOASUIHXCA PAOOB MONHO
COCTaBHTH, NpeoGpasoBap NpHBEAEHHNE BHIe NPHMEPH MOCAEAOBa-
TeAHOCTeR, MH NPHCOSABHAM K HHM eme CASAyiolEA NpocToRl mpumep.

o
B) PaceMoTpEN TpOrpeccHr Z X1 oFa CZOTATCA B OTEPMTOM MpoMe-

noan |
mymke T'=(l, —1)» JAza moboro x ma 2 oCraToX nocRe R-TC uIeHa
BMeeT BHI:

=,
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Ecs# » nponzeoibHo GHECHPOBATEH, TO OYEBHARO!

1
lim X) o= 1 X)=c
plm lem@=g, | lim e ()

W 10, ¥ Apyroe NowasHpaeT, YT0 OCYMICCIBRIb, N LA BCEX X OAHOBpe-
N € H R 0, HEDABEHCTBO

Ipn(x) | <<t (ecau s<—;-)

FPH ONHOM H TOM Me HOMEpE R HEBOAMOKHO. CXONHMOCTH HPOrpeccHE B
npoMexyrke (— ), 1) HepasAOMe pHa; ST0 ¥We OTROCHICA K NpOMERYTKAM
(—1,0] = [0, 1) B OTACALHOCTH.

266, Ycaosme pasmomepHoft cxoauMocTH. Teopema Boapnano —
KHoum [n° 52, ycranasaueawoinas YC/AOBHE CYIIECTBOBAHAA KOREUHOTO
npefena AAA 9ajanHo# MHCAOBOH NOCASROBATENLHOCTH (<APAHIMR CXO-
AEMOCTHY), ECTSCTBEHHO NPWBOAAT K CACIYIOWEMY YCAOBHIO PaBHO-
MEPHON CXOOEMOCTR A sanan#oH B 0GaacTe 2° mocaenoBaTensHOCTH
tynxmai (1):

Harr mozo amobn nocacdosamessnocme (1) 1) umesa npedess-
Hyp Pyreguo u 2) exodusacs & omol Pyangun pasRoMepHo
omrocumeasto x ¢ obaacmu X, Keobxodumo u docmamouro, unols
048 Kaxmdozo sucaa e >0 cyuecmsosas maxofi Ke 3asucamui
om x womep N, wmobu npu n >N u sofox m=1, 2, 3,...

HEPQBEHCIMBO
o () — fo (0} < e @

umesn #ecmo dag dcex x u3 X odrospemerso,

[TpeGopatiie 570 MOMHO KpaTKO CHOPMYAHPOBATE TAK: HPAHLMN
CXOAMMOCTH OAA NOCACAOBATENLHOCTH (1) JHO/KEH  OCYHIECTBAATBHCR
«pasHoMepHO» AAA BeeX X ua ')

Hoxasatenasctro, Heofxoadmocts, Ecam nocaenosa-
TeapHOCTs (1) uMeer npenessayn GyBRIMI0 f(¥) M CXOAMTCA K Heit
pasnoxepHo » &, 10 no sajmanHoMy ¢ >0 Hafizercs ne saBM-
camuif or x Homep N, taxol, wrc mp n >N Gyzer

[fa@—F @) <Fs
AA8 BCeX .x. AHAJIOTHYHO H

o@D —F@<ge (=123

a 13 STHX OOOHX HepaBeHCTB BHTeKaer (7).

HDocratrounocts Ilycre Yyciaomne, ASAHFIOE B TEOpEME, BH~
nondeno. Torma, Kakoe GW SHayeHEe X H3 H{ QHKCHDOBATH, B
aAnEe nochenoBatenpnocrt (1)} Mb OyAeM HMeTh YHCAOCEY I nocae-
AOBATEABROCTH, AAF KOTOpOH BHBOAHAETCA ycAosHe Boabnano — Komn,
Chreposareivho, ANA 9TOH NOCASHOBATEARHOCTH CYIMGCTBYET KOHCUHRME
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npenen, YeM AoKa3aHO CYMIECTBOBaHBe aas  nocaexoBarexshocTd (1)
fpedeasHol qyHkman f(x)

Teneps, 3ae no nporssoNy n >N 8 x ws £, craHeMm B Hepa-
peticree (7) OesrpaHHIHO YBeAWYWBETS M (DDA NOCIOAHHHX B H X)
Nepexons K npeaeay, NOAyIuM:

|f (%) — fo () | <.

Oram ycranapanBaercA pasHoMepHoe crpemacune [, (x) k f(x).

Herpyno nepedpasnpoBaTs ROKABAHHOS YCJAOBEE INA CAyuan Qynk-
UHOH2ABHOIO PARa:

Haa moz0 umobes pad (3) cxoduscs pasrnosepno s obracmu X,
Heolxodumo o docmantosno, Lmobu 0A% Kawdozo sucsy e >0 cy-
Upeemaosas maxofi Re 3asuchuyud om x nomep N, umo npu
8 >N u aobou m=1, 2, 3, ... nepasencmso

I:_zl;"s(x)l==iu..+t(x)+um(x)+...+u,+,,(x)|<s ®)

nxeem Mecmo 9an scex x w3 X odnospesenno,

Jlaf YCTAHOBAGHHS H2 DNPSKTARE DPABHOMEPHON CXOAHMOCTH KO-
KPETHRX MOCACHOBATEMLHOCTEH %BAH PAXOB NOALIYTCH Gonee yRob-
HWMH B NPHMEHCHNH AOCTATCYHHIMH RPPSHAKAMH, XOTOPHE (OPMYARDY-
OTC 00HYHO BAS PAROB.

Bor npocreflmmH A wame 8Cero NpUNEHSEMuHA NPHSHAK:

Tipasnax Bellepuumpacca. Ecau waenn ghynxnuonasssoze pada (3)
YOosszmeoprrom s ofsacmu X uepasencmsas

|y () |==ep (n=1, 2, 3, ..), )
20 ¢y CYMS RACRM KEKOMOPOZO CXOIRMEZOCH WHCAOS020 PAIR .
-+
Zlc,.~——-c,+c,+...+c,+..., ©
A

mo pRd (3) cxodumen 8 X pasnoxepno,

Ilpu naswuun wepavenctea (9) rosopar, wro paa (3) maxopH-
pyercs pasom (C), mm uro (C) Caymu? MaMOopaHTHHM PUIOM
ana (3).

Heticraurensho, #8 (9) noiyuseM BepaBeHCTBO

Ftn () - tppa (X) - . oo g () | Cpa - Cnsa -t oo Cppams

CHDaBeATHBOS OAHOBPEMEHHO AJAA BEeX X H3 obracra 2. Co-
FA3CHO TPHHUANY CXOAMMOCTH, KOTOPHH MH MNDHMEHSeM K YHCAO-
aomy paxy (C), aan moboro + >0 Hahmerca Takoe N, uTO npu
n>>N Nparan uaCTh UPEHNAYIMErO HEPEBEHCTRA OYET e MeHbIe e,
8 C HEl0 —H nesad, NPUTOM AA% Bcex X cpasy. Orcoas, B cary Ao-
K434HHOTO BHIN@ YCJIOBRA, W BWTCKACT HAWIE YTBEPWICHUE,
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Taguw ofpagoM, Hanpumep, 5 200N OpoMeRyTEe PABHOMEPH O (XO-
RATCR AL

20 &
Y apsinnx, Y] sycosax,

B LT3 ]

o0
€CAH TOOLKC pAA z a, cxoparca abcoawrro Bemy
Al

|ogsin nx || ay ), |Gaomnx|=a,l,

o
TEK Y10 poAb MAWOPAHTIROC O 3AeCh Erpaer Ppall E | agf.

§ 2 ®YHKIHOHAJILHBIE CBOACTBA CYMMBbl PRiiA

266, HeapepsisgocYs cyMMsl paad. Me nepexoaum Teneps X
HBY9YeHAN (YHKUHOHANBHHX CBOHCTE CYMMN pSAAa, COCTABAEHHOTO B3
dynkunit, B caasH co cbORCTBAMM 9THX NOCAERRHX. Bume yme yxa-
SHEANOCE HA SKBUBANCHTHOCTL TOMKH BpEHHN ROCAGAVBATEALHOCTER X
TOUMM spenns OeckoHeuHHX pPanos, B usHowenms MH oTEseM npen-
HOYTEHHE NOCAeHuefl TOUKe SPEHAS, NOTOMY NTO B DPANONEHHAX
BCTPEUAOTCH NOYTH HCKAOWYBTEALHO HMEHHO OeckoHeunme psgw. Ilepe-
HECENHE CKASAMHOTO O GYHKOMOH2NBHHX PANAX HA CAyuaH DOCAEROBA-
TeALHOCTEH (GYHKIAR HE NPEACTAdANeT BaTPYAHEHAN.

Beegensoe pume nousTEe panHOMEpHOH CXONMMOCTH BO BCEM Xadbe
Hefimem Oyfer urpaTes pPeNAKINYI0 pPOAb, TAK UTO BAXHOCTL €10
BHABATCA ¢ ROAHOHR cHrof.

HautieM ¢ BONpOCE O HENPEPHBHOCTH CYNNMH pAj3, COCTABARKHONG
HS HEMPEPMEHLIX QyHKIH, UHTETCA0 HIBECTHO, YFO CYNMa KOHEUHOTQ
qac/At HeNpepuBHHX Qyrkusi nenpepusna [n°62) cupasennpc anm
noaofHo: e YTBEpWAEHHE H AAA caydad OCCKOHEYHOTO 4MCHA CAd-
raeMpx? Creaywoiufi DpocToN mNpHEME) NOKAaSHBAaET, YI0 9TO HE
BCeraa Tk

Paccuorpan pax
o
3 il x)==(l — ) F X — £} o F (L~
=3
N O<rsi)
Npn x=1 pce uwiens psaa, a ¢ FHNH-—¥ CYuMa pans, ofpamawrca 5 §; mpn
X << ], cyMMHpYA mporpeccHn, noxyvaes I Xota useHH pana Henpepumuu B
mpomexrytxe [0, 1], Ho cymma paxa B Touxe x==1 rtepmmr paspue! OrMerHw,
YTC CXOEMMOCTL PAZA 2RECH HE PABHOMEDHW, TAK HAK CCTAarTOR nocAe A-ro

uzeHs, pashbft x* (83 x < 1), crpemarca X O nepanpoMepno |n° 264, 3)).
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Hmeer mecro
Teopema 1. Ecan gywegnu u,(x){n=1, 2, 3, ..)) onpedesens
u Kenpepsionn 8 npomexcymye X' ==|a, b] n prd

3 n@=n@tu@t.. tn@t.. O

F

exodumess 8 X pasnoMepRo K cysume f(X), mo u sma cymMa
Oydem nenpepusnu 8 npomexymie I,

JIokABATEABLCTBO. BoabMem B npoMexytke 2 Kakyio-auGo
TOUKY Xy M YCTAHOBUM HERNPEpHBHOCTL ynkuuu f{x) s sroHi TOuKe,
Coxpansy npewnue oGogHaueHus, umeeM npu moboM n=1, 2, 3, ..,

® mobom x us 2

F @) =Fp (%) + 2a (%) @)
W, B YaCTHOCTH,

S (xo)==Fp (o) 1 0n (%)

OTKyAa

|f @) —F i =< |fa () —Fa x|+ 19 @) [ 1P ). (B)

3anazumca Teneps npoussonbawM ¢ >0. Beuay pasHoMepHO# CXo-
AUMOCTH PAA3 MOMHO HKCHPOBAaTh HOMEp # TaK, 4ToGH Hepa-
BEHCTRO

len ()1 <5 @

PHITOMHANOCE JAAA BCEX SHaueHAR X B mpoMexyTke 2 (8 TOM uwucae
¥ AA8 X=X} OTMeTHM, 9T0 UPF GHKCHPOBAHHOM 2 yHKUU
Ja(¥) ecto cymma oNpenencHHOrO KOHEUHOrO WHCAZ (QYHRIMA , (x),
HENpPePHBHLEX B TOUKe X==x, IlosTOMy OHR TAKXC HenpepuBEa B
sTOR TOuke, W MO 9ajanxomy & >0 Haftaerca Texoe 3 >0, yro mpa
| % — x| <8 Gyzer

£ ) —fr x| << 5 ®)
Toraa, esuay (3), (#) B (56), Hepaeencrao |x— x,|<78 Baeyer =a
cobot
|£ &) —F (xa}) <o,
YTO A JOKAa3HBaET Teopemy *).

Jameuanane Mu Bafeld Ha MpHsepe, UTO YTREpPKOCHHE TEOPEMM MO«
WeT OK43UTLCA HEBEPHLIM, eCHH ODYCTHTb TpeGoBiNHe paBuoMepHOR Cxo-
ANNMOCTH pAla. ONHAKO PAaBHOMEPHAR CXONMMOCTE (ECYDHPYET B TeopeMe pce

*) dakTRUECKH AeCh [OKAaSAHO, YTO K3 HeHPepHBHOCTH YICHOB paga B
OnpelleReHHON TOYKe CAGAYET HENPepPHBHOCT: €I0 CYMMH B 5T0fl ®e TouKe.
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Xe IAMIb ¥4 KOCTATOYROE yCAOBHE H He cleayer AyMWarh, 470 3TO ycmo-
BHE He 00X OLHM O IAA HENPEPHEHOCTH cyMmu paia. Henpunep, panu

L
3} 2xfate™ M (n— e B8,
Aml

3 it

gl

(€

fep- n° 264, 4) m 2)] = npomemyre JO, 1] HMew? HenpepuBHYD CYMMY, TOEAE-
CIBERRC PABHYX HYSE) XOTA B FKASAHHOM NPOMENYTKe 06a CXQMATCH HEpaB-
HOMEpHO.

Jlerko nepedpasApOBaTE ACKEZAHHYI TEopeMy IA4 CAydas nocae-
ROBATEABHOCTH (yHIut:
Teopeama 1% Ecan nocaedosamessrocins Hyurguil

fulx) @), ooy Fu ), .o0y M

onpedencHNNX U HenpepusHnx & nposexcymue & =/[a, b}, cxodumen
r npedesswoli Pynwuun F(x) pasnomepno 8 X, mo a f(x) we-
npepuisna 8 L.

267. Cayualt momowmTeNpHNX paAgos. JAs DPAACE 3TOrO GacTHOro
THHA, KAK mokasasn JrHu *), PABHOMEPHA® CXOZHMOCTb OKASHBAETCA He
TONBKO MNOCTATOUARM, HO H HEOOGXOAHMHEMN YCAOBHEM HENPEPKE-
HOCTH CYMMH paja:

Teapema 2. Hycms uaenw prida (1) xenpepusust 8 nposeocymie
X=ia, bl u neompunamersnw, Ecau pad uneem cyuny f(x),
maxoe Nenpepwsnylo & npoMexcymue X, mo pRd cxodumces 8 smom
npoMeACYyMKe PRSROMKEPHO,

BoxagaTBRABCTBO. PaccMoTpHM OCTaTkR paza (1)

o
@)= D up(x)=F(x)—Su(x)
Ra=p1

dynxnaa @, (x), xak pasHolTE JBYX HENPEPWBAHX dyHKRuH, Takxe
RempepHBHa, BBHZY DNOAOWHTEALHOCTH “WIEHOB PWI3, NOCASAOBATENH-
HOCTe {@.(x)}, mpu mnocrosumom X, sBAReTCA yCHBawmek (Hepospa-
crawomef).

P ZnE) = )= @)=, ..

Hakonen, mockossky paa (1) czomurea B npomexcyrke %, npan mofom
NOCTORHHOM X

lim ¢, (x)=0.

LA ]

*) Yancc Aenn (1845—1018) — nrambancuafi maTeMaThy.
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IIAR TOrG yToGm YCTAHOBHTL PABHOMEPHYR CXOZHMOCYD DRaa, A0-
CTATOYHO HOKA32TH, WIO AL Kauaoro uymcza s >0 Cymecrsyer Xors
CAHO BHAHEH:E B, IPH KOTOPOM ¢, (X)< ¢ OAHOBpEMEHHO HAM BCEX X
(a0 Torza ana OGOABIIUX SHAYEHHA 4 STO HEPAREHCTBO BHNOAHIAOCH
G A TOZaBHO).

HoxasarenscTeo 510710 OyAem BecT# OF nporHEHoro, [1pemnonoxum,
IO AAR HEXOTOpPOro s >0 Takoro HOMEpa # He CYWECIBYET.
Toraa npw moGom n==1, 2, 3, ... » npomexyrke & Haflnerca TaKoe
BHAYEHHE X ==X, 9T0 ¢,(r,)=+ K nocrescrare/mHOCTH k_r,,}, BCe
SAEMEATE KOTOpO# COAEpXATCH] B KOHEYHOM NPOMeRyTke ¥, MpHNe-
HAM newMy Boapmaso — Betiepmrpacca [n°61] # ewaendw us Hee wa-
CTUIHYIO NOCAGACBATEABHOCT {Xy, ), CXONRULYIOCH K MPEACAY Xy

Beuay HenpepHBHOCTH @, (X), hMeem:

tli?co?’ (xn.) = (X0),

xakopo 6 HM Guzo m. C apyroli cropoHet, npu ap 60N 2, A J0-
craroyno Gomux A

By ==, TAK UTO Qp(X4,) 2 90y (Xa) 2=
Tlepexons saech k npegesy npu & —» 00, HalaeM, 410
‘l_{n:o Pm (¥a ) == Pm (¥} 220

A 9TO HEDUBCHCTRO, MMEPIIEe MeCTO NMpd AW GOM m, MPOTABOPEUNT
TOMY, NT0
lim g, (xg) ==0.
m—
Teopena AOKasaH2.
Ecau nepedipasupoBats Teopenmy [EmHE Ha caywalt NocAeAOBATENb
HOCTER, TO HOAYUMTCS
Teopema 2% [lycms nocaedogameasnocms (7)) Hempepusnux 8
apoxexcymxe X =={a, b] Pynxunll cmpemumcs Hpu n-» 00 X npe-
Oeasnolt @ysxgun f(x), XOKOMOKRO 603pPACMAA, MaK Rmo

Jan ) =1a ().

EBean diyungus f(x) maxace nenpepuena 8 X, mo [,(x) cxodumes
K f(x) pasnomepno 8 27

268, Nouzenuuit wepexon x apemeay. [Tpubenem eme oOBHY Teo-
peMy, Koropaa smaserca ofoOmenues Teopemu 1. B met 2 ecmn
npoHsBOARHOE OecKONeYAOE MHOMECTEO, HMEOMEe TOYKY Cryme-
Hug @ (xoHeunylo mam Rer) [n°82); 572 To9Ka camsé MOWeT M He TNpH-
HAZACHATD MHOMECTBY 2.
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Teopema 3. Ilyems wamcdan us ghynsyud v, (x) (=1, 2, 3,..)
onpedescna & ofsacmu X' u uxecem, npu ctupesAcHuE X K @, KORed-
Hi® npedea:

lim u, (¥)=rc,. (8)
£ —= 00

Ecan prd (1) & obsacmu X' cxodumes paenomepxo, mo 1) cxodumer
PAO, cocmassennnl B3 smuX npedesos:

i cy=C [C)

u 2) cysmua pada (1), f(x), maxoce umeem npa x—a hpedes,

HMERRO,
lim f(x)=C. @

HoxasarerapcTno, Cormaco yCXoBHIO PDaBHOMSDHOH CXOMM-
mocTH 1°2608, man mpoussOAbRO BSATOrG & >0 CcymleCTBYer TakOR HO-
mep N, aro mpa a >N u m==1, 2, 3, ... nepapeuicreo (8) Ha
cTp. 74 smnomsercs aaw scex x ns . Ilepexons saece R Npefeay
npy x—a, ¢ yuerom (8), HaitaeM, vro

[eatCuatottnml e

T2k 410 pag Pasa (C) PHMOANSETCH YCAOBRRE CXOARMOCTH n° 242,
Bem G, C, m Y, OsHauawoT, Kek OOWYHO, €ro CYMMY, YacTRUMYW
CYMMY H OCTATIOK, TO

C=Co+1Tu
Buyntaa 510 papencTBO mowaenno ue (2), AerKo GOXYURTL:
If(x)_cl’sEfa(x)_cul'{"?s(x)l'{'t'hi- (10)

Bengy pasHOmepHOR CxoxuMoCTH pang (1) u cxomumocrs paza (C),
no aobony & >0 MOMHO GHKCEPOBATH A CTOAb OCoavlunM, uroGH
ang peex x a3 & G0

[ e (<5 2 Taxne |1, <y ay
Tak kak, OueBNANO,

im =1 3 aw=3 a=C,

TO—ecAd OTPAHUIHTHCA CAYYREM KOHGUHONO & — HallleTcs  TaKoe
30, yro npu |x —a| <3 Oyaer:

Ve — G| < 3. (12)
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Toras, npn yrasansuIX SHaveHRSX X, B cmay (19), (11) u (12), Oyxer
BHIIOAHATECE HEPABEHCTREO

[Fr)—C<se,

yro u npueogut K (9) *).
Papenctso (9) MOXHO Hanucats B dopue [cu. (8)):

ol (-]

lim 21 1, (%) =”§l { xl_iﬂ ty (X))

X =

TaKHM 00pa30M, MPH HaZMYRR DABHOMEPHOR CXONUMOCTH, Mpedes CYMMEB
dynauonassnozo pRda paser cyMMe pada, cocmasienno20 u3 npe-
deq08 20 wAen08, BN, WHHMH CNOBAMH, § (yninytorassvoM prde
Oonycmix NPpedeAsNblil nepexod <oNAEKRO>,

Opamer. B zavectee npAMepa NpEMenenus STON OOmell TeopeMe H3AO-

EHM BWBOJL H3BECTHOrO WHTaTealw Jorapudmmgecworo pama [n® 256, (21), mcxoas
H3 GumommaabHoro pama [n° 268, (26)], ¢ mOMOmIBY MpeAGAbHOrQ COOTHONIEHHA

In* 65, 2)] .
Ine= lim k(/a —1).

(TTo cymecTny, HMEHHO TAK NPHXONHT K TOrapUOMHYECKOMY DALY Sfinep B crOEM
«BBefeuHH B ananusy, HO, PASYMEETCH, 6e3 CTPOroro ofockosannal) .

Tozowus =1 x (rne | x|~ 1) u noxcTaeuM EMecto (I --[--.u.f)T ero pas-

AOWEHHR
5 1 T:'("l'_l)
L P R AL A A T
l. .}.__1 _1._ 1
otk (k 1)-2-...(-i n+ )x,

Torna la(l 4 x) npencrasutca Kax Apeden MPH & — 0O BHPaRCHES

+..

k[(l+x)%—1]=x—§(l—%)+%'(l—-—}) (1~gg) =

L | Rt B PO

Tlopvepknen, 910 amech X O3RANAET MOCTOANHOE YHcAo, Yaenu aroro
Bm conegmar. B HaveCTEe HmepeMeNROf, RATYpaxbEHA Dapamerp k.
0 BCCH OOBACTR ero HsMencHmA **) pax (13) cXoLuTca pagHOMEpAO; sTo

*} Ynratens yaHaeT B 9TOM PACCYANEHEH TG, KOTOpOE YHe OWI0 HpHMe-
HEHQ NOKAIMTEALCTES TeopeMh 1.

*¥) Hanourum, uro ofaactb usmevenun 2 mepemensoft x, 0 X0TOpOR mag
peub B TeopeMe 3, Morsa OwTh KaxoR YrOGHO, B 9aCTHOCTH, OHA MOT'Aa CBECTHCH
B K MHOXECTBY RATYDAABHMX YHCEA C TEM, YI0 & == 0O,
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{no npuauaky Befiepmrpacca) caeayer ms Toro, UYI0 OH MAaWOpHpyerca
PAKOM

L] ] 3
o BE IR LDy rmcomst, [2] <D
yRe He colepkallaM #. B ramom cayvae, mo teopeme 3, m page (13} mommo

AepelTE K Npeledy MpH k—CO NOTLEAHO, Y0 H NpEBOAHT K NOrapegM-
gYecKomy paiy.

269, Mouacanoe NETerpHPOBAHEE PANOB. Ilepeiiaem Teneps K pac-

CMOTPEHHIO BOMPOCA OO0 AHICTPEPOBAHHH CYMMH CXoAgmerocs QyHx-
UHOHEABHOTO paAa.

Teopesa 4. Ecau dynwynn u,(x) (n=1, 2, 3, ..) Henpeposnn
8 npoxewcymre &' ==|a, b] u cocrmassennult us nux pro (1) cxo-
QumMen & SMOM NPOMLOHOYIMKE PUSKOMEPRO, MO UNMEPAIR Om
cyuns f(x) pada (1) npedcmasanemen cAeldyomus o0pason:

§f(x)dx= 3 §a.,(x)dx-

uala
=§u.(x)dx+ S ty (£) d ...+ fu,.(x)dx+... (19)

dokasaTeascTeo. Baaay wenpepueroctn ¢ysxuah u,(x) =
J(x) [n°2686, Teopema 1] cymecTsoBaAme BCEX STHX UHTEIDANOB OYe-
BAgHO. TIpORATErpUpOBaE TOMAESCTBO

fy=m @)+ ()t 1, ()1 9a (%)
B npoMemyrke [e b], momyuum:

]
{7(9dx=

= fu,(x)dx-|- fu,(x)dx-]—...-]— fuu(x)dx+ Sb%(x)dx-

. TaxkaM 0o0pasoM, CyMMa 7 UAEHOB psma (14) pasHuTCA OT HHTErpana
s F(x)dx nomomHuTenBHKM YIEHOM Scp,, {(x¥)dx. Ina poxasaresscrsa

paanomegua {14) HymHO aub ycranonnn,, YTo
.4
lim \ ¢, (x)dx=0. (16)
B —e 00 &
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B cuny passomepHoft ¢xoammocrd paga (1), mas aioGoro ¢ >0 wafi-
herca Homep N raxoft, uro mpn n >N

fea () [<»

CPaBy 441 BCEX X B PACcCMETPHBaENOM bpoMexyrxe, Torza AMd TeX ke
sHaueunft n Gyner:

lf%(xmlé S?I‘Pa(xﬂdx((b—-a)e,

NT0 H AOKasHBaeT MpexexkAoe coOTHOmenue (16),
Pasencreo (14) Moxer OuTE HamHCEHO B BHAE

¥y o o ]

{2 me}ir= 3 {{nmadd,

o pml =1 a
TAK 9TO, B CAYYae DABHOMEPHO cXoAAmerocs GyHKIMOHANBHOrO pAfa,
BNMEIP3A OM CYMMY PROG paser CYMME DPROA, COCMABALHRO20 w3

UKMEPAAOE 20 RACHOS, WIM, HHHNH CAOBIMH, GORYCMUNO RONACHHOC
nRmezpuposanue paoa.

SBameuanps Kak n 5 cayuae Teopemu 1, rpeGoranne rawouepnon L 8
AEMOCTA CY W e CT B € H i 0 Nag CHpaBeXRBBOCTH pasaowenns (14), 1. e He Momer
GuTh OPOCTO ODYMIERO, HO BCE Xe HE ABIAETCA HEOGYOARME M. Paiu
paccuoTpennne b n° K&X P23 H HXANCTPUPYIT BT0 0G6CTOATEALCTRO.
oY & npoMmexyxe [0, 1] cxomarca x 0}m?&)=0uepa enouepHo Ho
WRTErPHPYS NePERH NOTACHHO, Wb B K2vecThe CYMMH PANE HHTErpasos ROXYUYHM

1
lim nsms’x-c""“"dx— fim (1—e=)ex),

1
51’(47) dx=0

AJS BTOPOro We€ pAjaA AHAROrHYNO Hefinew

] 1
ne In{l+na*
e j T de lin SR 0 5 7z dx.

TIpasep. TTocrabum ceGe sagaueft PASEOMHTL TAK BABMBACNHE AoaRMH
SAXRATHUECKHN HHTEr pax nepeoro poia

3
F(p)=ns —
V1—#snfy
B0 CremeHAN MORYSA k (0-<Ik < 1)
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Hexona ns Jpasnokerng {1 +x)—7 B SEEOMBasbHWA paa [0’ 258] u noaaras
B HeM X ==— 3Ysin? o, MOAYYHM

o
1 — 1)1}
Vi—rFen'g ..g: P2

DroT PAK CXONMTCA PABROME P H O OTHOCHTENGRO ¢, KOO MIWOPHDYETCH CXO-
al

Aagiefica oporpeceneft 1 Z E¥; caenoBaTesnHO, 3R6Ch AONYCTHMO HOY I & H-

HO ¢ HETErpHPOBARHE HO ¢ B APOMERYTKE [0, -;—-J Bunostine ero m Bcooab-
ByA RM3BECTHME MHTerpaxu [n* 187)

@r—Nnt =
inedy="gw '3

e*-"'an]a

RONySAN
romi{i+ $ [T )

D10 pastomerme -—o0COGEHHO, TIPH MAAWY K-—MOXET OMTh TPANEREHO
¥ NPAGARNECHHNN BHTHCACHRAM,

Mpupesien ananor TeopeMst 4 fAN NCCHSNOBATENLEOCTEH:

Teopesa 4*. Ecau nocaedosamessnocms (7) dynxguil, nenpepus-
Hux & nposexcymie X =/[a, b, cxodumer Kk npedessuwoll Pyusguu
fx) pasnomneproe 8 &, mo

b [
{s@ds=tn (7.5, (16)

710 paBEHCTBO MONKHO MEPENHCATL B BAGE
b ?
i §f,@dr={ {tim £, 09}ar,

T2K YTO NPEAeNn, OTHOCRIMACE K HHTErpany, OKASHBACTCE BOSMOMHHM
OTHECTH HENMOCPEACTBEHHO K NOMMHTErpaabHON ¢yHknma. B stom cay-
uae ropopar, 4T0 Jdonycmism rpedeasunl nepexod mod 3snaxos K-
mez2pana.

B raase XVIII mm pepremca K STOMY BONpocy B Gonee ofmed mo-
CTaHOBKE,

270. Nouzeynoe puddepenunuporaune paxop. C DOMOMBW TEO-
peMiE 4 DPeAHIYIIEroe HOMEPa NErKe AOHASHEBAETCA CACAYILLAA
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Teopema 5. ITycms Pyuryun w,(x) (n=1, 2, 3, ...) onpedeasenn
& npomescymue X'==[a, b] n umewm a Hem HenpepusHue Npou3s0d-
xue u, (x), Ecan ¢ smox HpoMescymye He moAsko cxodumes pad (1),
HO R PAGROKEPHRO CXOGUMER PRD, COCMABALHANE U3 RpPOU3BOINBIX:

o0

Z] t ()=u () +m () +... @+, (7

mo u cyxna f(x) proa (1) wncem &8 X npouasodnyo, npuses

£0
)= 3 unfs). ()

1
Hoxasarearcrro. OGosHauen uepes f*(x) cyssmy pama (17);
B cHAy TeopeMH 1, sTo Gyaer HenmpepubHan dyskuus or x. Boc-
TOAL30RABIIACE TENEpPh TeopeMoR 4, mpounterpupyes pan (17) nosiresxo
B NPCMEKYTKE OF & [0 NPONABOABHOTO BHAYSHRY X B3 27 M NOAYYEM

o0 x

fﬂ(t)df= 3 Su;(t)dt.

Aw=lg

x
Ho, ouesniuo, S Un () dt ==, (X) — u, (3), T2K urO
&

Sxf‘ Hdt= i fiza (X) — 1, (2)) =

=Y ue— 3 mo=rw—ro.

Tak Kexk WHTErDan CACBA, BBEAY HEMPEPMBHOCTH HOAMHTErPaNbHON QyHK-
HEH, HMEET TIPOHSBOAMYI, pasnywlo F* (x) [n°188, 12°], 0 1y me mpo-
HaBOZHYi0 HMeeT W yHkuma f(x), KoTOpar OT EHTErpana oOTAMuaeTCA
ARG HA 71OC \

Papesctso (18) MoxHe nepenscats (ecan BOCMOMBE0BATHCH, CAEHYS,
Kown, ofosHavennes [} aas npouspoauoli) B puse

{3 ne}= 3 pa,@

Taxen ofpasoM, mpa YKasaHHWX YCHOBHAX, NMPOU3BOOHAR OM CYMMH
PROQ OKQBNEAEMICH PAgH CYMME PAOA, COCMUBACHROZO UI MPOU3SOD-
KNX €20 HAEHOS, RIY, HHHIMH CAODEMB, QORYCHIILNG <BOYACRNOC> dngh-
gepenyuposanue paoa.
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SaMevyanne PaccwotphM paau

oo 1 ntxt
3, e
nw

g+ + Y [gn0+me— b rna s @)

Y

Tepsuit B3 Hux cxoauycA K O npn £ =0 ¥ k¥ | B OCTATLHWX TOUKAX, & CYMMA
sropoTo peaxe pasha 0. Bcmm nPomMepempoaan HX MOUNEHNs, TO NOAYYaTCA
Y¥Ee sHaxoMHe HaM pafu (6) n' 266, cxoxammeca Bo Beem mpomewytke [0, 1)
k0, Ho ofz—HepanHOMepHO. B meproM cayuse pAR N3 DPOMIBOAHWX cXo-
RMTCA H NpH X =={, rAe CyMMa NCPRONAYARBHOTO PAZA UPCH3BOGHOA HMETE He
MO¥eT, 00 paspuBHE B STOH TOuke. Bo BYOpOM cayyae, MaoGopoT, MOMYACHHOE
rnfdepennrpopaune NOBCIOTY NPHROLHT ¥ BEPHOMY Pe3YALTATY., JTHMH DpHME~
PaMH HATOCTPHPYETCA poab TpefoBaHHA, YF00H pPAX RPUH3BOAHWX CIOKARCA
PABHOMEDHO OHO CYMECTBEHHO, HO HE HEOGXONAMO.

Hepedpasnposky teopeMs 5 Ha cayvall QyHERUMOHaABHOH ROCAENOBATEldb~
HOCTH HpeROCTEBISEM YHTATEAN.

Bee aTn 7E0pEME O MOWICHHOM NOPEIEABHOM [EPEXQAE, TOWEHHOM
HHTE'PAPOBAHAR © JAHGOHEPEHIMPOBAHNA YCTAMABAUBAT AHANOTHIO MEXAY
QYHKNPOHAZEHBIMA  DAIAMM B CYMMaMH  KOHEMHOr0 uucia QYRKIRf,
Apanoras 3Ta, OIHAKO, OTPAHHUCHA HIBECTHHIMW YC/AOBHSMH, B Xapakre-
PHCTHKE KOTODHX PpABHOMEDHAS CXOAHMOCTh SaHHMAET MCKANYHTEABHOE
MECTO.

271, Mpumep neppepusHolt pynkuun 6ea unponssosmofl. B saunwuenne
81070 NMaparpada Mu NpHEEAEN, BCNOOBIYH OYHENHONANLHMS pAN, NPHAMED H e«
npepwsHoR QYHKUEY, KOTOPasA HU B CANO# Touxe He HMeeT KoHewHOH
NPORIBOIAGH.

Tlepprifi npuNep Takoro pone HpARanreXAT Befepmrpaccy; o Gua onyGuH-
xoBan B 1375 r, ) ero ¢ynuuns onpeeAneICH PARIOM:

Flx)= g o® cos B® nx,
H=0

rae 0<a <1, a b ecTtb Heuernoe HaTYPAAbHOE YHCAO (npimeu ab>1 +-2—w).
o

Jror pAL MawOpPHPYETCA cxoAAmefics mporpeccrett E“"' caepoBeTeALRo [n* 265;
[1]

266, Teopema 1], cxomuIcA paRHOMEpHO, W e€rc CyMMa HBAAETCA BCIOXY He-
NpepHBHORA dynrunet or x. Kpomotampum Hccnexosanmew Befiepmrpaccy
ylanoch TOKA33Th, ¥TO TeM He MeHee HH B OfHOR TOUHE IAS Hee Me CYMECTBYeT
KoHewHOl APORAEOEHOR.

*) BrpoyeM, § 3Xech €rc onepentia bBoabnawo, mocrpomemafi aopolHY®
Gyuxne panee (1830 r.)
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Mu npupenem Goace opoctToR mpuMep paH-ne p-Bapaena, nocTpoenuns
RO cymecTBy Ha Toff e MICe: ABmb XOXe$AWUIHECA EPHBHE 3= COS ok
SAMAHERH KO0 A0 N IO HMHCA AOMAHMME.

Hrax, oGosmayun wepes u, (X} aGCONNTHYIO PeAMUNHY PasHOCTH M THe-
XOM x ¥ OzaxafumM K HeMy UeNkM WhcAoM. Dra QyHRUINA Gymer xWBefRrof

B KAWIOM NPOMCHYTKE BHARA [‘%-, i‘.%‘.‘.j’ rie §— 0eN0€; OHE HEMpepuiBHa K

d o
2 -f 1 7
¥ g
?A%MW?"
Puc. 4.

mneer nepHon 1. Ee rpadiie npencrarazer cofofl zomanyw, on h3oSpaxen Ha
puc. 4, a; oTAedLHKE SBeHbH NOMAHON AMELT yraoeolt kosdimnmeny = L
IMoaoxmn, sares, nas k=<1, 2, 3, ...

oy (x)= uﬁ@;ﬁ.

3ra dynxnns dyner sndefinolt » nponexyrzax BHAR [ﬁ, %%rl; OHA TAH-

®e RefipepuBHa B Hucer ©epuo ;. Fe rpaguk rexme ects Jomamas, wo

€ Goate MeaKHuHd 3y6ydksmm; Ha pHe. 4, 6, Panpuuep, Beofpawen rpadux dynk-
uast 4, (x). Bo ncex cxriasx yraoeue kosdQHUMeNTH OTREADHHI 3BEHLER AOMA-
BOR N afech papm * 1.

OnpeXerun Teneps, Kii BCCX BCWIECTBERENE sHavyeHnll x, dynxupw f(x)

PABEHCTBOM
oY

Flx)= zo uy (x).

Tax ®au, oxesunyo, 0= uy (x)ér_!-;‘{k=0, 1, 2, ..}, ™M YTO PAR MAMOPH-

0
pyerca cxoxmuefica nporpeccuch 25-11;, ¥O (K2K U B caygae Ppymeupy Beflep-

0
HITPACCA) PAN CICANTCA DABHOMEPHO, M dynxuns fix) Bcoay Helpe-
pHEBRA

Ocrapopnncy Ha MOGOM JpavenuH X ==X, Buuxcasa ero c TOTHOCTEN o

-2—}2; (rae p==0, 1, 2, ...) 10 ReAOCYATEY B MO MIVHTKY, Mul 33RKANYEM ero
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MEETY URCRAMH BRIZ:
< 2tl,
FAe 8, — nexoe. OUSPHINO, 10 BAMEHYTHE TPOMERYTRN
3 =[—2-ﬂ§, ?g:%‘,-‘] (n=0,1,2,

OXaFHBANTCH SRCWCHEWMY OXHH b Apyrok. B xamfou §3 aux Haltgerca Taras
TOUKA Xy, VIO PACCTORANE €€ OT T0MKA X, pasHO WOAOBHHE ANHHL WPOMEEYTKI:

1
| X —%y == st

ACHD, WTO ¢ BOSPACTANMEM 1 NEPEMEHHAA Xy — Xy
CocTaniN TeTieph OTROWENEE TPHpAMENAN

Flta) —F(xe) 2 ua(xg — U (x.)

x‘—x‘ fromr's ""'x.

Ho, npn &> n, uncao 4—‘,!1_-{ €CTh 1ER0C KPATROE MEpHOMA Zl’ dyexasn g (x),
TAE 4T0 i1y (Xp) == 11y, (X}, CODTBETCIRYIMHE HNLHN ofpamawrcs B 0 o
MOrYE ﬂlﬂ;b( o?:’ynwku(. Em =t ks ﬁ.m;:l dyneuna u?(l.:), Addefinas & npoue-
wyTRe Ap, GyAeT AHHeAHON B b CONEPRAMEMCE B HEM WPOMERYTXE A, DpHTEM

Up(Kg) — dp(Xe)

Wl (k=0 Ly ),

Taknn ofpazon, HMEEH OXOHUATEXLHO

3-0
FHHMA CRODAMH, 310 OTHONIEEHE DIBE) JETHOMY LEAOMY YHCAY NPH HeUeTHOM 8
B BEUETHOMY BEZOMY 9HCAY NPH TeTHOM R, OTCKAR ACHO, %70 WPH R -+00 OT=

HOUIEHRE ANLEHAA HH R KEHOMY ROBEYHOM CHEA MHTGCA HE MOWET.
Tak 9ro “1:1:? ¢yuxups npy x==.t{ xonemaynggnao.{nme HUCLT, ?

§ 5 CTENEHHHE PAAN H PALN MHOTOYAEROB

272. fipomemyrox CXOENMOCTH CTenemEore pmEd. Hanowesnag
B TIpeMAymeN naparpade TeopAs RAXOIAT ceGe BAXAOE NMPAJAOMENAE NPH
uByueHny CBOHCTB CTSNEHMNX DRNOB, PACRONOMEHHHX AH0O0 MApOCTO No
clencHam NepescnHol x:

;"..;oa.#“=a.+a:x+aax'+...+a,,x“+..., )
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au60 ke —B OOWEM CAyYae — IO CTENEHAM ABYWACHa X — Xl

o0
2 i —x) =atau@—sg)+..fa =g +... @
{ap a), 45 ... OBHANAIOT B30ech NOCTOAHENME Kosdprumente). € NozOG-
HEMH DANEMA B KOHKPETHHX CAYYasX MH Yke He pa3 BCTPEvaalch
{ocofio cm. § 6 raasu XV). Temeps me Mu saliMeMcn  H3YWeHHEM
B ofuten BHAE, TAK CKasaTb, CAMOFO BTOMD AHAAMTHYECKOrO an-
napata mag npescrapaeHEa GyHKuaH, OuennARo, MOMHO OFpPAHHYRTHCA
pagamit (1), T2k Kak psn (2} mpmeomurca % (1) sameHolt nepeMeHHOH,

Honuraemea npexie BCero BHACHATE CTPOEHHE <00AACTH  CXOEHMO-
CTH» CTenefiHoro paga, T. €, muowectsa & ={X} rex sHavesnA x==7%
nepeMensolf, ang xotopux pap (1) cxomurca. IIyTe kK sTOMY OTKpHBaeT
CAEAYIIAN

Jdemmua. Ecan pro (1) cxodumcs 4R 3sHoteRum x==JX, omauy-
o020 om 0, Mo OR @6COANMNO cXoIMER DA% A00020 IRAUERUR X,
Yoosaemsopriomezo Hepasexcmsy: | x]<C| |,

Vs cxoaawocTtn pana:

P EPEEE TR Fa

BHTEKaeT, 4ro ero obmalt wien crpesurca x 0 [n°236, 6°), a caezo-
paTeabHo, orpaxuves [n° 33, 5):

Ia“xn ! = M (ﬂ"'_" 0: 13 2) . -)' (3)

BoasMew Tenepn amoGoe X, am koroporo |x|<(]%l u cocra-
BHM DSZ

B 10 |=ag|+[ard| + 1o | 4. |2t [+ (@)
Tax xak [cm. (3)]:
|“ux”[=|a,,x“|«|§|"gm.l-%r

M gieunt paAa (4) OKasHIBAIOTCA MEHBIIMMH COOTBETCIBYIOIIAX UACHOB
cxomamiefics  reoMeTpHYeCKOR mporpecchm  {CO  SHameHaTenieM

HEE
M+M-|;—?|+M-|§|'+...+M-|§ I

10, N0 reopene 1 u° 287, pan (4) cxoaurcs. B TakoMm cayvae, Kok Mu
sHaeM, pad (1) cxomutrcs aG6CoAOTHO, w0 n TpeGoBANOCh JOKA3aTh,
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NMpr x==0 cxomurca, ouyeenano, scaxnft psx (1). Ho ects cremen-
HHE DA, KOTOPHE — MOMEMO 3TOrC — He CXOAATCA HY HPH OJHOM BHA-
YeHHY X. TIpUMEPOM TZKOre «BCOAY PACXOASMErocS> DAAA MOXKET Cay-

o3

HUTh PAR $n! X% Kiak B 9T0M Jerko yOeaWTLCA ¢ NOMOWbIO NPH3HA-

ka IanamGepa, Ilorolnee paAgs AZR HAac He DPEACTABAAIOT RHTEpeCa.

Tpeanoaoxam xe, uwro zas pasa {1) cpean sHaveHwit ¥ mepesen-
HOH, MPH KOTOPHX OH CXOAMTCA, €CTh ¥ oTauyHue or 0. PaccmorpaM
uuoxecrso {|X|}; ono aubo orpaumueHo csepxy, auGo ser.

B nocreaseM cayuae, Kaxoe Ou sHaueHwe X HH B3ATh, HeoOXOMAMO
Haligerca Takoe X, uTo | x|<|R], 2 TorAz no aeMMe NPH BIATOM IHAYCHAN
X pan aGCONIOTHO CXOZUTCA. PAA OKaZWBACTCA <BCIONY CXOMAMAMCAY,

Ilycte Temepe muoxecrso {| X |} ceepxy orpanuuedo, u R Oyaer ero
TOYHAA Bepxudn rpamwua (Tak yro 0< R < oo). Ecmn | x| >R, 10
ST0 SHANCHAS X BARCOMO PAasHMTCA OT BOEX X, H PAA PacXORHTCH.
Bospwem Temeps awbGoe x, maa Kotoporo |x|< R. Ilo onpegenchuw
TouHON rpanunm [n° 6], HeoGxoaumo Halimercs Takoe X, uto |x)<C
< |®|=<R; 2 5TO NO AeMMe CHOBA BAEYET 3a cOGOft aGcoawTHY B
cxoaumocrs pama (1)

TaxkuM ofpasoM, aoxasanz o6mas

Teopessa. Jan raocdoze cmenennoeo pada (1), ecanw mossko oR
He RBAREMCR BCNDY PACXOIAMUMER, CYUECMEYEIN MAK0e HOACHCUMEAS-
Noe qucao R (ono moxcem Owms u - o0), 4mo

pad abcoromnuo cxodumen daz | x| <R
u pro pacxodumen 048 |x| >R (ecan R<co)

310 THCAC R Ha2HBAcTCH PaAyCOM CXOABMOCTH paja.

Tem cowmM paspemen Bonpoc o6 <oSaactu cxopumoctus 2 paza:
CHA MpemcTasaser coliow cmaomHOf NpoMexyTox or -— R a0 K; anmb
O KOMIAX €r0 HeabSA CAeNATh OOGMEro YTREPKIEHHA: KAK YPHAUM B3
NPHNEPOB, TaM MOMET BMETH MECTO KaK CXoauMocTh (alcoaoTsas wan
HeT), Tak W pAacXoRHMOCTS. [TpoMexyTox 2 HaskpaeTca NpoOMe Xy T-
KOM CXO0AAMOCTA paxa

Iag scoay pacxonsmerocs pana npunuMaor R==0: ero snpomexy-
TOK CXOAHMOCTH» CBOAWTCE K TOoUKe x=0,

NMeauerw, 1) Jaa paga
oy
X8
+ X5

Bl
R =10, npoMeEyTOK ¢XomuMocTd {(—co, -} o) [n° 258).
2) B cayvae nporpeccun
o
14+ 3 «»
A==l

R=1, nposemyron cxoaumoctst (— 1, 4 1): 06a xoHDA He BRANYAWTCA.
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3) Pax o
- Xt
P ==

Al
Aueer R=1, POMERYTOK CXORZHMOCTY nj—-—l - 1j: ofa xoNma BRAKWADICH, HO
cIOmMMOcT: TaM AeabcoawTHan | mi
4) aa pana
o
x®
ey
u-'
R=1, nposemyrox cxopxmmoctd {— 1, -}-1]: zesutft xouen #e sxmouzerca, a Ba

HPasOM — PRI CXORMYCH HeadcoanTHO [n° 2M8)
5) Haxosen, paccwotpus pan

s
U

R
siecs Tome R i, npowexyrox cxoxumoctd {—1, 1), pan cxoimrcea aGco-
o

AWTAG H HA KOHKAX (BBW CXGANMOCTH pARa zil;).
§

Bce cKasanmoe cOXpaHgeT ¢BAY ¥ g ofmere pama (2), ARmb porb
ToukE 0, ArpaeT TOWKX Xy NPOMEKYTOK CXOMMMOCTH NPOCTHPALTCR OT
x.-—-R) a0 X+ R (cO BrmOucHHEM XOHNOR WM HET, CMOTPR 10
CAyyqaio).

Sawewanne Ecan nobroputs Hakoxennuwe coOoGpaeHMA RAA paga

[

DI XS TR P L T (12)

PACTHCEOKEHNOTO NO CIEREAAM XOMNTekcHoft mepemednofl 2, ¢ KOMMAEK-
cuHMA ®e Xospmnmertams [n° 234), To oxawmercs, 9TC M AER TRXAI PAROB
TEOpEeMA CUPAREMINEL: AN EAmAOro pana (la) (ecam HCEANYATE BCWOY pacxo-
asmizaecal) CymecrByer TaKoe uHCI0 R, 0 Rss--oo, uto Zas 2| << R pan
a6conOTHO CXONNTCA, & Xad |z H> R — pacxonutea. Ho ua «xomnaexcHolk nao-
CXOCTH> TOUKH, A KOTOPHX [2| < R, SaNOIHAKT K P ¥ r pafHyca R (¢ UenTpoM
B royke g==(); TeKnM OOGPA3OM, 3HEECh TOABAIACTCA KPYL CIORAMOLTH
(BMECTO MPOMERYTKA CIXOGKHUMOCTH), H CIAHOBHICA DOHATHWM MpOMC-
XOEJEHHE HASBAHRE PANAYCA CICIAHMMOCTH

278, HempepupuocTh CYMMH cTenensoro psga. Ilyers pan (1)
HMEEeT pagnyc cxonaMmocTh R >0. Ipexae Bcero Moo yreep-
WASTE,

1°. Hakoe Ow nosomumessmoe wcao r<_ R wxu s3ams, pad (1)
Oydem cxodumscns paSHOMEPRO OMROCUNMEASNO X & JAMEHYNION
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npoxexcymye [—r, r}. JeficrBarensto, Tak Kak r< R, T0 npa x=r
pan (1) cxomurcs 20COAWTHO, T &, CXOAWNTCA MONORKTCALSHA PR

2wl r=laitlalrt|alrt+. 4ol r+.. ©)

Npn [x|<cr wiesw pasa (I) no aGcomorTHol BemuyHHE He NMPEBOCXO-
AT COOTBETCTBYIOHMIWX YASHOB BSTOTO pPaid, KOTOPME, TaxuM o0pasom,
HIPaeT PO MaKOPAHTHOrO pasy, W mo NpusHaky BeHepmrpacca
paa (1) An yRasaHMX sHaveHRR X CXOZMTCA PABHOMEPHO,

XoTe WHCHO 7 B MOMET ONTH BaaTO CKOML yromHo Gamskum k R,
HO B3 AOKABAHHONO BCE W€ He BHTEKAET pP2BHOMEDH2A CXOAMMOCTh B
nponexyree (— R, R): »10 BRAH0 X018 OH Ha mpHMepe NpOrpeccud
[1°264,5)).

Teneps, kax cacacrene Teopemst 1, n® 266, noayuzen:

2°. Cymma f(x) cmenennceo pada (1) suympu ezo npomexcymus
cxodusocmu npedcmasaRem coOolk Renpepusnyio QPyREguxr om X.

Kakoe On sHaweHne X ==X, BEYTPH MDOMEKYTKA CXOMUMOCTH, T. €
NeXAy—R n R, mm baate, Mox#o aHOpam» wncao 0<{r<{R
TaK, utobs Ouao |x,|<r. Ilpumenns ynoMmsnyryie Treopewy 1
B mpomexyrke [—v, rl, esmay 1% yCTaHOBHM  HENPEPHBHOCTHL
dyuxnu F{x) B STOM NPOMEKyTKE, CNENOBATEALHO, B YacTHOCTH, M
PR X=X

[Obpamsen BHEMaHHE YHTTEAS HA TO, 430 MW USGEXANH RpUMEHE-
HES TeopeMH 1 B npomexyTke (— R, R), rile papHOMePHAd CXOOHMOCTH
Hie uModer OWTH rapaHTHPOBAHA)

HenpepsBHOCTh CYMMH CTENIEHHOMO Pala NOMET OHTb KCNOAb3OBAHA
RAR JOKABATENHCTBE TEOPEMH O TOMEECTEE CTENEHHNX pH-
A0B {(HanoMAHAOMmEN MogolHy Ke TEOPEMY INA HEANX MHOTOMACHOB):

3% Ecan 0oa cmenennvx pada.

“ia,x"»-—-a.+a,x+¢,x’+...—]—a,x“+...

nib,x"mb.+bix+b..x'+...+b,x"—-]—...

& oxpecmuocmu mosxn x=10%) gxeom odny u my e cynxy, mo
amu pads moxcdecmeenns, T. € COOTEETCTBEHHHE HOSDIHULHCHTE
AX BOWAPHO DABHH:

aqe=by, =8, aa=by ..., ay=b,, ...

#) Sgech HMESTCR B BHRAY HE TOABKO ABYCTOPOHMAR eCTHOCTD
s_:: 31-;0“; x=0,10 H ONHOCTOPOAMAA OKpeCTEOCTS BHAa [0, 2) Hanm
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ITonarags x==0 B TOXIECTBE
atox+.. . =by+bx+...,

cpagy yGemaaeMcd B PaBeHCTBe a@p==», Orbpacupag STH uIeHH
B ofeAxX YacTAX HANACAHHOIO TOMAECTBA H Jen Hx Ha X (B 2TOM
CAyYy4Yae MH BHHYKIEHHN CYHTaTh x7#0), NOAyIEM HOBOE

TOKICCTBO
a okt =ty bt

OHC TAIOKE HMEET MECTO B OKPECTHOCTH TOYKH X==0), HO HCK aAl0-
Y28 CAMY STY TOYKY, TaK 4TO GE30rOBOPOYHO NOMOKHTE B DSTOM
Tompecree ¥ —0 MM He umeem npasa. Jlame HenmpepHBHOCTD
cyuy ofoux pagoB npa x—10 ROSBONAET HAM BaKNWOYHTB, YTO TOX-
ASCTRO BCE K€ BHINOAHRETCA W B MCKMOUEHAOH TouKe, a TOrfa —
noaaras x=—0—moayunM, uro a;—=—2>b; Or0pacusas »T¥ UJIeHH,
pend Ha x% 0 H CHOBa ONUPAsch HA HENPEPHBHOCTL (KAK H
TOALKO 4T0), HaHaeM, uTo agy=—by ¥ T. 3. OOmee yToepHKACHHE
ONpPaBAKBACTCA € TIOMOWIBI0 MaTeMATHYECKOH RHIyKUAU,

3ra  TeopeMa, YCTAHABAHBAOWAA  EAMHCTBEHHOCTL  PAsAONEHHS
GyHKUNH B cTeneHuoff psam, Bnepeeie Ouna ykasana Shnepou.

274, HenpepwBAOCTE RA EKOHLE MpoMekyTa CXOAMMOCTR. PaceMorprn
Tenieph GoAee TOHKHME BONPOC ¢ TMOBENeHHM CTeNeHROro pafa (1) BOAHSH OANOLO
H} KOHHOR X==>t R €ro NPOMEMYTKA CIOIHMOCTH (CYHTad R HKOHEUHEIM).
fpu sTOM NE MOXEEM OFPAHHYMTLCE TN PARH M XOBUOM X=F; BCE¢ CKasaHHOe
0 HeM, ¢ TOMOMBX NpPOCTOR 3aMeHH X Ha -, HepeHOCHTCA M Ha Cryualt
ACBOTO KOHHA X ==—R.

B Pume fomoaseHEA X Teopede X o HENPEPHBHOCTH CYMMb CTEHEHHOTC
pAla B OTKDHTOM NpoMexytee (—R, R), Mueer Mecro

4, Teopema A0esm®). Ecau cmenennoli pad (1) cxodumes (xoms Ou we-
ebcomomuc) npu x =R, mo ez0 cyume f(X) npr IMOM IKAUERUD RENPEDPHONG
eacea, m. e.

f(R— 0) = x-.]jjgl—o ngo B X" = 2 dsR".

A=0

HOaa pokazarenbcrBa MomHo $ua0 O YCTAHOBHTH, YTO nlpennonon:eﬂnn
TeopeMhl BJACKYT 32 COGOR DA BHOMEPH Y 10 CXOAHMOCTh pafa (1) B 3aMERyTOM
npomexytie [0, K], & saten nprmerth oSyl reopemy 1 n° 266, Mu nper-
NOYHTAEM NATL NPANCE AOKA3aTENHCTRO.

Bes ywasenna OBIHOCTH MOXHAC ¢yHrath R=1 (X 3TOMY cAyvamR BOMpOC
CBONATCA zaMeHON X Ha Rx). Mrak, anas, 4ro ¢XOAHTCH psl

Z ap = A,

naxl

*) HRapc Tenpur AGeaxn (1802 — 1820) — sHamemmTHlt HOpBEmCHHA Ma-
TEMATHE.
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Tpedyerca MOKA3aTH, WTO
oY

lim Ggx® = A,

Xerl=0 0

C stofi nexbw, cyaraa smpeAb O <& <1, ymBowun Bo npasway Koimm paa (1)
Ha MpPOTPecCHiD

< !
D =
[ TL)
MB OORYIAM

b -]
'l_l__x' 2 Gpxh = 2 Anx® i Ay=ay+ 8 oo b
pwel) no=0
BuyteM Tenmeph MOUREHHO PANH
Ll
A={l—x) ¥ Ax»

A=

2” apx® = (1 — x} ﬁ Apx®,
Rl

s=all

fMoasran A— Ag==«,, TPHREM K TOXHECTBY
£ o
A= 3 apxt=(1—x) 3} apxt. {6)
=0 n=0
Tak ¥ak ep—0 [0°235, 2°], 10 no npoHsBOAbLHO 3ajewHOMY <=0 Hafinerca

zakoft soMep AN, uro |eg | < 7 & ABIb TOALKO n=>N,
PazofbeM cymmy pama B npasoff yacts (6) ma nse CyMsu

N ]
A=) Y eex®a(l—x) 3 opeh
A= A N1
Bropaﬁ OUCHHEBRETCA €PA3y N HE3ABHCHMO OT AT
o [=-] -]
=5 Y ari<—2) Y lalxr<y 1= 2 <5,
A=N41 a1 n=N41

Yro me Kacaerca Hepeofl, T0 oHA cIpemutcs K O mps x—1, W npa gocratoy-
noft GinsocIl X ¥ 1 Gyaer

N
[1—2) Y aer| <7,
A=
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TIK 9T0 OKOHVATEABRO ”
ja— ZI oax% | < e,
Res

YT0 H AOKASHEBIET BHCKAZAENOS YIBEpEAEHHE.

OTCofa BHTEXAET TaNOe MpoCTOE

Caedemone. Ecan dan yuxqun f(x), RoAY4ERO pasaoNcenue & CINENERROI
Ppad Auiih 8 CHMIKPEINON DPONENCYHKE

o0

fly= Zna.x" (—R<x<R),

HO PYRKLUR ORpeDeseRa 11 NENPEPHBRG, @ pad ANCGEIR CXOPUMBLR # Ra
KOHUE 3MO20 RPOMEICYMKE, CKONCEM, NpR X ==K, MO pazsoxmenie gcmaemes

seputim o dam x=R,
B sroM Herxo yGeaAdrTbea, NMepeIcAS B HENWCAHHOM PABEHCTBE E mpeneay
npr x— R—0,

275, Monzesuoe HHTErPUPOBAKHe crenesuoro psama. [lo orxore-
HHIO K HATETPHPOBAHAI H ARPGEeDeHINPORANHI0 CTEfiCHHHE PARH —
B mpefienax #X NHPOMENYTKS CXOBMMOCTH — BOYT <eba, KaKk ofSwHo-
BERHHE LLAHEe MHOTOUMCHN,

5°. Cmenennott psd (1) o npomesmcymxe §0, x), 20e |x|[< R,
8ce200 MONCKO UKMEZPUPOBAMS B O 4 A¢ RR O, TAK YT0 — ofosnauag uepes
S () cymuy pane:

jf(x)dxam-]—%x'—!—%‘-x'-l-...-i-gf‘x‘-i—... o

Iizs BorasarenncTea BOsbMEM r Mexay |¥| ® R B cmay 1°
psa (1) cxoaurca pasroMepHO B npomexyrke {-—r, r}, 8 Torma mo
Teopewe 4 n° 260 B mpomexyrke [0, X] pam MomHO NMOWIEHHO HHATE-

TPHPOBATE.

Mposaawcrpapyes uaorcofpasuue NPHAGKEHHS 9T0R TeopeMu Ha Np B~
MeEpax

l)l) flovnenuLM HATErPRPOBAHHEN NpoOTpeccHf

TEE=l— s A= g,
e R

B npomexcyrae [0, x], rae | x| <1, cpasy moAyRAWTCA padIOReHHA
Ed

j_lixx RE Y E TP R N L

3



276) ¢ & CIENEHHHE PANN H PAIH MHOTOUNRHOB %

xotopue = o 257 n 256 Guaw ycramonaenm ropasze Gofee CIOKHHM MYTEM.
Tax kax DepBwft PAX CIONNTCA HpH xX==1, & Bropol — fpH X==2*1, 0 COOT-
BETCTBYOIIAE PasROMEHAA (DO CRCACTBHW M3 reopemel Afena) HMEHT MECTO H

npH STHX 3HAYERAAX. 1

-]
Bosomesm H3BECTHOS HAM pAasAOMEHHE B mxoni {1 4 X}
fn* %ﬁ] A 3INEHHM B HeM X H1 l-J---—.\:' {cunitaa ]x?‘[ujt 1 ;yn peayanrare Haii-

Vl—-l;___'—?'=l+ ip—"ﬁ}!ﬁx“ ~l<x<),

BeM, 4TO

TIposnterpupyen renepsh STOT pAX NOuAeHHEc B mpomckytke [0, x] (—1 < x <I);
OKOHYATEALHO NOZYYEM HOBGE AAS HAC PISAOKEHME APKCAHYCA:

*
dx 1 x*, 1.3 x*
ﬁ‘—-———-—,.l__:?warcsiuxmx+—2---§+m-3+...

1eBeoi (2r—1) 23041
AL 2 pywies - aal TE s

THo caenctenw w3 teopemil Afeas [n° 274), S0 pE3MORERNe BMEET MECTO H
HE KOMHEX X==: ] nponeﬂ-nm, NOCKOABXY PAR COpapa CXORMTCA H B STHX
TOUESX [cM., WanpRMmep, n* 240],

8) Ccofyw posb ROYAEENOE HETErPRPOBSHEE Hrpaey NPE  PAINOMEHHE
B Gecgopeunnic CTENeHHWe DRNM MHOTHI HHTErpafos, He BHPANADINNICA Yeped
pEEMeHTApHES QyRunEn B KoHAevyBoM pHae [n* 163]. Hampumep, ucxoan us
HIRECTHOTO PABNOKEHHS

P AT RN A | T
[n* 253, (11)}, nafnem

*

"
5:—*‘ax—x-——:,-§+2lt-%'— "'+("1)“'fii‘2:_”-§'-'1'+

Nonofuue pasaoMEHNn C YCOSXOM MOrYT GMTh HCTOABSOBAHM X3 DpaCEE-
WeHHNY BMYNCEENME B 18% COCIABACHHA TaGNMR 3Hauenwd HHPErpasoB, He
BUPAAOTIBXCK B XOHETHOM BEME.

276. Nounennoe zudPepennupoEaEne creqedaoro paza. 6°. Cme-

nernoll prd (1) esmympu ez20 nRpomeICYMKG CcXOITMOCMT MOMHO

RGUPOSGMS NOY AEHNO, TIK uTe JAas cymMuMu f(x) psaa
CYWmECTEYeT NPOMBBOAHAS H BHPAKEETCA TaK:

j’(x)=sgna,x"‘=a,+2a,x+...+m,x""—]—... (8)

Kakoe Gm suasesne x==xo —R< <R, BH B8aTH, MOMHO
BHOpATS MBS UNCAA f, H 7 TaK, WT00u Omio x| <{ry<r<{R.
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Beupty cxoaumocrd paga (5) [n°278), ero oSmm# wren orpammuer:
|as|- el (n=1, 2, 8, .., ; L=const).

Toraa, npy | x|=zr,

n|apet | zn gy | =nla, |-t () < 1y (B)

(n-__l’ 2’ 3’ LX) ; L.-'_—'§=Const),

TAK 4TO wAeHH paaa (8), AZA YKASaHHHX BHaYeHHWH X, He NPEBOCXOAAT
COOTBETCTRYIOMUX WIEHOB MAXOPDARTHOrO pasa

L.,+L.-2(f})+z,.3(’?‘)'+...+L.-n (%')H"]'"' ,

B CROOMMOCTH KOTOPOro Jerko YOeNHTBCA ¢ [OMOWELK NpHAHAKA
HananGepa (NpHHSR BO BHUMANHE, STO %‘( 1). Tloaromy ® mnpome-

®yThe [-—ry ro] paz (8), cocrapaetnnit W3 NpONSBOAAKX Y/AGHOB PAAA
(3), cxoaurca paBHOMepHo, ¥ —no Teopeme § n° 270 — noyacunoe
maddpepennnponande psga (1) onpasfano AAY  BCErO  NPOMEXYTKA
[= 75 To] B B YACTHOCTH, AR TOUKH X=X,

3ampuanug Mu foxasam: 8 5° n 6° uro paan (7) u (8) cxosarca
8 OTEpHTOM npoMexyTHe (— R, R), caeAoBaTensHo, X PajgHyCH
CXQNAMOCTH He MeRA»me K. Ho e, B cnow ouepens, pag (1)
nomydaercs NOYACHHLIM fRdepeHnaporanned (7) H DOMACHHMM BHTE-
rpuposasueM (8), Tak uro B R He MoxkeT OHTP MeHbEE
YOOMSHYTHX DAaAHYCOB CXOXHMOCTH, B coBOKynHocTH H3
CKE3aHHOrO BHWTEK2eY, YTO paduyci cxodumocmy 8cex mMpex pRios
(1), (7), (8) pasun aewmidy coboif,

Hermer. Yrolu noxasaTs teopemy 6° B NeACTRAm, paccMotpay nud-
(epenMatbuoe ypasHeHHE
a4 xg=0
(opoctefurnii cayyall TaK HastpaeMoro ypastenna Beceexa®), wacto Berpevanme-
roca B MaTeMaTHyeckoft ¢Qmsuke W ee mpATOmenHax), Ilocrasun cede samaven
HEHTH taKoe ero pemeHme i, KOTOpOe pasaarasoch OH B ANl Kas BCex X.

Hannwew pasnosenne nckoMofl GyEKNHA B EHAC pANa ¢ HeoOpene xeH-
HEMH KospdunnentTany

beod

o= Ea,,x“

R

*) ®paapax Bunvreass B eccenb (1784—1846) — Hemeuknhi acrponon.
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H, CUATAA €ro BCKAY CXOSAMAMCA, LBARIN npoxAfpepeHOEpYes NOTICHHD;
N NOAYZHM

o oo
xie= D) Gea"t = Y) an Y,
F. " A=l

he
W= 3 na,x"",
mw=l
oF
xu'= 3 n(n—1)ax""

Nl

[MoactaBaAs TG B YpaBHCHHe, NpHAEM K TOXAECTBY
o0
4+ Z‘i By + 1% - B} ¥ 1 =0,
F ™

4 TOTAR, N0 Teopeme 3°,
a,=0, n*.ay+ay.5=0 (=23, ..}

OrcImRa, npewne BCETO, WO HAAYKUMH 3aKANYAEM, Y70 Bie xosppuuyents
C FeYeTHHMH BHAYKAMH Gy .==0{m==1, 2, 3, ...); uT0 me Hacaerca xo3Ppdm-
UKEHTOD € HETHHIMH 3HANKAMH Gy, TO N0 PEKYppEHTHOA (hopuyae

gy =2 — z’-ﬁ; [ [

OHA BMPA3sTCA vepes 4,

Oy == (— 1) -(';‘ugl,—w' @

MWrak, ¢ TOYHOCTHIO [0 HPOM3BOALHOIO MUOKHTEAR &) DOIYTAETCH OKOH-
YaTeAbHO PsA

v At
2 g

Uro stor pap ReRCTBUTENsMO BCORY CXOJATCH, JEFKC TIPOBEPHTE HEMOCpEA-
CTBEHHO., A H3 CZMOro cnocofa ero NOAYYEHHA ABCTBYRT, WTO NpeACTaBAgeMan
HM (Igmums *) YHOBAETBOPAET YpPaBHEHKN.

amaed PHHMIHHE YKTATEAs Ha CBoeolpasHOe HCMOALSOBaHHE Memoda
Heo, AEHABX ROMpfuguenmos: agech 5TAI  KOSGOOHINEHTOB GeCKOHEYHOE
MEOEECTBO, H IIPAIMAOCH OPHOErHYTEH X TeopeMe O TOMEECTBE CTENEAHHX PANOS,
BMECTO OGHYHO MPHMEAAEMOfl TEODEMH O TOXRNECTBE MHOTOYAEHOB.

277. Creneunoll pam, kaxk pax Teftaopa. Ilocaeanas Teopema 6°
OTKPHBIET BOSMONKHOCTE NOCASROBATEABHOrO MHOTOKparT-
Horo auddepeHIHpOBEHHR CTENEHHOrO paga, Takum obpasoM, nmo-mpex-
Hemy o0o3Havas uepes f(x) ¢QYHKUAD, MNPEACTIBARENYIO CTENEHAHM

%) Dro «GecceneBa QYNKOHA ¢ HYJeBHIM SHAUKOMD; ee 0603HATANT
yepes J, (x).
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puaoum (1) B ero NpOMeXYTKe CXOARMOCTH, OyOeM HMETL NOBCKIY
BHYTPH STOr0 NPOMEXYTKA

fE=a4axtaptt. a4,
FO=1a42-ax43-ax% ...} #t- a6+,
F()=1:2:00-1-2:3-a5 ...+ (8~ 1)- o ax™},
FTE)=1.2.3.qF... (=2 (B~ 1)B-0,5"". ..

I R B L R T T T B R L T T S R S Y

F™()=1-2-3.....(8 — )na,+...

F I R T L T R T T T TS S *

Ecas nonowuTs BO BCEX STHX paseHCTBaX Xx=c0, T0 npmaen
K XOpOHI0 HaM SHEKOMHM BHPIKEHHIM KOS(DHIBEHTOR  Cremed-
HOTO puAZ:

aW=fO) a=r©O) a=0,
re =0

L
r——

== o s Oy s

[cp. n° 262, (7)). Ecan 6w pews maa o pRae obmero Buaa (2) [n° 272]

TO WPHWAOCH GH SAeCH AMINL BMECTC SHaYeRHS x=0 nNOACTapHTH
=X Uraw:

T°. DyRE{uA, NpedcmasAReMas CMERERRMM PRIOK & €20 npo-
MENCYIMNE CXOOUMOCIN, UMECT SKYMPU 5MOZ0 NPOMSICYMKA NPOUI~
sodnie scex nopRixos. Camuldl pad, no omeotuennio x amot dyrxyun,
MSAREMCR Ke ReM BNHAM, Kax ee pRdox Tellaopa,

310 3aMEUATeABHOE NPERNONCHHC NPOAMBAECT CBET KA BOMPOCH
pagnoxmenn GyRenuA B CTCNCHHHE DAAN, KOTODHMR MH S2HHMANHCH
B npeanAymedt rasse. Mu pAfnM, wT0 e€cAaw dyuxuss BooOme pasAa-
raeTca B CTemeHHoft paj, 10 HeoOxoAuMO — 8 pan Teflaops; mosToMy-T0
MH M OFPAHHUHBAARCE MCCASHOBIHAEM BOSMONHOCTH AJS  QYHKIZR
Gurh npencrasienHol umenso csomm psaoM Tefisopa.

278, Pasaowenne HeupepusiHof OyRRUER B pSA MHOTOWAEROB, Kaacc
YHKORE, FONYCKADMHI PAINORCHHE B CIEnEHBOR xpafise orpanuues,
copena T° NPENHAYILErc HOMEPA FOROPHT O TOM, WTO PYHYIXAA, PASIACANMARCH

B KIKOM-AES0 HPOMEKYTEE B CTefienHOH pAR, BO BCAXOM CAYYAe FOXNEZ HMETh
3AECh MPORISOARLE BCEX MODAJIECB; fg K STC TANENOE YFCEOBHE, KAK MLl 3HAEM
B3 § 6 roau XV [ocofo ow. n°250), namexc uwe ofecnevnBaer BoaNOXKNOCTR
CTENEeHHOTO PA3NOREANA,

B srofi cemyn mprOGpeTacT bamkoCTE Novasannas Bedlepmrpaccou (@ 1885 1)
TEOpEMa, KOTOPAA YCTABABAHEAET AAA NPOUSBOSbLHON HenmpepusHol $ymuuny
POSNOKHOCTE DA3XOMENHA B PIBHOMECDRO CIOAMDAHCE pPAN, COCTABAHRWA 13
NeAHZI MAOCFOYIACHOB. chopNYRBpYEM €e HA A3uXe NOCAEAOBaTEND-

chpoxa Belflepmimpacca, Ecat GyHRGUR f (X) NENpepuisia 8 KoNewRosx
saxKKymONR ApoMedNcymie [a, D], mo cyuecmeyemt ROCAIIOSAMEASHOCHD YeANX



278]) $ 3, CTENEHHHE PAAH 4 PRAK MHOTOYABHOS 9

:ﬁmme?(w){}’, (X)), KOMOPaR 8 IMON NPOMEMCYBIKE PABHOMEPR O cXD-
men & f(x).

flpeRnonoxuM cEavala, 910 pedn ier o npomexyrre [0, 1]. Torma Tpe6o-
BAHHAM TEODEMH YACBACTBOPAET KOHKPETRAN WNOCAEEOBATEASHOCTh MAOTOYACHOB

By (1)= if(,%)-c'.x’(l-—x)"" ”. ®

vamdi)

JAr EOKA3ATENLCTHA STOTC HAM MNOHANOGHTCA PAX MPOCTHE  TORAECTE.
Tipesae BCEro, NpH A0GOM HATYPERbHON 1,

f:oc;xv (1 —xp~r=1, (10)

NTO (pa3y Doaywaercs W3 pasaoxennd (@ -} 0)* no OSuHOoMHaasHoit HopMyae
HepToHR, €CAR BIATH Gz==X, B==1-—x. Hanee,

i W' (L — 2 =nx. {1
L]

Hefictentenpo, 0T6paCHBAA CAAraeMoe, OTBeYammee ve==0, KAMKOE HI OCTAMSL-
HAIX MOWHO NMEPENHCAT: B BUAE

ax BN @2 —T—5—141)
T2 6—=D

HaM, eCAE BBECTH SHAHOK p=zxv— ],
nx - CE_ o (1 — x)P1e,

Xl — x)n_-1-Tn

Bunoca nx 3a cxolud, b CRo6¥ax BOAYUHM CYMMY
»—1

Z C:—-l X {1 —x)“’_‘“l*,
p-o

pabiyo 1 B ciay (10). Anaxornvso o
" A3
2‘1:(»—1) C (i —xp=nr (=) a0 3! CL_pod (| = )i ee
=i . Y=
=n(n—1)xt {12)

Haxonen, yusoxan (10} na n*x%, a (11) va — (2ne — 1), caOWBM 3TH TORACCTEA
nousenno ¢ (12). B pesyasrate Mul NpENeM K TORAECTBY

i [ —@nx—1) v (v—1)] - Ca™ (1—x)* Y=ot —Qna—T)nx4n (n—1}

va=1

*} Mi2 p0COpONSBOARM npocTefiiiies B3 NEOTOUHCIBHMLIX JOKA3aTEALCTR TEO-
peMtt Befiepmrpaccs, KoTopoe NPEHANAEXAT coBeTckoMy akagenuky C. H. Bepn-
mreliny, Hanwcangwe Maoroyaeny B, (x), KoTopHe Aerko CTPOATCA DO 3HAYERAAM

dyukums £{x) B paunoHaNLAKX TOWKAX %, NONYYAER HAIBAHHE <NMHOTOMNEHOB
Bepumrefmay ¢pynxumn F{x).
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HAH, foCHe ynpouleRud,

31— AxP Gl (1 — P~ s (1— ).

+axl)

Ecan npeeATS BO BEHManHe, ¥T0 — npH moloM x —

T0 NOAYUYNTCA HEPABENCTEO

n
Z r—nsp G (l— 2y < T, €13
1-0
EOTODHM M HETMOCPEACTREHHO H BOCAOALIYEMCA.

HKCHDY ¢ N nmo mporssoay x B npomexyrke {0, 1). Bauny (10), momno
HATMCATS

F@= 3 1) Cr (L— 2y

Buted mocaenuee papeHCTRO Nouseuso u3 (O)
Ba—f= Y [f(3)—rw]-ra—spn 4
yua D

Bloa onenxa sToft PE3KOCIA OTREALHO PACCMOTPHM CIaraeMbe, OTBEVAOIGHE
OIM3KAM K X TOuUKaM T}’ B Tpoyee tiarzéMue. TouHee romopa, MO 3aaREOMY
gucay e>> 0 — BBuay HempepuByocth, & cremomareasio (7] n panHOMep-
H ol HenpepuerocTR QynknEa fF(x}— nalinerca Taxoe nBCAo § >0, sapncamec
TOALKO OT &, HTO
B3 & ——x' | <<b caenyer {F(x")—F(x)|<<e {O=<x', 2" <Z1)

Bor uu © pasofvem cymmy B {14) Ha EEe, T, ¥ 3, OTHOCA B NEPBYI CAarze-
MHE, IAA HOTOPHX —:-:«-—xi'q‘ ¥, 2 BO BTOPYK —TE€, IAA KOTOPHX ;}-—-xl;&

B neprom ctyuae, '0YeBHANOD, I f (%) —f{x) l <& 1 [em. (103}
n
[ Z]< B Grei—xpras JOx (1—xpr =
% —xl <8 vl
Bo Bropom e, vpolia Ranfoibmee smagese M ma 1fF(x)|, #meem Takym
ougHLy:
1B d<2M- 3 G )

|-ﬂ-—xl=~n



oM § 4, OYEPK HCTOPHH PALOB iy}

Ho zgecs (v —nax)* =302, rax uro 1eM Goiee

Iz.lﬂ%' 2 (v—x)  Cox* (1 — P <

-z =
I -

é% Z(v_nx):.c;,xv(l-x)m.

yuul)

Oxoavateabno, HCNOAL3YE nAepasencrso (13), monyvaem

|2 <w-

Ecan paatb n>§£—f;, 10 (He3aBuCHMO OT x1) GyXer u

Iz:l<"’

| By (x) —F(x)]| < 2e,

WT0 W foXasHBaeT Tpelyemoe yroepwAcHAe —HOKA AAA nApomexyTka [0, I].

Cayvalt ®¢ mponsBoabHOro npomeskyra [0, 5] UPHBOLHTCA K PACCMOTpEH-
HOMY mpoCTHM NpeolpasopaHneM nepemenpoll; x==a 4 y(y—a}, rie D=y 1.
TNocrpoennan no nenpepusuol dyakunn or 3¢ f(a -+ y (b — a)) nocrexowaress-
HOCTb MHOTOUlEROS B, (y) CXONMTCA ¥ Hell pasHodepso maa y B [0, 1] Torna
OOCHEROBETEILHOCTD MNOTOuAeHoR P, (x}=2F, (’;__ :) OYNET CAOAHTRCA K
dysxunn f(x) papaoMepEo man x B [4, b). Teopema noxasasa.

Mepexoxa OSGLMAMM 06pasoM  OT (QYAEUHOHAABHON NOCAENOBATEALAOCTH
% {yEKusomazbROMy paay [cw. n* 263 B 264), womHO UPEECTABHTE TEOpEMY
Beflepmtpacca B B Taxofl dopue:

ancdan nenpepusnas § npomexcymue [a, 5] ﬂuxquu Fix) pasauzaemes

8 JMOM RPOMENCYMKE 8 PABROMEPHR O cxodnuyuilicn prd

flxy= zl Pa(x)

2 T0TAA, 10 CORORYRHOCTH,

cocmigdaennmli 43 geawx MrO2044en08 ).

[lonobuoe pasaokenHe B OTHOUMICEAR NPAKTHYECKHX MPUMEHENHR, pa3yNeetcs,
yerynaer pasaomenno B pan Teflnropa, Ao, Grarofapa upeapwivafinoll oOmsoCTH,
nuter Qomblioe TeopeTHUeCKoe 3HavenHe. B uacTHOCTH, OTCIODA BHTEKaeT, WTO
KaNCOaR RenpepuARGR %uxmm MONCem Ouims 300ARE eOURBM ¢ORGAUMURE-
cKiuM gupdscenuesr [n°18; cp. Tovky apennn 3faeps, n*21].

§ 4. OMEPK HCTOPHH PAA0B

270, Snoxa Howorona n Jekbunna. Dapaasesnno ¢ cosnanned 8 XVII pexe
IuddepenuHasbBOro W HHTEFpaibHOro HeTRcacnus [rnasa XIV] » waremarmve.
ucxp MNpaKTHKY BOWSH H Gecxkosevnie paaw, Havues ¢ noasummnxzca B 1668 r.
B AACAEH pafor, TAK HAH MHAYE CBAIAHHHXY C JOTAPHOMEYCCHKHM PAKO M.

*#) HanpuMep, MORHO NoAoxKTh Py {(x) =P, {x), pg (x) =Py (x)— Pp_4 (X}
(ona n > 1)
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B srom rogy Ouno omySamxoseuo nefSoanmoe counpenme Hexosan Mepxa-
TOpa (1620--1687) «JlorzpHTMOTEINARAY, MOCBAMERHAS METONAM BHUHCAEHNHH
aorapupuoe. B opyofl B3 BOCAENAHX Tags 2 SsHEMACTCH SBARPATYPOR IB-
neplf).m xy==1, ovHecchioRt & acmunroram. llomaras x:=1- o, ox nmomer

ypabHeune runepSoxsl B BHEE |
Y= Fe

Tiyrex nexcnus Mepxatop NEPeXOAT X PE3IONEHNI0 B rEOMEIPRUECCKYED NPO-
FPeCCHD |
-1-_-'-_—“=l—¢+¢'——6'+....

2 3aTeN, nm%.np&m N0 @ NOYACHHO, ROAYYAET AOA NACWAAN runeplfonn MIBECT-
nuft pax In® nl & & o

M Al B

Boppoc 0§ o882CTA NMDANEHUMOGLTRA He SITPATHBACTCR (B3 NPHROMERRON
weprewme CAYVARHO OKAIEIBAETCN 4= |, TR IO pasNOWenHe A& NeAe HE NP B«
menunMol) Ha srom mompoce ocraBasaupaercs B ceoeft peewans Baazuc
Haxoner, aM Bpoynrxep (i620—1634) nan wncro reomerpuueckuf bunon
gactHol QopmyaH

1 1 1
m=rstratsst

Jlxa opaxtuveczoro BHYBCACHHA OH ynoTpeSaser Goaee GuCIpo CICAAEARCA
PR, DDHYEM — MyTEM CPABREHHS C TEOMETPHYECKOl Nporpeccwedl — HaToEAT
YPIHHHE OPA OCTATKL.

Hecuoxseo panee Havax JMBHMATBCE SecxoueuHuNd papami Hewrtop, wo
ero HCCACEOBEHHS B 3TOf OGNACTH, REPENICTANIIHECA C HCCACAOBANHAMA B ADY-
rax o6xacTax ayasn3a, OuaM onyGARKOBAHM, XAaX MM SHaeN, ¢ S0abIIHM ONO3NE-
pEed. Cooda OTHOCATCH, TpEERe BCEro, ¢ro aacnMa or 1676 r., apennasnavennue
Aaa JlefOurua, H ero ape QyYBRAMEHTaAbHLE paloTh: «AHLMNI ¢ DOMOMBX
YPABHEHRA ¢ GECKOMEYHEIM YWCEOM UZEHOB» M «<Meron dumxcull 4 SeckonevHux
PAXOEY, O KOTOPHIX Gwxa peys B ryape XV,

No-pnanMomy Be nosxe 1666 r, Howorow ywe pasaex SRHOMBAILHH N
panoM xad WI BAH OTDAUATERLAWE SHaueHHH mnokasarens. CHagaxa OH
npHulex k HeMy C MOMOMBI0 YMO3aKAONCHAR NG SHANCIHE; PAINGKEHER Kopaeit
npone%nmcn HyTeM BO3BeNCHAR B cTenekb, Brocsencres Hewrom waxomwr
npAMOR METOR ReNeHHN CTENEHRANI PAllOB W BIBACYCAAA KOpHefl H3 panos,
1 CIAA DPHRLAOH YRe UIVECTHOTO K TOMY BPeMeHN YUEHRn O KeCATRY-
HHX ApoSax. Pasasras passnuHNe BHpDAREHHn B CTenennue pasw, Huworow cpo-
FRT HAXOWACHRE BX HAKECHR K QAWIMNT X TOKHM KE ONCPAUNAN HAA CTEMEHAMK
H STHM SHAYETEXbHO PACHIEDSET O0XACTh APAMEHWMOCTA COSAAHHOrC WM AHANHDE,

Hepezxo Howror mpuSeraer ¥ oSpamensaD pARS, T. €, HCIONA K2
PASHOREHHA OXHOB PEIHYMHNM DO CTeneHaM ApyroRt, YCTARARBABAET pazromeuwe
PIOpofl NMo crenekam mepeofi. Tak, ornpamasscs o aorapedmBYeckoro pama

s==x—-é- .\."-—i--%—-x'-—...,
OH TOAYuaer

xms+1;—z’+-é-z'+%z‘+...,
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7. € HO CYMECTsY ~—NOKASATeALANA pan (R00aBHE 3 OGCHI YaCTAX N0
CEHHANE, NMH DOXYUANH Gu caens uncao 1. x, HarypaAbANB AorapEdu woTo-
Poro xax pas ¥ pased 2). JloSonurHo, W10 prszoXeHME CHHYC2 X MO
CTEHACHAM RYrH z"r

x—_-s—--%-z' +T{ﬁz‘—m.
HepoT08 HaxoauT ofpauienmen PAna, BNpaRaOMEro yry
1 3
8=x+3—x'+mx'+...,

T.2. B3 PANOREENA aPpXCHEYCa, kotopoe HouloToAy ecrecTRende npes-
CTABAACTCA Go.leel MPOCTEN, HOO MOAYWAETCA HUTErPAPOBAHMEM (ADKCEN apK-

cunyca (1— x%) T. aereo passcpaunsaenolt B Guromuaisumit pax [n’ 275, 2))
beckopeqntie paxs WAPORO HCHOAB3Y0OTCA HLlOTOBOM XX pemenHd Ypakie~
A, KAK 2aTeCpanYecKRX, Tak U Aupdepenunaseuux. [IpuuenneMul MM MeToR,
o CYHIECTBY, €CTh METON HeompeXeneHHHX kKodddauneston.
agarad B <AHAIA3Ey BOMPOL O PEUICANH YPABHCHHA ¢ NOMOWILI) PAKR,
Hs0T0H OCTAHABNHRACTCH HA AOKASATENLCTEE CYOARMOCTH PAXA AMEHEO K KOPHD
ypaenennz. Ho B ADYTuX CAYuaEX, passsraa 8 pax HINCpes H3IBeCTHHE BEAN-
YAHb, OH CXORHMOCTLI) HE 3aHHMIeTcA., BUpodeM, Tak Kax rxapnoe Ha3HaveHpe
pazor Hewrod BRART B MPAGARAEBNLT BHUMCIEHHAX, TO €10, CCTECTBELHAO, HE
HHTepecyer (opManbiot YCTaROBACHHE $AKTE CXOANMOCTH PAAL — eMY HYXHA
6ucrpasn cxogamoctel Hampumep, Buuncaenne In2 Heworow ocymecrsaser
He C AOMOILID MERXERHO CXOXALIErocs paza

1,1 1
W2m=l—gtp—gto,

a ncxoms W3 Qopuyad n2=21n 1,2—1In0,8 —In 09: aprynertt 1,2, 0,8, 09
NAC PEWATCA 0T eApHMINE, Y10 B ofecneynbser OHCTPYWD CXONHMOCTh AOTa-
padpmavecuoro pama. Ouenwn non{lmenon norpemHocTE ¥ Hewrora Her.

Nefdnnd, neaapacamo or Hewrokra, MeX X HEKOTOPHM H3 TeX pasno-
menuh, koTopumn Hopron baanex pansme. B 1693 r. Jlefi0mun npepaomux nsa
BHTETpUPOBaARA ERbPepeHUBATLHLE YDaBacHUR B TOYHOCTH METOX HeONpene-
AeHELX KoS(bRONERTOR («<Opeanossran CaMullt HCROMUA PAR Kok O RaHACHAN MY}
B uactHoCTH, STHM NYTEM O BHOBL NOXYYRA PIsAOREHMA AolapRdMa B cumycs,
HEZOAA H3 ABQQCHENUEALHLE YpasheinnA, KOTOPHM OHH YROBRETROPANT.

B 1682 r. enepeue Jletfunnem 6us onyGxuxosan pan

1,1 1
1 —?-[—?—'T-I-.u,
PHpARADMEA YHREIO {-: BEaRed STHNM psuoM JleAGonn yme gasro **). Tlonyrao

JlefiGRplL TacT OUEHKY ROrPeMHOCTA NMPH 3aMERe YHCIA —:— OTPE3UOM Dala. e

yHasaHix BOGCHSACTRAR GulAl M 0606mensl B cayvaft AOGOro 3HaxOnepeMeH-
BOro pARA ¢ UACHAMA, Mo 26COAMTHOR BeaHvEHe YORBANWHMH R0 AYXS (Mahpm-
uep, B nuceme ® M. Bepeyamn, 1714 r). Ipu strow, stipoves, Cy miecTB o-
PaHHE CYMMB CAMO COBOI PasyMeerCR, H YCTAHRRAUBAETCH QAKTHYECKE ARmML

%) Pamuyc Kpyra DpuHAT PRBRLIM CAHREIE,

**) Ho, To-sENMMOMY, BCE Xé OnI onepexel anaranmyandaoM Jwesmcou
Fperopn (1638—1675), xoropult = 1671 r. s nmuceme coofmpx pap aad apk-
TAHTEHCR,
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HeOTpaHRAYeHHoe NpPHOAMEEANe X Rell YaCTHUHLX CYyMM NONEPeMEHHO € PASHHI
cropoH [cp. n° 244, samcvanne].

B Goaee NosIBHX DACHNAY JleBOHHL ronoifar 0 pAEx, <«CTORAMUXCA> K CBORM
CyMMWaM, MOHHMAA CXOAMNOCTH, Kak M Mu. HoO B TO ie Bpess OH COFNAINARTCA

¢ yreepmmennes, 410 pax 1 —134-1—1 ... ameer cymmoll uncio «; 970

2
noJAYyyaeTca N3 pastcKeHEA

T-_'}_-}-=1—x+x’—-x'+

npu x==1: eCAW 0RO BEpRO TIPH X <T I, T0 MO «33KONY HenpepHEHOCTHY NOIKHO
6HTh BepHO M UpH Xx:==1! Orcyrcrane AcHOCTH, NO-BHEHMOMY, OMIYMAeT H CAM
JlefiGuAn; HeflapoM OH TOBOPHT B ONHOM NRCBRE: <... BEPETH PACCYMICHHAM
0 QecHOHCMHHX PANAY CAELYyeT TONLKO TOTM3, KOFNA ACTHHY MOWHO LOMA3aTh
H ¢ NOMOWBI KOMEURNY (EeAHYMH) MO MeTONY ApXHMelas.

BeckoneyutMu pajaMa 3aHMMazuch o062 cnofenwnaxa JlefiGunua — Gparen
Bepnyaan, ocolenso — CcTapumfi a3 HUX, k00! COBOKYNHOCTL €r0 pador no
paxam {1689—1704) HAET MAXOMEHHE BCErs, YTO H3BECTHO 6o & 3rol ofiacti
B ero BpeMs. B wactnocTH, cBayana Moram, a satem fxof JaAit MoKasaTeALCIBO
TOro, 4T0 «¢cyMMa GeCROHEHAOro rapMOHMYECKOrO pafa

I4a4 545+

Geckoneunas, Joxasareabcrao Slko6 BepuynAn OCHOBIRG HA TOM XE DpHHUERE,
wro u ofuvAoe [n° 236, 1)} On cnpaBeAnABC NOAYEDXHEART B 3aKINVEHHE, TT0
<CyMMa OecKOHeuHOro PpAfla, KOero NocAeHHH K 9AeH HCUe3deY, EAOTNA Ko«
AewiHa, 4 HHOTEA OeckoHeuHa», Pazyweercs, «<iochefuui wAeHs Toamen SHTL
MCTOAKOB3A Kak npenea obuwerc viena. Hymro oTmernts, vro 5. Bepayasu
¢BoGONHO TOALIYETCA PACXOAAMIAMHCA PATAMH W Jae NOAYU4€T € UX HOMOILBID
CXOAAMMEcH PAREOWENHA.

280. [lepHox (GOPMANLHOrO PRSBATHE TEOPRH paAok. B XVII rexe npun-
LANHATLEEE BOMPOCH HE NPUBICKANN K cele GoXbIOro BHHMAHHA, HO 3310
NPAKTHEA PALOE — FAABEHM 0o0pasodM B pykax Dflxepa — EOCTACA3 BHCOKOrC
PAIBUTHA,

B nzvaxe sexs, 8 1715 r, swmaa B ceer HeSosvman kuAra Teflaopa
«Meton paasoctefl, npamofl W o6paranfi», HeACROCTH H3NOMCHRA BMeAd CACi-
CTEHEM TO, UTO OHA2 He Cpasy Moiyuuma pacnpoctpaHesse. Tefinop Rexogux us
PaCCMOTPERHA KONEUHWI DPAasHOCTER W IMINb 33TEM, MePEXONA, KAK K Npeledb-
HOMY CaIy4al, K GeCKOHCYRO MaibiM Pa3HOCTAM H WX OTHOWICHWAM, YCTAHOBHA
palgoEesHe HipaimeHHOro SHAYEHHA q;;rman A OT £ 10 CTeNeH#M OpRpaume-
HBA € BEAAYHHH 2

vdx o dx ? dx .
T trr e Troses T

910 PAMCIKEHNE BNOMEACTEHH M CTANM Hasupath pARoM Teftnopa Caw
aBTOD, BHOHMO, He NOAHOCTHI0 OUEHHA CBUOE OTKPHTHE! NPHNOMEHHA B HHMTE
ORO HAXONHT Malo.

Smavenne stoft JopNyAW OnIo BHARNEHO AMIE B ofmEpHOM «Tpaxrare
o Gaoxcuax» MaxaopeHa, sumenuen B 1742 r. Mazxopen fpumen X TOMY
We PALY APYTHM NYTeM: OH KIafeT B OCHOBY passomenwe N0 CTeNeHAM X  He-
onpeeRcHHNMN dosddunmentrams, nobropho EHddepeHnapyer ero M. nMoAsran
BeARHd pa?d z==0, nocieaoraresbno onpefexser xospmunents [cp. n° 277, T).
B BHpe RpHMepa oH Roxyyaer GunoMuaseHuit pan. [Ipu BuBOAE pasmomeHut
APYrHX mpocTeRmyx &ysrual Makaopea mscmoakayer M ARddepeRtHasbRLe
YDABHEHHA, KOTOPHM OHH YNOBACTBOPAIOT.
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B «Tpartate» MH HAXOAMM eme ABe Belul, 3acayRHBADINE YHOMHRAHREA,
Bo-nepeiwx, Maxnopen OTYETAHBO YCTAHABIMEAET, NIPABMA -— JHINL B TCOMETpH-
yeCkol qopMe, HATEPPpAALHUNE RPUBNAK CXONHMOCTE H PRCXORHMOCTH
TICAGHHATENLHNE PAXOE (BUOCTEACTEHH ARAAWTHYECKM HamoBO JOKasamdull Komw;
cu, n° 241). 3ateM OH BHEONMT (Re3aBMCHMO OT Dftaepa, KOTODHH CoeTax 31O
HeCROAbKHMH FONAMY paHbIle) 3HAMEHRTYI: DOopMyay *), CBAILBANLLYIO CYMMi-
POBAHNE YACHOB KARHOIO BMIZ C BMMHCICHACN HEKOEr(o WHTerpana.

C 1730 r. nauunaetcs Saecrawas cepua pafor I aepa 0o GeCKOHEUHHM
pagan. Hm AOCBAMEHN MHOTOMHCACHHHE CTATHH, KOTOpHE HA MPOTAEERANH Golec
nonyseka nyGarkosaanch B TpYRax TerepSyprexoll AxafeMuy HayK; MHOTO MeCTa
OTBEIECHO HM H B SHAMEAHTHI TDAKTATAX Dftaepa no aHanmay. [lepewncanM Brpatue
HDOCTHHEHNA Ditsepa, He DPHICPHHUBAACH NMPH STOM IPOHOAOrAYECKOTO IOPAINA.

Ddfinep Brepsne BHBOZAT, ¢ NOMOWbI NOAPASYMEBAKNMIMZCA NPeNeAbHEIX
nepexonus, MOKa3aTeNbHEH M ROrapHPMAYLCKR PANK, RCXOAA H3 OHRAOMHASLROTC
fep. n° 268]. TowHo Tax We OH TOZYYEET PRAB ANA KOCHHYCA H CHHYCA H3
H3BCCTHHX (QOPMYX a8 cosnrz B sin nz. O ynofobaaer JecxoHeunn# CreneBHON
Pl OGHKHOBEHROMY MHOFOUACHY H PA3NATAeT €10 Ha MHOXKHTENH, H TAKHM MyTeM
TPRIONNT ¥ TNpPeICTABNCHHM CHHYCa B APYTEX OYHRUBA B BHle GecXoHenHorc
npoR3penennd, PacRpoCTpanas MIBECTHOS NPABHAO NePeMHOXEHHWS JBYYIEHOB
¢ OLMHAKOBWME NCPBHMY YWIEHANMH Ha ciyuad GeCXOHEYHOIMO WX MMC1a, OH IMOAY-
YAeT saMeyaTembHm POPMYAR

=

gtgt o= liptgt . =g
24 33 b gt 24 ﬁi’ war -—m—
H ApYTHe, NONOGHHE AM. DATepy NPMHANIERAT H PasfioMeHHs LI ctgz Ha

sin z
npocTwe apobu [ew. Huwe, n°® 408, 3), samevaune].

DArep pacCMATPHBAET PRIN M C EOMIACKCRHMA YACHAMN, CONOCTABICHHE
PALOB AJAR &N X, coeX M 2¥ NPMEOIHT €0 K BHAMEHHTHM (OPMYIaM, CBAZH-
vawwM SvH dyauon [n® 254] —mx e cBoe ppema Jlarpamk Haasam <oIuMM U3
CaNBX TPEKPACHNE AHATHTHYECKHX OTKPWTHHN, CACNAMAMY B STOM BeKer.

Mroro saWMmanca 3finep cyNuuwpoBauseM pazos. Kak ynmommuaxocs, on
parpie Makmopena NpHINeX K M2BECTHON {opMYyAe CYNMHDOBANMA ¥ Ke pad
K Heft posspamasca. B vacThoctH, OB NpHMEBRR ee X WACTHYHOA CYMME rapMo-
rRAveckoroe paga [cp. n° 236, 1) m n* 288, 4)]. Dftrep mMuorooGpasne conocTagmRer
PAAR ¥ KHTETpafn; Ha STOM TYTH OH HAXORMT H B3YHaeT BaWHHE HHTETPAMN,
AROCIENCTEAN NOXyYHBIIME ero BMa [AM nocsamed § 4 rzasw XVII],

C Maeaopenom Jfiaep conpEKacaeIca enie B OGHOM NYAKTE: T¢ ke coolpa-
WeHns, HoTOpue npEEeEN MakaopeHa X ero EETerpaILHOMY NpHAHaky, Diaep
¥yike pasbule NPHMCHAX X YCTAHOBICHHN TPARAL, MEHAY KOTODHIMM CONEPRHICH
CYMMa PAlia. _

Ws npyrux sompocos, KOTOPHIMM HHTEpecoBaica JBAED, YNOMAHEM O Ape-
00pa3oBaHHH PANOB — B HeNAX YAYWHICHHA HX CXONHMOCIH, 0 NPeoSpasobaduy
GecKomeuHHX RMponsBeleRRd B pAxM [ou., mampnuep, n® 281, 3)]. Haxouen, uto
OCOGEHNO BRXHC OTMETHTH, MH HAXOARM ¥ 3#Acpa PasHOOCpASHHE NPHACKEHAA
PRAOB HE TOABKO B CAMON ARaAPac, AO Taxke B aaredpe, ® TCODPHH uMCeX
B B IpYrax o5JacTax.

Onunargo BCe STH BOMCTHHY 3aMevaTeibHbe NOCTRREHHA He NONyuRAH ¥ Siinepa
CKOELKO-HAGYARL gﬁm'renaoro ofochopanns. Tlomo6Ho OGomnbIMHCTBY CBOMX
COBPECMCHHRKOB, Dinep K BONPOCAM CIOAHMOCTH OTHOCHICA GeasalOTHO U CBO-
GolHo MOAB3YETCH PpacIoEAWMMKCR panamA. Hanprwep, Ckaafwpan passoxenna

Lo —ndnmrdait.. w il=1+—;-+$+...,,

1—n
*) Ee naawpawor dopuysoh DAsepa—Mauxaopera K comazennn,
el ne mamxoch MecTa B HalteM KYpCe.
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off Kawgaet, 910 Gecuwopeunuft B ofe croponm pax
B FR R RN

paser 0! AH3IOrHYHO, HCIORA W3 PABEHCTEL

1-_—l__—;=l+x+x’+x'+....

Sditep FEe TOALEO BHEOAHT OTCIOAA NPH X==—1 pal, sanAMapuwfi enge
JlehGuama:

l-—l-]-l—l-]-...—_.-.%.,
RO ¥ NHTIETCA OCMMCARTL DaBeRCTBO
1424448 4.=1,

noayuammeeca npa x==2. Bnpoyem, 3ifiacp maer cefe oTUET E TOM, TG ASA

PACIOAAMHICR PANOR HEIL3A TOBCDHTE O CYMMAaX B TiKOM We

CMBICRE, X4K O CYMME (TONAIETOCR PAAA, K KOTOPOR MOMHEO NPOA3BONLEO DDH-

GAMINTHOA, NOCEENOBETEXLHC CRAAMLAAA €r0 YAcHH. DAXEP CUNTALT, UTO CCYMMi

OecKOMEUHOTC PAAS &CTh XOHEYNOE BHDAMECHHE, U3 DASNORCHHA

EOTOPOTO BOSHMKZET 3TOT pAZ: *¥). B takoM, T €2asaTh, «000GMmENHOMY DOHH-

MaHHK o%:::n eCTh yEe HO BCTHHW (M OHO CONPRKACIeTCA ¢ COBPEMERNON
FOUHO SHBOR Teopuel pacIOAMMICA PAAGH).

TIpoTHN NOALSOBAHNA PACXONRHIKMHCA PREIME Ppe3ko BoccTapax Haxambep:
PACCYRICANK, MPOBONHMEE € HX NOMOMILIO, KAXKYTCA €My «NMOAOSPHTCABHBIMHY,
ARXe CCAH PEIYABTATH BX COFAGCYDLTCA ¢ HCTHHON Bapouewm,
CEMOE TIOHATHE CIOAHMOCTA ¥ pacxopuMoctd ¥ Mzzamdepa ameao <xokaavhuiity
zapauTep, CYZYYH CBN3ZHO C TeM, OKA3WBACTCH FH nocaenywmuft uxer (abco-
AWTEO) MeHbIIHM HAR Soabmm mpeannyuero. Taknu o6pasom, no ero repum-
HOROTHR, DA MOT 10 ONPEACNCHHONO MECTa CXOBMTLCA H AMIID DOTOM HAUATH
pacxozETECE, H Ha060poT [cp. 3ameyanne n° 238].

CeranopnMes & zaxmoychase Ba Jlarpasske-—ofhod H3 xpyoefswx
MATEMaTHKOS DPaCCMaTpHBaeMoro nepHoxz. Ilpemme Beero, HEANSHHT YNOMARYTSH
O HOCARIEM €70 PMA DA, RN PIIXOKEHHE ROPHA X—gF YPaBHERHA
@— x4 p(x)==0, 0 gawe — xOGolt Qynunym ¢ (p) oT rOro KOpHA.

B consnennn <Teopun apamnTHYecKnx by (1797 r.) AHE Eenaer
nomutxy ocsofofATh ANQGepennanLnOoe HCYHCAEHAE <OT PaccMeTpenna Gecuo-
HEYHO MAAMI HAR HCYC3AWHEX BOLKTHH, NPeXCSon HAH Qamkcnlis | cBeCTR ero
X «aArcOparueckoMy 4HAZEAY KOHEYHWE BeXwwnny ***). B srolf aomwrxe otnpas-
roft TOWKOH NPHZBANM G(LAH CAYRHTL NMEHHO cTefeHMue pasn. HRonycrms,
qro Axa QyReupm f(X) HMEET MECTO pa3zxowenue

Fle b )y=F(x)+pit gt L1,

TAE Py 4§y Ty oo ~=$ymeury or X, Jlarpapst npamo onpe ne XA €T NOCROAORT-
TeALHHE <MPOHIBOEHWE (PYHRUMMY (3Zech BIEPEHE NOABAALTCA STOT Tepunal)
uepes Ko EATH PASIOKEHHS, HCXOAA H3 MPHBHIYHMX COOTHOMEERH

pmrisy o=l L7

*) Unratenp, XoHeuHo, 3AMETAT, Y0 BOBCE HET 3HANCHHA M, MPH KOTOPWX
obe n CCHA CXOAKANCH OH CAHOBPEMERNHO,
5 u. JI. D4 xep, Jdudpepennmansuoe meuncacunes, § 111
#*+%) Brnpoues, Te we ngen JIArpawk BMCEAILSAN 8 PAHBIES.
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Ha s1ofl ocgope Jlerparaty yZaaoch MIIOXMTH He TOEBXC ARAKHS, RO W €10 MpBE-
RZOMEHHA K reoMeTpHm H mexannie, Tem ue Menee, 9ra TOYESR 3JpeEus, SBHE-
ISGRCA —KaX PA3 B MPEANBEPHA HOBOTO ACPAONA b BCTOPHH ANANMSA — peaknmedt
HA HeYNAuy BCEX MPEXHEX NONHTOX &10 CTPOroro OSOCROBUHES, PACTDOCIPaNE-
HHA He moAYwHaA.

B 10M e coymnenHp Jlarpank ycrapssappser u uasecrayw [n® 106] ynoS-

? $opuy AKg XOGOAHHTCALHOrO YXeHa b (opuyae Teftaopa. Bnpoues, npa
arpanis STOT UAeH OHA MPOCTO BHPANENHEM OCTATEA PAXA, CXOAMMOCTE EOYO-

pOro NOAPAIYMERANACH, €0 HESHAYeHHeNM OHEO AHIZb OGALIYHTL OUEBEY RO-

IpEIGHOCTH, NPONCTEKANUIEN OT NpeHeSpeXeHNA MOCKENWRME URCHAMH PAXZ.

Canyw czoammocts prpa Jlarpanx (nofofao Dixzepy | IPYIUM COBpeMen-
BAXAM) MOHNMEA KaX CTDPeMAenHe X Hyaw ofuiero usesa OQUpeNexeHua MOMSTHR
CYMMM CYORAIIENOCE PAZa ¥ HETO HET, IOTH bl; BOCTATOYHO dmunuga l)lall Me
0RO YE€ He pas b uuocb,nn&uep. axIopena r) H 2-
pnuyra (1716 r.;’plg nevaye X ne:aYWnnyscxgn NaTeMaTHK ¢'y1;1.e B
CBOCM SHAMEHNIOM COUNBEHHH <AHAAUTHYECKAN reopus femaotm> (1811 r.; omy6-
saxonano B 1822 1) amev npaEmzbHOe ONpeleschue CIOZMMOCTH PANE K €ro
CYNMH, 3AMEYaA HPH STOM, 470 AXA CXONHMOCTH PROA BOACE He NOCTATOYHO,
YTO0W YACHH PAJld <BeRPEPHEBRO YMeHbINAXHCES A0 Hyas. Kax mu noMmum, sto
o6CTORTENLCTBO GORbUIE YEM 38 CTO AET OO0 TOM0 — Ha OPHAMEDE FAPMOHHRTECKOrO
DAAA — NOAY: ya emie AxoS Bepryaon!

Taxam AB0M, PACCMATPHBAGMIR SHOXa, Heoluwafino Goraras dopuazbau-
MH ROCTHMCHESMH B OGRACTH TCODHE PAZOB, XS XOIHAYECHOrO €€ O5OCHOBAHHS
A3X3_Maao.

281, Coszaume TouwoM TeopmH, Jlumb B nOcGAYOMY® MIOIY —YEE B
XIX Bexe, pagsi CTaad RpPEANEYOM H3YTEHHA camH D0 cele, ¥ KPUTHUeCKuft
HePECMOTD GCHOB ARASH3: Ba NEPREX Me OUPAX KOCHYICA HMEHKO BL

B %3 r. Bumaa & cbey pafora Taycca®) «Ofuiie HCCAEHOBABHA OTHOCH-

TEILRO PANA . 12& 2@+ 1)-B@41 -
T R T 2 i A

{3101 DAL DOXNYUHA HA3BAMHE «rnnepreonergmecxoro».) Xota B noHHMaHHK
CXOLHMOCTH M pacxommMocyht ayce, snammo, Sua Gawaox x HaazuGepy, no ace
We HMEHHO 3EeCh MK BTEpBHE HAXODAM TOYHO CHOPMYIMPOBAHHHA NPHIHAK,
XOTOPRA 110 OTHOMICHWY) X DNPHBEXEHHOMY PRNY RaeT HoNHOS PedleRHe BONPOCE
O CIOMEMOCTA.

CoppeMenlioe onpeaesenye MONATAS CYMMb PAXA H €10 CXONAMOCTH
HAN PACXOANMOCTH, OCHOBANAOE HA NOHNTBK Mpefeda, OXOHYATEABHO yC-
TaHOBEXOCH nocae paGor Eoasnano (1817 r)w Kome (i32] r). B npein-
cuoBHn K <AarefpanueckoMy aHaausy» Kome Rpaso roeopE:, 4TO <pRCIONA-
mphca esu He BRMeer cYMMH2. Kpose Toro, 062 HASDAHHKY YUEHLX YCTAHOBRAR
B oSuell opMe ycaorEe, HeOOIOANMO® A XOCTATONHOE AAA CXOAR-
Mot pafa [n* 242). Kowmn Aax rawie HeCKOALKO NPOCTHI M YAOGHWI ApH3Ha-
HOB, KOCTRTOYHHX MAA JACCTOBCPLHAHA CIOAMMOCTH MAH PACIONRMOCTRE
nosoxntesssoro pana fn® 209, 241). Bnocaenctens mnosmaoch MHOE XORH-
YeCTBO DONOGHHY XOCTETOYRMN X PPH3HAEOE, Bee Goxee B Boaee TOBKEX
N CAONMHLX **); METepec K HCCNCNOBANHAM STOr0 PONA HECKONBKO ocaalen K
HAYAXY HAHICIO BeEa,

Eaee, omy NPAHAXACKHT YTBEDWACHHE G TOM, WTO CXOAMMOCTL paAfs Na,
caefyer H3 CXOMMMOCTR pAfa ¥ ]as | [n° 243], u pasnuvenue caywaen caGcomor-
HOl» M «Wea6COZNTHOHY CXOARMOCTH (X0TA H 6td NpHMEHEHRA BTHX TEPMHHOS),

PYCCKEX MaTematnron muME 3apaMamics H. W. Jlo6avercrud

'El} ﬁgpx dpazphx [ 2 v ¢ ¢ (1777——1858)—xpynueAmEi FeMeUKEA MATENATHY,
BB M Epusxon (1845—1022).
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Cambift pakr cyulecTEOBAHAS HEAGCOATHO CXORSIUAXCA PALOB, GO0 OPHMEPY pAla
i, 1 1]
lI—g+g—3+.-

6ua masected eme co BpeMen JleRGnuma n Spatber Beprynan, no Komu nep-
BHM OOpaTHA BHUMAHHC Ha Y0, YTO HeaOCONMIMAA CXOLEMOCIL OTpaRaerTcA Ra
Apyrux csoficTeax pApa. TipexAe Beero, Kak nokasanr Komw eme B 1821 1, ¥
HeaGCORIOTHO CIOMAMMMCA PANAM MONET OKA3ATHCH HEMPHMEHHMON €ro Teopema
00 YMROWEHHN panossgg 248, 3)). 3arem, ka¥ pa3 TO NOBOAY ELUNENpHBENeH-
soro papa, Kown (B 1 I.) OFYMETHEA, ¥TO CXOZMMOCTL €70 MOWET GHTb Rapy-
IeHa NpA NEePECTAHORKE UAEHOB PANA.

B 1837 r. Iapuzae Buckazan o6mee YTBEPRAEHYE O TOM, Y10 B aGCONRIHO
CIOPAINEMCA DANE NPH MEPECcTAHOBKE YASHOB COXPARAETCR CZOMNMOCTb ¥ Bedl-
ugHa cyMMel [n® 246} B To ke BpeMA 0B HA MPBMEPAX NOACHMI, YT0 B CAyUAE
nealconOTHOR CXCOMMOCTE OT TOKOH NEpPecTAHOBKH He TOALKO MOWeT Bapy-
HWHTHCA CXOAMMOCTL — 570 GHAC H3BECTRO H DEMBOIE, —HO Aake NPH COXPAHE-
HEH CXOOMNOCTE MONET HSMEHHTHCA caMas BeNuuyHra Cymmu, Qfwuit ¥ okou-
YaTeABALN — B 9TOM HanpaBacHH® — peayasrar [n* 247) ycranosmx Pumaw;
o# Gua onyGankopar ammb B 1867 r,— ywe ROCMEPTHO.

B «AnreSpasyeckoM anasmses Kown (1321 r.) uMu Haxo@ns HCCAeROBAHMA,
OTHOCAWmHCCA K CTCTICHHEIM opanau AR COyYad KAK BEUECTBEHHOH, TX H KOM-~
naekcholl nepesenof. UM Gua He TOABEC yCTaHOBAEH BHA OGAACTH CXONMMOCTA
oR06HOI0 pANa (TPOMEXYTOK MIH KPYr CIOAEMOCTH), HO B XAMO TOUHOE Bhpa-
sedpe PAKHYCA CXOANMOCTH yepes XosddunucHt pata. Bayrps ofxactu cxomm.
moctH Komm ofipamaercs €0 cTeNeRRRM PANOM, XaK ¢ OOWKHOBERHHM MEHOTO-
yaeHoM, Hanpusmep anddepesunpyeT ero NOYIeHHD, HE HAXOAA HYHHHM Jath
000CHOBaNNE 3TOTO.

Ilo orHomeHER K OGmpAM dyRRuAcHaTLANY pafaM Kom¥ nHTaeTcA KO K a-
3aThb HENPEPUBHOCTE CYMMHE CXOTAIMErOCS PAAA Hmr?am"u $yuxuphi (1821 r.)
H NpaB0 AHTErpupoBATh NomoGnuiA pax nmowiesno (1823 r.), npurom Ges xakuz-
anbo OrpaHHueREfl OTHOCHTENLHO XapaKTepa CXOAMMOCTH PARA [cp. n° 206 m 269):
TIOHATHEM paBHOMEePHOH cIoguMoctd KollE Be Baaled W, MONBAYACH ASLIKON
GeCKOREYRO MAIHX, HHOA Pas He napax cele OFUETaE B TOM, 0T KAKHX NepeMeHs
HHX OHH (PAaHTHYECHH B3ABACAT.

Ha omu6oynocts nepsoro yraepmmenua Kowm yxasan A Gex s —p aname-
HUTON CBOEM MEMYape, BOCBAUIEHHOM SrEOMWatbHOMY pagy (1826 r.). B wavectse
ONpPOBEPTAOMEre NpaAMepa Afesb DPHEOART pPsl, COCTIBACHREH H3 CHHYCOB:

1 1 .
slnx--fsianxj--ﬁ—sinax—._..,

XO0Tsi OH CXOANTCH NPH BCEY 3HAYCHHAX X, HO €70 CYMMa & Toyxax £ ={(2m - 1}=
(m—uenoe) TepnuT paspiis. B To we BpeMA N0 OTHOMEHKIO K ¢CTENEeHHOM Y
pagy Abeab CTPOro AOKa3nBAET HENPEPHBHOCTH €10 CYMMH IPH KAROM 3Ha-
qeAHH MEepeMeHHON, NPH KoTOPOM PAA CIOAMTCA, NANe €CAH STO ZHAYENME COB-
Tafaer ¢ KOHIUOM DNPOMERYTKA CXOmAMocTH [n° 273, 274). B nponecce goxaaa-
teapcTba AGenb (PaKTHMECKM YCTAHABABRDAET HAAWYHE WMEHHO Toro cpoficTha,
KOTOpOe BNOCACACTRBEN NONYYHIO HA3RAHHE DPABHOMEDHON CXORHMOCTH.

0 NOBOAY NOYYECHHOIO WHTerpHpoBaHEs Brckasax {B 1845 r.) caom comme-
fuz Ye 6 uiméy, HOTOPHE AOAYEPKHYA, UTO OHO AONYCTHMO «1OALKD B YACTHEX
cayqauxr». Tax nmocremeHHo coallapanoch yOSewAeuue, Y10 Ha Geckoueuswe Qyux-
HHORALAHE PARW Helb3s (E30TOBOPOYEC PACNPOCTPARATE NPUBHYHHE MI%
KOHEeWHHX CYMM NP&BHA4, X0TA OCTEBAIOCH HEACHHM, B HAKAX ¥e CAYILAAX STO
BCe e MOXAD Aeaath, Pemanmyn poab ajech CHIpaxo H3YUERAE CAMOTo
IAPAKTEPA CXONPMOCIH YAKUBOHASLHHI PSACB W BBEACHHE HONATHA DA BHO-
MEPDHOH CXOAHMOCT A, :
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970 NOHATHE — K CAMBIA TEPMEH, ~— O-BRAAMMOMY, BNEPBHE RNOABAAACL B
1841 r. B ogpoit (ONyGARKOEAHROA IMiL sBavHTenLHO nosie) padote Befe p-
WTPpacca B DPHMEHANACH HN C TéX TOP Ha Jexumax. B Devaln pastnuenme
Yannonepnon o nepannonellmon CXONMMOCTH $uio npoveleds 3afifenem *) B

848 r. u CroxcoM ®*) B 1349 r. Ecam cyuma paga nenpepuBanX Qynuuit
MMeeT TOUKY paapuipa, TO BOGNHIH Hee «PAIL CIOAMTCA NpPpoU3BOAbLHO Nefl-
acano» (3abmens) HAK «CXOMUMOCTh PSNA CTAHOBATCA GECROHEYHO 2aMeA-
nenrofi» {Croxc

Tlpn svon Crokc nymax, YT0 M, 06PATHO, H3 HEAPEPHBAOCTE CYMMH TAKOro
PAXA MORHO 3ERTOTHTL 00 OTCYTCTBHE 2ANEHIEHHOCTH, T. € —K4K CKasasu Ounl
MH~— 0 HaAHYHH paBHOMepHOR cIogHMocTH; 3aBaens %e CYNTAN STOT BOHPOC
OTEPHTHM. BrocKeAcTBHH N2 NPUMepax GHAC NMOKE3AH0, UTO OSPATHOS 3aKMIOYe-
HHe B006ue HEBEPHO; CNPABENAABOCTE ETOCHE UHANBE O AAACI Y YaA N O A O-
XHATexsHoro pana 8 1876 r. noxesas Duun [n® 267].

3TEM MH 33KaHYABACM Ham ovepk. JONosHeHHEM X HEMY MOXET CIYRHTb
«Ogepr uc'nﬁm: TPHIOHOMETPHYUECKRE. PRACE>» B xonue raae XXIV [cu. Taxxe
8 0° 313 cMcropaveckye saMeyaHRE © HEPECTAHOBKE ABYYI NPeleAbHHX One=
paunfis].

%) dmaumn Jioneer 3aftpean (1821—1896) — nenenxuft Maremarai.
"] Hdwoa Tabpsens Croxc (1819—1903)— anranficknB dmusnx =
MATEMATHH.



TJTABA CEMHARIATASY
fIECOBCTBEHHRNE HHTEFPAJL

§ 1. HECOBCTBEHELIE HHTETPANBN C BECHOHEYHbIMH
APEAEJAMH

282, OnpeseacEHe RETErpaaoR ¢ OeCKOHCUHMMH NpeEeAaMN,
B razpe XI O6ua0 AsSyusHO NOHSTAE ONPEASHEHHOTO  BHTErpana

b
Sf(x)dxmn CAYUan KOHEHHOTIO NpOMEMYTKa [2, #] & orpanu-

[

ueHHol# dyHxkuun F(x). Hacrosmaa raaga mnocemmenz  ofoGmennio

STOrg NOHATHA B DasfHYHHX Hanpas/JeHHAX. Haunem ¢ PacCMOTpENRA

HATErpana, PacopPOCTPAHEHHOrO Ha GeCKXOHeUH HH NPOMEKYTOK,
Ilycte dywsums f(x) onpelenera B DpoMexyrtke {a, ©0), T. e

AN X>I=a, R au;erpupyeua B MoGoH koweunol ero wacre [a, A]

74K YTO RETErpan 5 F(x)dx nmeer cumica npa mobox A >a

a4
Hornewnali nan Oeckonesnuti npedes amoz20 uUNmepasa npu A —co
Raswsaiom (Necolcmeensnu) unmezpasor giynxguu f(x) e npome-
acymue om o 90 00 u 0003RAYZIOT CHMBOAOM

o A
§f(x)dx= tim S F(®)d. )

B caysae cymecrsoanms TaKoro KOHEUHOGro NPeseas roBOpAT, YTO
uurerpan (1)} cxoxmTes, a dynrumo f(X) MaSHBAOT MHTETpAR-
pyemon s GecxoHeunom npodemyrke [e, co)l. B oramure or usyuen-
HOTO paHee RHTErpaZza B COOCTREHHOM CMHCHe HAR COOCTBEHHOTO
BHTErpana, TOAbKO Wr0 onpefencHHuN# muTerpar (1)} HasuBaeTcs He-
COGCTREHHKNY),

Ecaut npenea (1) GeckoHeweH WAn BOBCE He CYINECTBYET, TO Npo
WHTETPAZ rOBOPST, 910 OH PACXOAKTCA

*) Hanomusw, 4T0 Mb yie CTATKMBANHCH € HOHRTHEM HECOGCTBEHHOrO Hu-
Terpasa & n' 241,



282) $ 1. HECOBCTBEHHHE UHTETPAAH C EECKOHEMHHMY NPRAENAMA 11¢

Ananorsuno (1), onpemeasercs n uwmezpas @ynxgun f(x) om
—o00 do a

§ rords=, 1m | rrax w<a )

pasHo Kok W ynmezpar diyaxguu f(x) om —oco d0 oo
Fw
f)ds=_tm js;r(x) dx. ®

Ao
-« A=tf oo

Tlps STOM COXDAHSCTCA M TEDNRHOJOFHA, BBEACHHAR WO MNOROCHY HH-
Terpaxa (1). B nocaeaneM cayuae, psae moGoe 4, MOMHO NONOKHUTE
A A

j:f(x)dx= 5 f(x)dx+§f(x)dx,

A cymecTeopaune npeaena ipi A’ — — 00, A-+> -}-co BaM nnrerpana
CACHA, ONEBHOHO, PABHOCHALHO CYRIECTBOBEHRIO NOposHb npeaeaos (1)
n (2) aas unrerpanop cnpasa. TakaM ofpasoM, HHTETPaA 0T — O 2O
— 00 MOXHO ONPEJCANTL B PABCHCTBOM

Tf(x)dx= { Ferdst § Fords

B NPERNOAOMKEHAN CYNIECTBONAKAS ROPOSHL HHTErpanoB Crpasa *). Onpe-
Aelee 5T0 Be SABHCHT Ha jgeac oT BHOOPA TOUKR a.

Neaugrn, 1} Gyaugua Tq!-_x' unrerpapyeMa B 2GOM KOHEUROM Npo-
senyree {0, A] (A>>0), npauen nueen
A

;T%narctgi

Tak E4K ASH STOPO WATErpass 1ph A -— cO CYwie(TBYeT KoweuNdfl npeaex -E,
70 BHTErpas ot O KO OO CXOMWICA N HAMeer anatenne

=}1'1‘»5 =7
¢
dx dx
2 {rfa=, ‘W o 1 (g )=,

—&

v § rfam§ f -

* Mcwswuserca FAMb cayvaf, XOCKa 3TH HuTErpaan pamhu Oecxoseqnoctd
PA3HHY 3HAKOB.
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283, NpumenenEe OCHOERHON QOPMYIH HATErPANLHOr0 HCYHCHOHHELL,
B npurejesHux BHINE NPUMEPAX HHTETPANA MO KOHCEHOMY IPOMEWKYTKY
BHYHCARACA ¢ TOMOHIBIO NEpBooGpasHol (yARuum, 2 saTeM oOcCyge-
CTBASACA NepeXOR K mpedexy, Moxuo ofbelrnsnts ofa MOMEHTa B ONHOH
bopuyae.

Mycrs, wanpuMep, dyHKIHA f(x) ONpeseseHa B HeNpepHBAa B ODPO-
MeXyTKe [@, ©0), TaK 4TO AAR f(X) B STOM NPOMEKYTKE CyUIECTBYeT
nepacoGpasHas dysknus F(x){n° 183}, u no ocuossOfi dopmyre uu-
TErpaabHOre MeuncAeHHs [n° 186]

4 F |
Sf(x)dx:F(A)— F@=F] .

Orcioma scHo, yto HecoOcTeenwuR mwterpan (1) cymecTsyer s oM n
TONBKO B TOM CAY4ae, ecXH CYIIECTBYET KOHEYHME npesen

Aiim F(Ay=F(o0),

A TOTA4
=]

@ ds=F(eo)~F@=F (%)

Adanorauno,
{fas=rFm| ,

+Smﬂxm=m) I

ecan nmom F(—co) pasymers npemen s lim F(A) Cawas nosmox-
e — 0

HOCTb BHYHCACHHS ABOHHOH NONCTAHOBKYM, CBABEHHAA C CYILECTROBAHHEM
H KOHEYHOCTHIO QArYpHpyOmero B Hell npesesa, CEWACTENLCTBYET Yie
© CYNIECTBOBAHHH HHTerpaaa.

OGpaTHMCA K ABTGHERIUMM NPHMEPAM,

4) HaywdM npemae bcero pompoc, NPH KaKAX 3HAYERUAX NOKadatemn X cy-
WeCTBYeY HecobeTBeRHM HHTerpas

Oyere Az2—1, Toraa
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Npa A>>1 AsoAHaA DOACTAHOBKA—3 C HEM N MHTEIpaX — HMEET KORedHOE
sHaYeHBE, IpE A <I1 06a BHpawenna ofpamawica B oo [IpE A==| BMeem

md -]

x

T=lﬂxl =00,
o

TakaM ofpazoM, npPeEROWEHHEE HATerpax upy L > | cxomHrcs, A Apn =1
PACXOAATCA,
5) PaccMoTpEN BETCTpaAn (o >0)

[ 1]
S ¢ gin bx dx,
o
§ e~%¥cos bx dx.
BcnomBeaa cooTBeTCTBYOIIAE WM mepsoobpasinie [n° 164, 4)), noaywaem cpasy
=]

_ __ asinbyr 4 beosbx nx|°°_ b
Sﬂxdnbxdx_——-—-—;;—_i_—s,——-e‘ o-—m,
¢ bsin b 5 0

- X —— 005 DX &
Sd"“‘msbxdx=—w-——e““lo --a,_l_b .

6) Haxoned, paterpasn
o =]

§ sinx dx, E cos x dx
He CYHIECTRYIOT, BOCKOALKY ABORHWEe NOACTAHOBKH
o0 b
—0s X, sn x
U] o
AMNIEHN CMBICHER: COS.X W 50 X IPH X —co NPEACNOB He HMENT.

284. Anaaorms c panamu. Hpocrefimue TeopeMuw, B nocreayomes
MH OFPANEYAMCA WHTerpanaMn suma (1) BCe CKa3aHHOE O HHX JerKo
nepeHocHres Ha caydad (2} u (3). TIpn srom M Beeraa Gyaem npen-
nosarars, uro GyHkama f(x) uwrerpupyema B COGCTEEHHOM
CMEC/IE MOWAY MOSHMR mnpesenaMy & ¥ A >a@, TaK UTO BOIPOC
OTHOCHTCY TOALKO K HecOOGCTBEHHOMY HETEIrpaly OT 4 0 co.

Mewny HeCoOCTBEHHBME HHTET PANAMH Sf (x)dx B uucOBHMA
a8

3
pAnaMy ?a,, cymecTeyer rayfoxas aHAAOTHY, KOTOPYH NOAE3HO NOR-
YePKHYTH.
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Ecan npotece CYMNHEDPOBAHUR NO 7 BANCHATD NPOHECCOM HH-
TerpAPOBAHNEd 0 X, TO 2HAAOraMn Oymyr

ofwuil saen pRoa
aﬂ
SACMULKAR CYMMG pROG

Kak npedas dacimusnof
cyuuss npg N—»co
ocmamox pada

o
o

RoDURMEIPGASNAR BYRKUUR
Fx)
coGcmeenRnii anmezpan

A

\rees
necolemeennnll unmezpar

UL

rxax npedes npeomndymezo
numezpasa npu A -+ oo

uxmezpas
5 f(x)dx

M nepeqncanMd npocTeRAE TEOPEMH O HecOSCIBEHHHX HHTE-
Fpanax, cxomHue ¢ reopemany n° 288 o paasx. DokasareancTso Hx —-
€ HCMONB3OEAHHEM YKASAHHON AHANOrHM — NPENOCTARASEN YBTATEAw.

o
1° Ecan exodumcn uxmapaas fx)dx, mo cxodumcs manace
a

nrmezpas 5 Fix)dx (A™>a), u naobopom. Ilpn smom

{rwae= ff(x)dx-i—jf(xm.

o0
2°. B cayvae cxodumocmu unmezpara S Fx)dx uneen
a

Jim 5f(x)dx.=0.
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3°. H3 cxodumocmu unmezpasa S Ffx)dx sumexaem u cxodu-
a

o)
MOCHIS HHMIC2PGAR S c-f{x)dx {e="const), npunex
[

fc-f(x)fﬁt=t‘- ff(x)dx-

a
Haxouen:

o0 [
4°, Fean cxodmmen ofa unmezpasy S fode = Sg(x) dx,
@ [

mo cxodumest uNmMepas 5 [ f X g(xNdx,

frrozemee=| s | eeran

286. CxOANMOCTL MHTETpAZA B CAYI2e NONOMHTERbHOR Qynk-
nuH. Ecan dymknus f(x) noxoxuTessH3 (HEOTPHNATEARHR), TO
HiTErpan

A
o)={frdx @

npecrasazer cobOM MOHOTOHNO BO3PACTAWMY (YHKUA® OT ne-
pemenrioft A. Bonpoc 0 CYMECTROBAHAH AMH HEE KOHEYHOTO HpeEeaa
npE A —» 0O DEHIETC OUEHb [POCTO -—HA OCHOBAHHH TEOPENH O Rpe-
Agne mopoToMHOR diynkume [n° 47

Bam cxodusmocmu wecobcmsennozo unmezpasa (1)—s cayuae
nosoxumensRoll Pynxguu f(x)— neotxodusmo u docmamosno,

¥mobu urmezpas (4) rpa sospacmanuu A OCMABAACK OPAKUNCHNNN
coepxy.

a
Sf(x)dxazf. (L == const).
L3

Ecau one smo ycaosue ne sunosneno, mo wxmezpas (1) umeem
axauesue oo, [Cp. n°288.]

Ha ST0M OCHOBAHA CACAYIOMIAN €TEODEMA CPABHECHHS» JAS HHTErpa-
A0B OT NOAOKATEABHHX QyHKIuN
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Teopema 1. Ecan, xomz Ou npu x== A (A==q), useem mecmo

o0
repasencmeo f(x)<<g(x), mo us cxodnmxocmu unmespasa 5 g {x)dx
- a
cAedyent ¢xoduMOCId UNMEPAAD s F(x)dx usu, wmo mo ace, u3 pac-
1]

w0 o0
xodumocmu S F (x)dx caedyen pacxodumocms S gx)dx.

HoKazaTeALCTBO MOMKHO CKONHPOBATH ¢ IOK333TeARCTBA TeopeMu 1
n°® 237,
Yacto moAesHR CACAYIOMA! TEOpPEM3, HBAROMIANCA  CACACTBHEM
nepood:
Teopema 2. Ecau cywecmsyem npedea
i L=k  0<Kk<too),

oo & (%)

(-]
mo u3 cxodumocmu uumeapa.aas gx)dx, npn K<t co, sume-

2]
Kaem CXo0MMOCHS unmeapamg F(x)dx, a u3 pacxodumocmu nep-

&
8020 mumezpasa, npu K >0, swmexaem pacxodusocms smaopozo.
[Taxum oOpasom, mprn 0< K<(-00, 00a uHTErpaida CcXOEATCA BAR
offa pacxXoAsrcs OTHOBPEMEHHO,]
JORABATENBCTHO—TAKOE e, KaK B HAN SHANOCAYHOR Teo-
pedn 2 n° 287,
Bubnapas kOHKPETHYI0 (YHKIHIO If9 CDARHEHHS, MOXKHO OTCIOAR
MONYMETH 9Y4CTHRIE APHSHAKH CXOAHMOCTH HAR PAacXOABMOCTH HHTErpazsa

Lo r]
Sf(x) dx. TIpakraueckoe sSHauesWe ®MEeT CpaBHEHME C  QyHK-
L

uneh ;11-, KOTOpas uHTerpupyema or 4 >0 no oo npa A >1 & He

uHTerpapyeMa mpr A <5 1[n°288, 4)). Ha srom nocrpoeHu caeaymomue
TIpUsHAKA,
Ilycme 0asm docmamouno Gosswnx % Pynwuus F(x) wweem eud

Fw=22  a>o. )
Tozda:r 1) ecan A™>1 n ¢ (x)=<e< -} 0o, mo unmezpas Sf(x)dx

a
exodumca, 2) ecan we A1 a ¢(x)==c >0, mo smom unmezpas
pacxodumcs,
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Han poxasaTeAbCTRA Hafo BOCRONL30BATLCA TeOpeMOR 1; (yHKuweh
CpaBHeHns ame-rcs-;r [n® 284, 3°],
Ecan npn x— 00 @ynkgus f(x) nsanemcs Gecxonesno masolt
o
nopadKka A >0 (ua CPaBRERID ¢ %—), mo umnme2pas S Fx)dx
&

CXO0UMER AR pacxodumcs 8 3asucumocmu om mozo, (ydem au
A1 nan <L

34eCh CXEHYET COCAATBCH HA TeopeNy 2; poas ¢yHiumn g(x)
nrpaer ;11-

frumerm
¢ x 4 I3 dx
— GX, —————
OS T4t le]fl-i-x'

[TonuHTerpabANE BWPAXREHHA NIPH X~ 0O NPEACTABAANT COG0W Gecko-
HEYHO MaIHC, COOTBETCTBEHHD, NMopAlKa !/; W 2. CneAoBaTelbHO, MEPBHE Hu-
Terpan pacXoOXHICH, 3 ETOPOI - CXOAUTCA.

286, CxoRumocTs HHTerpaaa e obmeM cayuae, Bonpoc o cxomu-
o0
MOCTH HecoGCTBEHNOrO HHTErpasa S F(x®)dx, cornacno obmemy onpe-
a
agpennio (1), NPAROAWTCA K BOTNPOCY © CYUIECTBOBAHHH KOHEUHOrO
npegenz npe A-—>oo ame dyskmum (4) or A. Ilpamenas x orolt
dynroun  Teopemy Boasnavo — Kommn fa°B63), moxuo ycrosHe cxo-
OHEMOCTH HeCOOCTBEHHOTO UMHTerpana OPEACTaBUTL B CaAeAyiomedt qopae:
ow
JAR  cXx00uKMOcMI HecOUCMBEHHO20 UHMespasa ‘5 F(x)Ydx neoo-
Xxodumo u docmamoino, wmobtt Kexmdoxy wucay e >0 omeenaso

maxoe Ruca0 Ay >4, #imobu npt A> Ay 1 A'y>A BWNOARANOCH
Kepasercnigso

I‘D(A')—‘P(A)!=|§‘f(x)dx—- ff(x)dx]-—-ljf(x)dx | <.

3roT KpHTEpAN NOZBOARET C JEFKOCTSI0 YCTAHOBHTL TAKOE npeano-
HeHwe:

o
Ecait cX00UMCcR unmezpas Slf (x)|dx, mo u nodaswo cxodumcs
&

unmezpas S Fexddx,
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B camom xene, npAMEHSA HBACMEHHWH XpurepAd K  ARTerpany
fff (¥)|dx, xoTOpHI DPEANOASTIEM CXONAUMNCY, BMARM, 4TO AAR
:loﬁoro ¢ >0 usfigercs rakoe Ay >a, yTO

‘!

§|fcx)|dx<c.
aumb T0a5K0 A > A > Ay Ho, ouesugpo,
|j'f(x)dx|s;jif(x)ldx

W, CACROBATENLHO, AAA TeXx We A, A’ 7eM Goace BUNOAMAETCR hepa-
BEHCTBO

lj"f(x)dxke,

?:uyna, B CHAY Maller0 KpHTEpHM, BHTYEKaeT CXOAMMOCTD HHTErpaxa
§reax.

¢ Orxernn, w0 B3 CXOAMMOCTH uocaegnero BHTErpand, Boolnie
TOBOPA, He CAEXYET CXOAAMOCTH HHTETpaia S] Fix)|dx. 3ro obcros-
TeXbCTB0 RaeT ocuoaanue ocobo or.wqm eyl cayqan Ecan

HApALY C WHTETPaJOM S f(x)dx cxomwtcs u murerpaa Sif {x)| dx,

10 HNTEFrpan sf(x)dx HagpalT 20COAWTHO CXORAAMHEMCE,

2 qunmnmf(x)—-aﬁcoanruo EHTErpaApyexoli B nposexyrxe
Ia, oo] *). Tlpumep RuTerpana, CXORGUIETOCH HEABCOMOTHO, OYRET AaH
B n°287.

Doxasannas TeopeMa MOBBOASET  YCT3HOBATL CXOAHMOCTh HHTE-
Tpald OT SHaKOHepeMeHHOH Jynxuss f(x), npueesss npRoHAXRA
NpeNHAYIEro HONEP2 X NOAOXATEABHOR ¢yHkumn |f(x)|: ecan

*) CioBa —anazorea ¢ GeckoHeumnuMH papaum [cp. n° 249].
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oTa QYRRUHS OKasMBAercR HETerpmpyemof, T0 GyHRUES f(¥) TaKke
Oynaer mHTErpHpyeMa B npPuTOM aGCOAWTHO.
o

TlycTs, HanpuMep, TPEAAOKEH HHTErpan %"-;;,—dx. TiK K&K
05 &.x i
Fr=]<wr

W HMRTErpEn OT GYHKUAR cnpapa cxomurcs, To [0° 285, Teopewa 1]
CXOZRYCE HHTErpad OT QYHKUHM CXeBa, 4 ¢ HuM — (aGCOMOTHO) CXO-
ANTCH B NPelAOMeHtl BHTErpan,

Kax pumwo, g2 sHIKoMepeMmenHofi QYHKIAN HINOMEHHHE
aaech COOODAMEHMS — B GASFOOPUATHOM CAYNEE — MOTYT YCTAHOBRTH
Aapih A0COAWTHYK cxommmocts, EcAR e wHTerpan ot mausofl
$YHKLUAN PacXORRTCA HAW CXOANTCH, RO He aGCoATHO, TO0 PAsARYMTD
STR CAyYaW ¢ TOMOINLIO NHHYHAKOS, YCTAHOEACHENX AAS NOACMHTENb-

HHX GYHKORE, Hexsss,

267. Boxee romKMe WpPHSHAKE. Mol BagaM celvac NpH3HaKu APYIOro THMZ,
ROTOPHE NOSBOARIT YCTARABANBATL CXONMMOCTD HecoOCTBedRHX HATETpaiom B
pAje caAyvace, KOTAa 6COANTHEA CXONHMOCYTL OTCYTCIBYET.

iflycte uMees nse dypxumn F(x) B g(x), onpelerenAne H HEMPEPHBAKE B
mpoMexytEe [0, 00); OTHOCHTERbHO OYHEONH g (t) GyAeM emle PpeANOLAraTh,
Y10 OHA MOHOTOHNHEA H HMELT HERPEPWBHYI We NPOMIBOERYX (OYERRAHO,
He MeHEOEYM 3uskal). Hac HuTepecywr ycaosds, ofecneunsaomue CIOTHMOCTD
BETETpPaN: OT HPOH3BEECHHN

§ FDg(x)dx. ©)

n ,
PO 1S meepas (&

A
o (A)= s Fx)dx
a
ttpedemasanem c0B00 O2pannvennyo dyrrguo om A:
[#{A) <K {(K="const, a=5 A < ) -
(xm 6u npemem Alim $ (A), ¥. e BecoGCTBERMOrO HETErpan S F{xc)dx,
-
o

H He cymecrmano);

D E(X)—0 npa x—oo,
Iloadc aumezpas (5) exodumes.
Tp a0bux A’ > A'>g aueeM, HHTETPEPYA MO YaCTAM:

A A
S FDEW dx =0 (A) g (A)—® (A)g (A)—S @ (g (s
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CCIH K HOCIEAHEMY WHHTETpPaly NPHMEHWT: of0SUIeHHYWw TEOpeMy © CpeaneM
[n° 182, 10°), T0 OH WPEACTABHICA B BHIE

Al AI'
5 D (x)g (x) de="20 () 5 g)de=0E (A —g(A) (A<i<A)

H OKOHYaTeabHO
At
5 F(x)g(x)de=[0(A)— 2 @) g{A)+ [P E— D (Mg () ©)

Tak kak, B cuay 1), ofe cxofun no aGcoawTHOA BEANNEFe He MPEROCXOAAT 2K,
a, epuAy 2), nafifierca Tawoe A, w10 pA X >4,

.3
le() <z
{rne ¢>>0 B3ATO Hinepem IO NPOHIBORY), TC ApE A' > A A,

A’
5f(x)g(x>|<a,

OTKYIA M choepyer cxonamocTe murerpaxa {5) [n° 286}

MoKRO 3aMCANTL BHCHA32HHWE YCHOBNA ADYIHMH, notpeGomas Gérbmero
OT MHOMKTENA f, HO 3aT0 OGNeIrYNE JCIOBEE, HANAFAEMOE HA MHOMRTEN: &
Hinenno, nyemp menepy

{I) 1'} cyujecmeyem necofemeennnill uumezpas

S Sfixydx =Alim o (A);

2 gynxnyun g{x) oxasmeaemes ozpanuiennoil
lg(x) =L (L=const; a=c.x<Teo)

H npu smux yeaosunx numezpas (5) exodumes.

Ha 91oT pas B (6) Bropeie MMOKHTEIN OrPaHHYeHH, a NepBuie — sa cyer A
A - MOTYT OHTb CReRAHN CHOMGL FrOAHO MaNNMH, YTO NPHBOAMT K TOMNY Xe
PeayabTaty.

Ob6patyuca K TpHMe PEM.

Harerpaau

o0 m o

X o8 X
ST‘”‘" S“}T““
[ 3 &

{nprt ¢ >0 8 & >=0) cxoparca mo npnanaxy (). 3a pyrxumc £ (x) 3aech Momso
B3ATE, COOTBETCTBEHHO, sl X HAH COS Xy TAK HKIK

A A
|¢§sh1xdx =|cosa—cos A2, I‘Scosxdxlsg-‘;z

x0TA B GeCHONEUHOM MpoMEmyTKe STH OYHKUMH B He HHTerpEpyemu [n® 283, 6)f;
poab g (x) Hrpaer o
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TIpu A > 1 9TH BHTerpaAn CXOEATCA alcoNPDTMO, NOCKOILEY CXOABTCA
[n® 28£ 4)) mnterpan

w
dx
E’[)

a

g |sinx| ® Jeosxl=s1l. HaoGopor, npn A<zl ofa wnterpasa CXOIATCR
neabcoawrho. [an roro Yrofu AOKA3ATH 9TO, HANPHMEp, LA HATErpANa

¢ sin
_xdx’
X
a

HYSHO YCTAaHOBHTb, NTO MMTErpaln
o0

flnle

&

pacxoanres. [MeflcTeuTeanno, ecoM Ow STOT HHTErpas CXofAacs, TO BRHOLY
HepaBeHCTBA
| si x | Z=sint x

» nopaeuc [n° 285, Teopema 1] cxogmacs 6 W BHTerpas

T sn? 11 2%

X —C08
S dx_,_2_§___;c_._dx;
a8 a

X

npuGaBHB K HEMY 33BENOMO CXOZAMUACA MHTerpaa

oo
1 cos2x
2

[

" dx,

M NPUIAH Gbl K SAKMOUCHED, YTO CXOAMTCA WHTCrpaRm

[~ ]

1 fdx

2 x!?

yero Ha Xere Her [n* 289, 4)].

3aupuaune Temepb, KOrZA Mut YCIANOBHAH CIOLHMOCTH MHTEIpalon
o0 -]
Sde ] S Lkl dx,
X X

[ a

MK MoReM, HalORed, ¥ TOMHH Th ONpelesenne HENENMeHTApHHX dyrrunf si x
{«uurerpasshnit canycr) w ci x é«nmerpauwua ROCHHYCY), O HOTODOM M YRO-
Migaxn B nepeoMm Tome (c1p. 316). Vinemwo, noaarawt

=] o
six=-—-§-§£:—£-dt, cix=-—§9;..‘_dt,
x
x>0

x
=0
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Ecan, nanpuep, PTCPYI0 W3 9THX OPMYa BaMHCATH B BRAE:
x -]
cixm= i”{iat—sﬁr-iac,

TO — N0 BIBECTHOMY CBOMICTBY onpeacacarore uurerpama [n® 183, 12*] — xcwo,
410 OPOMIBOIMAR 0T ci X NefCTBHTEABHO papua -Q%-:-f-

§ 2. HECOBCTBEHHBIE MHTETPAJib OT HEOTPAHHYEHHBIX
SYHENHE

288. OnpepexeEne BHTErPAXoB OT HeorpannueRunx ¢ynxumi. Pac-
CNOTPHM Tenepb GysKUA0 f(X), SANaHHYI0 B KOHEYHOM MpoMexyTke [a, b),
HO HEHMTErpAPYeMY1 B 310M npoMexyrke. [Tpemmonoxum Goaee
ONPEREACHHO, YTO OHA HETerpupyema B mwlom npomexytike [q, & — 3,
rae 0<n< b —a, RO OKABKBIETCH HEAHTETPHPYEMOH B KauAOM BpO-
mewyrke [ —m, &) cresa o1 Touku b, Touxa b HOCHT npE STOM HIaBa-
HHe 0cO6OH TOUKH,

Mooxcno noxazams, wmo efauszu mowrn b dyuxgus f{x) mo20a
HeoOxodumo Oydem Neo2panuUYeRRof, ¥ HMEHHO B STOM NPHIMHA
Toro, uro BOausd b ona HemHierpupyema. OOsiyuuM maa Hac OymeT
cayaal, koraa GyRkura f(x) e Touke b <obpamaerca 5 GECKOHEUROCTDY
{BanOMHAM, YTO NOA STHM DaSyMeeT(y JAHIL TO, YTG NMPH X — & yHK-
nudg CTpeMATCA K GeckoHEuHOCTH), R

~1
Honennnli nau OeckoNesnbidl npedesa unmeapasa S Fi{x)dx npu

&
11— 0 naawsaom (Recobcmacnnun) unmezpasox Hyneguu f{(x) ¢ npo-
Mexcymie om a do & 1 obosHavaoT:

b=y

b
{fyaz=1im { fxyas. m
L. a_bo &

B cayuae cymecTRORAHHA TAKOTO KOHEWHOr O NPSAENa FOBOPST,
yro materpan (1) cxoauTea, a gyARuAw f(X) HA3WBANT HHTETr pHs
pyemofi B npomexytke [a, &]. B npornpHOM caydae APO RATErpaa
FOBOPAT, YTC OH PACXOAUTCH.

Neamer. i) Pynxona OrpaHAYEHA U BHTErpBpyesa B awloM
npomexytxe {0, | —n} (0 <<y <), n
l—x
dx

| AT

B rouke x=1 dynuuus ofpawaerca B Secuoneydocts, QUEBNTHO, TOMKA x =]
B asAReTca ocobol,

== arcsin {1 — )
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TAK Xak BHUMCHEMNHA MHTerpaz mpn y—0 CTpEMNTCR X npexexy
sresin l=-§-, 10 CyflecTByer HeCOGCTRENRUA BRYErpAd

dx iy
dn—— — ‘
yims=im | =%
Tycte Teneps JF{x) orpansvena u AHTErpHpyeMa B molom

npoxexytke [a-}, 5] (0<% < b-—a), HO OKASHBIECTCR HEMHTETpPH-
pyemoil B kaxaom npomexyTre {a, a--v] capasa or roukn ¢ (0coGas
TouKka). Torna (necolemoennsnll) unmezpas dynxgua f(x) om a do b
onpedeAREmeR Pasencmson

] .4
S f(yds =i, j ) dx, @
e o+

Ecan obe Touxn @ # b okasmBaoTca O0COOHME, TO onpedesenue
unmezpasa om a do b dacemcm pasercmsor

4 b—my
(r@as=1m { sy @
=0
] =0 T
Onpeaeacnne (3) MOMHO BAMEHHTL TaXUM:

f sets=§ rerax+ ff(x) ds,

B TPEANONONENTH, 4TO & < ¢ < b ¥ 062 #ecOOCTBEHNHX HNTErPana cNpasa
CYmecTBYIOT (BpH sTOM BHOOD TOUKR ¢ POAH He Wrpaer)*).

Ho orrowennw K necobereeHunM HHTErpansw (2) u (3) coxpanfercs
T2 We TEPMHHONOTHH, T10 K B,

IPHMEPH,

, ocobas rouxa — 1,

0 0
“ 4 __ . lim “JH V:éi" =JE°[~arcdn(—l+q’)]u%;
3) SI __d_x__’ Ase ocobee TOSKH —1 u 1,
1 v 0
et A b
#) Cw. coocwy Ba crp. Ll
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Herpyano noMaTs, KK ONDPERENseTCS HECOOCTBEHHEH  HMTErpan

b

s F(x)dx npr waaauan moGoro (koHEUHOTO) miCAa OCOOH Y TOWEK.

[

Haxohell, paccMorpam (ysknmio f(x), sananuyn B GeCKOHEYHOM Npo-
MEKYTKE, HAUPEMED, B [2, ©C], A HMEWNYI0 B HEM KOHETHOE GHCAD
ocoOHX TOUYEK *), BOAKSH KOTOPHX OHa mepecraer OHTH MMTErpEpyeMofl.
l'ipennoaomam, YTG B KAXAOM KOHSUHOM npoMexyTtie [a, A] wuuTerpaz

S S (x)dx cymecreyer, kak coGCTRENHHEMA BN KaK HeCOOCTREHHMNN, COlacHo
o

AaHHOMY BHIWe onpeaenenwio, Toraa, NepexoAs eme pas K npeacay
ApR A —co, MOMHO pabencteon (1) [n° 282] onpemeaurs wecoScTeeH-
HEfl RHTEFpan B npoMexytke [e, ool

289. Mpamenenne ocROBHON DOPMYy X BATErPAALAOTO HCIHCACHNS,
Nycte dysxuua f(x) onpedesena U HenpepHEHa B HpoMexyTke [, &),
B TO BPEMA Kak & CAYMHT Zad Hee ocolBoft Touxodh. Ias f(x) B apo-
mexyTie [a, &) cymecrsyer nepeooSpasuas (yHKnug F{x), u

b—q
| 7®dx=F@~n—F@=Fa[ ",

T4K HTO CXOAMMOCT: HecoGCTBenHOro mmrerpana (1) paBHOCHIBHA
CYIIECTBOBARAN KOHeyHoro mpeaena lim F(b—1). Ecau nocaegunit
CYWECTBYET, TO €rd ECTECTBEHHQ npnn?rr: sa sHauense F(b) mepnool-
pasHolt QyHKUUR NDH X ==&, BOCTHIHYB 9THM HenpepuBHocTd F(x) Bo
BceM npoMexyTke [a, D). Jan BuuucaeHus uuTerpaia (1) Mm nmeeM
TOTAA opuyay obuvHOTO BUAA;

b
(f@ax=Fo)—F@=Fw|. @

Ta e $opMyaa AMEET MECTO ¥ B TOM CAyuae, ecid ocolas TOuKa
JIEWHT EHYTPA NPOMEXKYTKA HAK NP8 HaAWUHH HECKOJIBKHX OCOGHX TOYeK,
HO (3T0 HYXHO TBeDAO NOMBHTL) TIPH BEEDPEMEHHOM YCIOBHM,
4T06s mEpBOOOpa3nan dyukupa F(x), ameoman f(x) csoel npouseos-
Hol bBeioAy, MCkMouas ocolHe TOUKH, OWAG NeNpepusxa u 8 smux
nocaedunx. CymecTeoBaude Ttaxoli mnepeoofpasuoft ofecneduraer ¢xo-
ABMOCTb HECODCTBEHHOIO #HTerpana, Ecim xe mepeoofipasias Ha Kouue
NPOMEKYTKA WIA BHYTPH Hero oOpamaercd B GECKOHEUHOCTH, TO WHTe-
Tpan  pacxOAATCA.

*) Ocobux TouEK MOWET BHTE M GECKOMEYHOe MHOWECTBO, AWML OH B Kam-
IOM KOREUROM npoMexyrthe [a, A] (A>>a) U 6uro zamL KOBeqgoe
QucAc (KOTOPOE MOXET PACTH DO GECKOHEUHOCTH BMecte ¢ A).
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O6paraMct X NTPAMEPAM,

4} Hoczenyem, DpH KaKHX 2HAYEHMAX mokasareag A >0 cxopgrca Hecod-
CTEEREW{ wWATErpad »
dx

'(T—_a'ii (b)a}.
&

Hpennoaaras A£1, Bneen

{ ety o],

14K YTO MHTErpan cXoxaTci OpH A~ 1 @ pacxomutca npu i > 1: neppooGpaskas
Ha EOHUE X ==¢ ofpamaercA B GeCHOHENHOCTE, [10 TOA e NMPUIYMHE PAcXOAMICA
HHTErpax M OpH A==1:

[
dx L4
S = =In{x —a) K
a

5) AHanOrdUEHA pe3yasTar Moxer OMTh YCTANOBAGH OTHOCHTEAbHO HH-
Terpana

]
S(ai_xx)i @G>0, 1>0),

KO‘I‘Oplslﬂ HCC}YIII.GCTBEHHOIP&SBI!TCS OT NpenuIyBero.

6) Oan muterpaxa 'S In x dx ocoflan Touka x=0. Uneen

1
5 Inxdr=xhx—x ;=— 1,

TAK Kak Hpd X — 0 mepeoolpasHas HMEET mpefelsNoe SHAYCHEe 0,

200. YcaoBHS H NpPH3HAKA CXOZMMOCTH HATerpasa. MH ocra-
ROBUMCA JIAINL Ha CAywae, CassaHHOM c onpeneacHreM (1), Tak Kak
nepedpasupoBKa AAS APYFRX CAyYaeB He MNPENCTARANeT TpYaHocTel,
Benay nmoasoff aHanor#d ¢ HecoOCTBEHHEM HHTETDANOM, PACMPOCTDAHCH-
HEIM Ha GecKoHeyHB mpoMexyTok [a, oo], MW He O6yAeM [EpPEYHCIATH
npocretimmx reopem [cp, #° 284), a mO BOWpOCY O CYIECTBOBAHHH
HHTErpana OrpaHAYAMCE (GOPMYAAPOBKOH HEKOTOPHX OCHOBHWY N0Z0-
Menul — UX A0KA33TCALCTRE AHAACIUYHH NPHBCICHANM BHme. Bo Bcex
CIyyasX RHTEFPHPYEMOCTh (B COOCTBEHHOM CMHCAe!) paccMarpusaeMmx
dysxkuntt 8 moGom npomexyrke {a, & —=} (4 >0) mpemnonaraercs, u
ENMHCTIEHHO TOUKA X =) sBaznercs 0coGoH,
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Kak # 5 n° 285:
Jan cywmecmoooanus necolemoennozo uwmezpesa (1) & cayuae
uoaoxumess’uoﬁ dyregun  f(xX) nreobxodumo n docmamonno,
-

Mol urRme2par S F(x)dx (4> 0) ocmasascs ozpanusenns i coepxy:
L]

b—y

S Fdr<lL (L == const).

Ecau oe anto  ycAosue e sunoanero, mo unmezpas (1) uwseem
suanenues —-co.

Teopemn: cpaenenas 1 1 2 ua n° 286 ans nozommreansnx GyHxumi
H 3Rech HMEwT MecTto, MK He cTaneM AX BOCNPOW3BOAHTH, BO cop-
MYJEpYEM OCHOBHHHE Ha HOX NPHSHAKW,

fTycms 045 docmamonno Sauswux ¥ b suavewns x gywxgan f(x)
nMeem 8:40:

fo=g"2y  a>o.
&
Tozda: 1) ecau A1 1 @(x)<<c<C 00, Mo uMMe2paA Sf(x)dx

[}
cxodumen, 2) ecan oke Az=1 u @(X)=c >0, mo smom unmezpas
pacxodumcs.

Bonee uacTHas dopMa, yaoOHAR Ha NPAKTHKE:
Ecau npu x— b gysvgun f(x) ssagemcn Jecxone:mo Goaswolt

noprdra A >0 (no cpasnenil ¢ r_l—-x), mo urmezpas S Fx)dx exo-

a

Qumcs wmn pacxodumcs 8 3asucumocmu om mozo, Gydem au h<1
g hz=1,

n n‘ MEP M.

dx
’ -
) 5 s

l'lo.i}umrpanma $yaxuna Bpr X | npeacrasanet Gecxodeuno GoXbUIYD RO~

paIKa -4'-2

-—l-npux—*l
4 4 *

i
Ti—x Ji=x Jitxtrate

CrefoBATEABHO, HATECPIA CXOEMTCA
k.

T
2) S {ig x)Pdx {pZ£90).
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Ecan p>>0, 10 ocoGoft ToukoRt spamercs -;—, npn p <0 ocofax Touxa 0.

B ofoEx cayvasx noNHENTErpEAbHGE RHpaxeswe apanercA GecroReuno Gospmoft
nopasxa [p|. Wrag, cxogusocrs upr |p <1 ® paczomgumocts npa [p o> 1.
1

3) .S X8 (] e )1 dy,

Tipn a1 ocofas vouea O, opi o<1 ocoﬁala youxg 1. PasasomuM npeaso-
1 T i
Wenpnft HHTEIpAX Ha NBa, WANDENED, ToK: j = 5 + S.'rax Xak NOAMHTErpasbe

El
Han dyounsa mpr Xx-— 0 asaserca Gecxoneuno Goabmroft (ecak @< 1) BopamEa
1—a, 10 nepsuil AHTEFPAX CYLMECTRYET AHME I u“ycaomm l—a=<<], 1.0
a>>0; snanorauno, propoll cymecreyer mpe b > Tax, RpeRRORENNUE BATe-
muo %omca 3 TOM H TONLKO B TOM CNYUdae, ¢chH OEHOBDEMEHHO @20
o>

[
4 er-' ¥ g,
1
Ocoliue voun co v 0 (mpe p << 1). scymmyﬂnmbnpn >0 (cec:o-

BeyRo GOXLIMAR HOpAAKA 1 —p 110 OTHOMEHBI K -‘%-) S CYIECTRYET, KAKOBD

Ga gp 0ua0 p, Tak WaE, 2ase A >}, nAueeM

xPlgx  xhtp-1
== —0 DpH X —+00;
2y

o
j cyiecTRyer npa p >0,

3aususnke. Mu ynouanaza B neppox rome {crp. 316} o Hesaemenrap-
nofy pynxupn Hye== S % {«ButerpaapRuft sorapaduy), Yrou yTounkTs Conep-
HAWYNCE B HATErpadé NMPOHSBCALHYE) MOCTORHHYW, HOAMTAWE

dt
]inSmo

Mpn y-<1 $70T BHTErpas cymecroyer xax cobcrsesnsft. Onnaxo mpu y > 1
BHTETPAA TEPRET CMHCH— XAXE KIX HecOGCTREHHmH, TaK Mak npE £=1" noa-
uEYerpafbHaf (QYBKUES ABARCICR CGecxoHeuno GOSLIOA MepBOrc mNOpAaKa
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(130 CpaBReAN C f——i'-f). B stom CAYY&e HANHCAHHWA BuIME HHTETPAA NOHH-

MAPT KAk ApeReR .
—x
dt
o 14+

Ha AokasaTeascIEe CYMIECTROBAHHUA TAKOro Rpeicra OCTAHABAHBATHCA He dyneu.

B cayyae sHakonepeMennoR (YHKINHH, npuMeHss npHsHak Boan-
u2ro — Kowa, umeeM Takoe ofiee ycZOBAE CXORHMOCTH:

b
Han cxodumocmn HecolcmeeHHO20 UNMEZPRAR S F(x)dx, 20e b—

&
ocoffaR mouKka, Heobxolumo U docmamouro, Hmolh KaMdouy

wucay e >0 omaevaso manoe wucso 3 >0, wmobu npu 0<q< 8 n
0 <8 eunoansinocs uepasexcmso

b—y
| § 7max|<e.
by

O1clons, ®aK @ BHIIE, BWTEKAET;

b
Ecan cxodumes unmezpans S |f(%)|dx, mo u nodaswo cxodumen
a

b
uRmeapas S F(x)dx.
Oﬁpmc:e, soolme roeopd, nesepro, [lostomy # smecs ocofo or-
|4

ARY3T eayuafl, KOFAa BapAAy C HHIETPEAOM Sf{x)dx CEODATCR &
a

)
S | Féx)idx; Torna mepewi WHTErpan HAswBaOT a6COAWTHO CXO-
i

Eamamcs, a dymeuno f(¥)—a0cOoNOTHO AHTErpupyeMof
B npoMexyTke [a, ).

§ 3. IPEOBPA3SOBAHME H BHIYHCJAEHHE HECOECTBEHHBIX
HHTETPANOB

291. HuTerpupoBanne no YACTAM B CIy4Yae HeCOGCTEeHNBLIX HH-
rerpanos. Ilycro Qyakugd u=u{x) 4 9—=0v(X) ONPEHCACHH K ¥e-
NpepuiBAL! BMECTE €O CBOMME NEPBRMH NPOHSBOANKMM BO BCEX TOYKAX
opomexyTka [a, 8], uckmovas Touky b (koTOpas MOXeT OWTH DamHa H
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-} 00). Toraa umeer MeCTO paseHcTBO

b b
judvzwlz—j'udu,

[
e OZ ABOHHOH MOMCTAHOBKOM NMOHAMATH PasHOCTH
lim #(x)-v (¥} — u(a)-v(a).
F ]

Ilpn 370M nNpeANONAraercs, WI0 US TPeX BXOAAUIWX B PAPEHCTBO BH-
pamenaft (4Ba HHTErpana W ABOHHAN NOACTAHOBKA) HMEIOT KOHEUHOE
SHAUEHHE O BA: AAR TPETHETO 3T0 YKE OTCIOAA BHTEKAET.

B camom aene, paae o< Xy<( b, Hamames oOwuHyw opMyay
HHTEFDAPOBAHHA WO GACTAM LIS TNPOMemyTKA [a, Xg), rie Bce HATE-
rpanu — cobeTReHHbE:

fud'o=[a(x.)-v(xo)—u(a)-v(a)] —‘gt-du.

o

Tlycte Tenephr B STOM paseHCTBe X, crpemurcea k 5. Tlo ycaoseiio, Apa
H3 BIOMANMME B HEMD BHPAXKCHHR HNEIT KOHEYHWE HpeleAd npu
Xy— b*), CaenopareasHo, dMESY KOHEUHHH NpeAer Takwe Tperse
BHPAMEHHE, W JOKAIHNBAEMOE PaBENCTRO ONDABAWBAETCE € NOMONILIO
npefeAbHCrO NEpExXosa,

Nerrusr
L L L

*
£
co8 X X
5Insh1xdx_x-lnsinx|o— * e dxmqsmd,x

= HHTCFPHPOBAHAEM [0 YaCTAM afech YHALOCH CBECTH HeCOGCTBCHEHE WiH-
Terpan :a. COOCIREHHOMY B TeM [OKa3aTh CYIMECTBOBANHE HECOGCTRERHOIO

292, 3amena mepemesnnx B HecOSCTBeHHHX HHTerpanax, Ilycrs
dyuknus f(x) onpemencHa W HENpPEpHBH2 B KOHEUHOM MAH GECKOReG-
HoM npomextytke [q, §) @, caAemOBATENLHO, NHTETPAPYeMa B COGCTBEH-
HOM CMHCIE B Kaxioll ero vwacrd, He colepimameR touxd &, koTOpag
No#ser OuTh A - co0; 9TA TOUKA, N0 MPEMTIONONEHA, ABAACICH SUH-
cTBeRHOH ocobolt Touroh pam dymxuun F(x).

b
*) 370 pepHO ¥ B TOM coyuae, Korga Kakof-1m0o M3 WHTErpaxcd S OKa2%-
@

Baerca coGersenmemin® 183, 11°].
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Paccuorpum TemEph MOHOTOHHO BOSPECTAWINYIO GyHknuD
x==+¢ (), HeNPEPHBHYIO BMECTE €O CBOEH nponasosHolt ¢ (f) B mpo-
Mexyrie [o, §), rae § moxer Gurs 8 ~-co, W zomycTEM, Y10 P (D)=a
B ¢ (f)=2>5. Hocacanee papeHCIBO HARACKNT NONHMETE B TOM CMHCAE,
Lo ‘limp ¢(H=b

IIpH 9THX YCAOBHAX MMEEST MECTO DABCHCTBO
»
(feae= jpf(v(t»-v'(t)dt M

B HPEANOAOMEREH, 4T0 CXOAATCA OFBH U3 STHX uuTerpasck (cxoam-
MOCTB APYTOTO OTCIOAA yMe BuTekaer). Bropolt wurerpan Gyzer auto
COGCTBEBHEM, ARG0 HeCOGCTREHHMNM — C eAWHCTBCHHOR 0Coloft Toukol B.
Ilo Teopeme o6 oGparnolt dyskuum [n°71) scwo, wro B § MONHO
PacCMATPHBATh K2K MOHOTOHRO BOSPACTIRMYI0 H HENPEPHBHYD QYHK-
muo o1 x & {@, B):t==08(x), npuuen lim:(x)mp.
2

Ilycrs 7eneps x, n 4, GyAyr npoussossHEe, HO COOTBETCTBYKUIHE
OAHCO JAPYTOMy sHadeHms x u ¢ #8 npomexyrkces (s, ) u (& f).
Toraz ¢ noMonib0 3aMeHH nepemeHHOR B coOCTREHHOM mHTErpase Oy.
AeM HMETh

{reras— f'f(v ORACE

Ecm cxoamrcs, ckawewm, BTOpol uz murerpasos (1), TO Cravew npu-
Gauxats NPOHSBOABHMMN OGPasON Xy k b npy srom f==0(xy)
yCTpeMures K fi, u Myt ycTaHOBuM Qopuyay (1) oAHOBpEMeMHO ¢ AOKa-
BRTE/LCTBOM CXOAHMOCTH HNTETDANA CAeBa,

Hamwe paccysaenne OARHIKOBO NPAMEHHNO B CAYY3e MOHOTOHHO
yOupawme dynxuun ¢ (¢), xorza a™>f %), Tak ke BCYEPNHBARTCR
H ApYrue BOZMOKHEE CAYYaH pacnpedenehss ocoOux tovex. [Tpm pac-
CTGHOBKE TPeAeN0B B NpeolpasOBEHHOM HHTErpaNe BCErAs Caeyer
TIONHHTD, TTO0 MuoKNul npedes & JOANCEN COOMBERICIISOBGITD HINCHEMY
sipedesy a, a sepxrull npedesa P — sepxnesy npedeay b, nesasucuxo
om mozo, Gydem an a< P wan «™>P.

Mraxepn. 1) Buuncanrs waterpaa

b
dx
Sve=so=r

*} ¥ B cayyae HecoGCTBEHHNX HETErpaioB, NPE o > f, MM HORAF4eH

A
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nogcraHonkol
x = g oot o - bain® ¢,
3ech o =0, p=;-, H HCXOMNH MRTerpax npHmoMMTCA K coficTBemEOMY
ANTErpasy

T
25 dy=x,

o0
2) JLA% YCTAHOBACHHA CIOXNMOCTH WTETpAZA 5 YOS R ————
dt
2¥'¢e

o
YHN 2aBemOMO cxoMamkdca [n' 287] wmrerpas -;— -4;%_‘-#, CRENOBATERD RO
¢

aaNeny nepeuesivoft x=V¥1, dr=

s G=ma=0, do=f==co, Mu noay-

CXONATCA M HpenfoweRunfl HHTerpax MiBrepecHo orMerHTs, %70 NG [ 2
ET Qyn:u{m n+n?n TPH X —CO He CTPEMHICR FH K KAKOMY Bpeleay, Ko Ch
Nexxy —i B 41

w
ASaorvRo UCTEPHHBILICH BONPCC O CIOAHMOCTH RATErpana ‘S cos x* dx.
3) Buwucaesue wererpass
-3
7=\
T+
MOMeT GMTh OTeHs FHPOUIERO MPHMEHCHACU OENeCOOSpPAsMHY HOXCTAHOBOL.

Tipestnie Beero, X HeMy DPHBEOAMTCA WATErpas

xdx
T+
HONCTARGBROR xa—:-(m:w, =00, a==o0, p=0), TAX 4TO MONKO HamWCarL

i

¢ u:'1-1--—.14.:
=jatﬂ~ (ke
¢ §

x‘+?

Ecmm reneps npuernyrss % NOXCTAHOBKE x-—-::,--z {e=0,b=00, a=—0n,
fa==co), 70 CPITY MOAYUHM
1 +e

+®
I S U T R T
"'2_5;?:!3 2vE "RYE_Tave
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203. Buuncaenne WHTEFPaIOR € MOMOMLIG HCMYCCTRCHAMNX fIPAEMOB.
Mbl BHIYACAMM HECKOIBKC B2RHWX HecoSCTBEHHMX RHTEIPANOB ¢ NpHMeHEHWeM
HCHEYCCTBEHHHX NpPHEMO'S! COOTBETCIBYIILHE DEPBOOSPa3BLIe (YHRIMH
Smechk B KOAEYHOM BRJE HE¢ BHPARANTCA, H AMH BOCHOABIOBATHCA HeJXb3A. Bre
STH MHTerpain Osigy H3BECTHH eile matemaruram XVIIl Bexa (B yvacThOCTH —
Bhnepy), Ho — Be3 CTPOroro BHBONA.

I*. MocTasum ce6e 3anavefll BLYHCAHTL BHTErpaa

E)
J=5lnsin xdx,

B CYIECTBOBAHHE KOTOPOrO MM yike yGemmancs [n® 201]
Bro BHYHCACHHE OCHOBAHO HA UCTIOALIOBAHHH 3AMEHH Nepemendoft. Mueew,
noxaran x=2¢:

k)

T
Je=2 lnsdn2tdt=-;-ln 24 251nsin xd:+25 Incos £ dt,

Feary nf

Moacranasa B DocXefHeM WATerpase t=4;—u, npRBeneM er0 B BHDY
L3

7
2 s Insin # dy, TaK uTO, OKOHMATEALHO, NAA OWpeNcReHHs J mOAYYaeK Yypase
x
Ey
HeHRe
J’=%-ln 24-2J, oteyaa J=-—%ln2.

2, O6patuMcA K BHNECIEHHD HHYETpasa
oo
K=(S e~ yx,

BCTPEYANMIErocs B Teoprd BepoatHocteR *). C sroft uessd npenpapatessso
BOKAKECM HEKOTOPHIE HEPABEHCTBA,

COuyenME B na?q;epenunamou HCUNCACHHA METONAMH HETPYOHO YCTaHO-
sutb, ro $yAnun (1 4-£) e gocriraer coero vanGoabmero sHavenna’ | npi
tm(s. Cregoearensio, jaa ¢ 750 Gyzer

(+Het<,
TNoaaran ageck ==t x%, MW Noayauu

l—xhet <l u (4 ae=™ <),

oTKYA2

*) CymecrsoBante 9700 METErpAna He BLSHBSET COMNeMEN, TAX KaK (IpH
x> 1) 6~ < 6™ a unterpas JaR ¢ * BuAcARETCA HEMOCPEACTBEHHO.



293] # & MPEOBPASOBAHME W BHYUCIARHHE 123

Orpaknupe b NEpPpOM HI STHI HepabeHTTE MaMeneyne Xx hpowexytkom (0, 1)
{tax w10 1 — x*>>0), a 20 Bropow, cuntan x>0 awOuM, BO2BOAMM BCE STH
BUpOMEHNA B CTeledb ¢ HOSHM HATYPANBHWM OGRa3ateacs i STO LaeT Hau *)

- —ns L i 1
(1—xM)<e H e <m,
P<x<l) (x>0)

Huterpupya mepeoe HepareHcTBo B npoMexytke or 0 no 1, 2 BIOpOC —=
or 0 ap co, DOAYUHN

1 [} o0 ]
S(l—x’}”dx<§r“'dx{§e‘”’dx<§ a "i,},,.

He
s Py T (noxcranosga a==)% - x),
¥a
E
1 3
(1 — 2% dx == \ sin®ot ¢ gp == 20
2 + 1t
{noacranoBka X==cos{)
B, HAKOHel,

s

¢ ax Qn—3 =
Sm=§ et = = 7

(noacranoska x=-ctgf).
=
k3
Mu  socnosh30BAIMCE SNeCh MSBECTHHME BHDAKEHHEMA Zan sin® v 4v

in* 187, (5)). Taxum ofpaaom, Wckosmoe snavenne X MOWET OuTL 3AKAYEHO
MEKAY CRCAYIOWEMR BYMA BHPAHEHHAME

= __2nll o —3 VX
Ve o <K<V =7
TAK YTO, BOSBONS B XBAApar W fpectpasya:

n - 2nY i n Can—-MP ®\¥
T '|_(2n—l)!l '2u+l<x‘<r—-l°[f‘2n_—-—-2)l1_| m_')‘('f)'
Ms popmyan Baxanca [n° 188]

L 2nll 1
.0 ler=ml w1

*)} [As HEPABECHCTB ¢ MOAONHTECNALHH MY TACHAMA BOADLIOGHAE B Ha+
TYPaRLUY O CTelleHb NOYNCHHO -—— RONYCTHMO.
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ACTKO YCMOTPETH TeMeph, UTO ofia KpafiEMX BHpAEEHHA OPH R —0O0 CTPEMATCH
E OBHOMY B TOMY e npefeay -;-, CREAGBATEABHO,

R’=% B I(uréi (rag xax K= 0).
. PaccROTpBN, HAXOHCH, MHTErpak

cmsin
X
Le= T‘x’

CIORMMOCTL KOTOpOro MaM yxe ussectda [n°287) Ecszm onpepeaenHe »10ro
BecofCTBCHNOIO METETpaa2 A
gin x
= jim } ——dx
F X d

ACTOAKOBATL «Ba A3uye Nocachopareasmocrells [n* 32), To, p wactoocrd, MoXdHo
TWOXOKATH
x

Bo-f dn
X
L== lim de.

L]

C zpyroft CTOPOHM, BMECTO NPEZEEA DOCKEEOBATEALHOCTE MOXHNO [n° 234] mckars
CYMMY GeckoHeunoro pama

if-pe-peefofof-

Toxomus v==2p nax Zp--1 W npaGerays, coOTBLICIBEHHO, K NOJNCTAHOBHE
X=px-& BAE X=pt—f, OYACH HNETH:

Gt 1)3 T
et
%y
]
w3 5
S = (— -t S’%"_‘—‘dt
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Orcoza

— 1)»(27}_‘.;;4-;-_-};;)&:&.

i 1L

%m ©
’-=§'—r"‘+ )
F“‘

Tax xax pan

2t

3 DpoMeRyTHE Oss;ts;-;- CIONATCR DABBOMEPHD, HG0 MAKOPEpPYETCR

a0
CRORANANCH PAROM %12 “‘—’1-, 10 €0 WOMHO —f§0 YMHOMERHH BCEX Y0
)
YACHOB HA CPDAHAMEBHYH $YEKMMD sin f — HHTErpRpOBATE MOYXeHHO. o
HseT HaM Npapo HANHCATL BHpLWense Ma L B sufe:

H o
N RS TR P
]

Kax Wi yeupam Bmocgencreey [n* 408, 3), samevaHwe], BupaweHEe ¥ CxobRax
PaRHo —, MpeRcTARAAA COOON T2X HABBAEMOC <PABNOWERHE Ha TMPOCTHE

Epobey xan oroft Giymxusm, Tlpmawmas s30T Qaxr Ges ZOMRIATEARCIRA yike
cefiqac, ZAM MCKOMOM) HHTErPAAA OXOHUATEALEO HOAYURM

T
®
L=oS dt“-i"

Mpesencannft usampsl suBon nphHansexny JloSauesckomy, xoTopuft mep-
EHM O8paTal BHAMAEEE HA RECTPOrOCTh 1¢X NPHCMOE, ¢ HOMONIBE) XOTOPHIX
9TOT BAXMKWIA A BHYHCARACA piRbIDE,

Ha gexe JloSiuepcxmit cBosM MeToNOM ToAYVAX Aaxe Oodee olmyw
dopuyay:.

o ]
jf(x)%£4x=§f(x) ax,

» opexnoxokentH, 950 f(x-4-=)=f(x) B f(x—x)=F(x); » paccMorpension
cayqae f(x)=L
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JaMevanne HalReHHwd pesyasTar NoZBOAET BAKAWYHTH, HTO

© -'21 npi 60,
L{g= ¥ﬂ= 0 npa a=0,

=
— 5 "ps a0

{ipa a >0 sTor RRTErhax NPHBONATCA K L Rpoctolt nomcranoskoll &= af; Hane-
HeHNe SHAHE @ BACUET 33 cofoit MINCHEHMe SHaKa WHTerpaAa, a mpn a=9 pa-
BERCTEG HYA> MRTErpajia OueBHEAHO,

310 OpocToe SAMETARME, NPHEARTeRAmee DYpbe, NPORSEEAD CHAbHOE BIe-
WATIEHHE B2 €10 COBPEMENHPKOB: JYHKUHA OT 4, HO-pasHOMY BHEpAwaeMas UpH
PASSEUHKE SHAYEHHAX STOR Mepemennoll, B To Xe BpeMa NOTIYCKAET H EANHOE
<AHINHTHYECKOE supaxelme:l‘TCp. n° 18, 3° o suwe n° 422 u 423),



DIABA BOCEMHARIATAS
HHTETPAJIBI, 3ABHCAHIHE OT MMAPAMETPA

§ 1. SNEMEHTAPHAA TEOPHA

204, TNocramoska samawd. Paccmotpum ¢ysxmuio f(x,y) Aeyx
NEPEMEHANX, ONPEAGNEHHYI) IAA BCEX SHaueHHd X B  HEKOTOPOM —
KOHEYHOM kAR OECKOHewHOM — mpoMewyTKe [a, &), ® Bcex BsHaueHmi y
B mnoxecrse & ={y}. Ilycrs NpH KamAOM NOCTOAHHOM BHAUEHHR
us ¥ odymxmun f(x,y) Oymer murerpupyema & npomexyrxe [a, b,
B ¢OOCTBEHHON uaAH HecoOGcTaensoM cuuicae. Torga uarerpaa

4
10)={ f (v, ) ™

Gyzer, OYEBHEHO, QYHKUWEH OT BCNOMOT2TEABHOR nepemeHHol
WI% MapaMmeTrpa y.

Tosops 8 n° 269 o nocaenosareasnocTd Qynkunh {f (%)}, MH
paccwmarpupa;i HTErpadH

Iy= ffu(x)dx’

KOTOpMeE fpencrasamor coboft wacTumBt cayvall wnrerpaaos (1) & poan
TapaMeETpa sAech PETYPHPYET HaTypa/bHuK yKasatedb #1.

Tlo ormomwenuro X ¢yskuan J(y) ecTecTBeHHO BOSHAKZET pan,
BONPOCOB — O CYIIECTEOBAHHH H BRPAKECHAR €€ mNpemena NpH oupese-
ACHHOM TPEACALHOM TEPEXOJE, B 4YacTHOCTH, o8 €€ HenpepHBHOCTH
no v, 06 ee AndhepeHLAPYEMOCTH M BHPAXEHRN [17 €€ NPOHSBOIHOM,
vaKowen, of ee snterpane, BceM STHM BONpOCaM ¥ NMOCBAILGHA HACTOA-
mas riaapa.

Hsyyenre CROHCTE (yHKIAN, BHpaxeHHOH wunterpasom (1), sagu-
CAHM OT TDAPAMETPa, MONET [PENCTABHTE CAMOCTONTENbEHHA RATEpeC
[ sToM oTHOmeHH# CM., wnanpumep, § 4]. Ho, nomumo roro, sa
CBONCTBE, K4K WHTATENb YBHEUT, HMENT H MHOrOOODESHHE RPHMEHEHWS,
B OCOGEHHOCTA K BONPOCY © BHMHCACHHH HECOGCIBEHHWX HHTErpPafnoB.
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295. PasHoMepHoe cTpeMAenne x npemeasuof dyaxauu. Bammuyo
PO B NpEACTORONX HCCAGAOBAHNSY GYNET WrpaTh YKASaHHOE B 93Iro-
aopue monsree. ITycrs ¢ynxmms f(x, y) onpenenera, B oOmeM cayuse,
B AsymepHoM MHOXecTse =2 X ¥, roe 2 n ¥ 0sHETANT MHO-
WECTB3 SHAUERRR, NPANANACMHY NOPOBHL TICPEMEHHEMH X H ¥, DpHYCH
& umeer cpoel TOVKOA Crymenns, cxameM, KOHEUHOE UHCAO Y,

Ecam 1) dss ghynxgun f(x, y) npu 3 — y, cymecmeyen KoKeRHAR
npedessnan Pyuxyus

’l_i::; J, =px) (xrus 2) 6]

2t 2) 348 A00020 wucsa & >0 naddepen maxoe ne 3asucgee om
X sucao 370, wmo

npu |y~ ys| <8 Gydem [f(x, Y)—o ()| <e 3

cpazy 0as scex x uzs X, mo z2o0s0pam, wmo Pyrxgun f(x, ¥}
cmpesnmeR B npedessnofi Pynxyur o (x) pasroxepro omuoch-
measno x 8 obnacra X,

Herpyano mepedpasuposars 310 ONpeReAcHne W Ha TOT Caydah,
KOTAA yy €CTh MECOOGCTRERHO® YHCAO, HANPHMEP -}-CO: NPH STOM JHmb
HEP2BEHCTBO BIMAR |y — v, | <3 3ameHsieTcH HEPAPEHCTBOM BHIA Yy > A.
B raae XVI [n® 264] mz mMean yme Xeno ¢ acrmuim CayuaeM TaKoro
PABHOMEDPHOTO NPESAMNEHHA K Tpeneassuol yHKUAR; TaM pevs gz
0 dynxuun fy(x), comepkasieR B KadecTBe NApAMETDE HATYPAABHEH
YKasareas .

B n® 265, mMes ZeA0 ¢ NOCACHOBATEABHOCTHIO (IYHKUAH, M YCTA-
HOBRAH, YTO RAR PABHOMEPHON CXOBHMOCTE HEOOXONMMO R JOCTATOMHO,
T3K CK29aTh, «PADHOMEDHOE BHIOAHEHHE> NDHHUANE CXOMMMOCTH. To e
NOXHO CHGNATH H B ofmieM cayuae, Vmewno, ecam orpamMumTsCA npeR-
ROAOKEHAEM, UT0 Yy KOHEYHO!

1% Jdag mozo swmobn dynrgusn f(x, y) npu y—y, usmesa npe-
deAsnyn PYRKBUIO U CMpeMnAGCs K NeK pasNOMEpHO OMHOCK-
measno x ¢ ofsaemun X, neobxoduxo u docmamonno, wmols ors
Kawmdozo uucaa ¢ >0 cyiecmeosaso marxoe Re sGsucRULe oM X
gucao 3 >0, wmolu nepasencmeo

[fée y)—7 o n<e @
SHNOANRADCH QAR 6Cex X us &' cpasy, Arws MOASKO
=2t Y0¥ ¢y ) ®

[B cryuse yo==-|- 00 B3aMEH ROCACAHHX HEDPABEHCTB NOABASIOTCH
HepasercTha y > A, y > A
HeosxoanmmocTs [lycts mmeer wecro pasuaOMEpHAR CXOfH-

MOCTb, 3AMCHHE B ONPRACACHHE na;- H COOTBETCTBEHHO BHOGDan §,
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BOEbMEN Tenepb Apa SHavenna y 8 ' ws ¥ 71ax, yroGH BHNMOANAANCH
yehobua (5), Torxa Gyaes ameTh, Kaxoso O MM Onao x,

[fxy) 20| <7 2 le@—FeN<z,

oTKyAa B caeayer (4).

BoctaTounocte. ECm ynomssyToe YCAOBEe BHIONHEHO, TO
npeKAS BCErO SCHG CYMECTBOBsHME npeneasHofl dymxman (2). Ilepe-
XOAS 3aTeM K mnpeAeny B mepapencrse (4) npu Y -—y, (MpEdenM y
(uxcupoBano Tak, UT0 |y — ¥, |<3), noayume

|9 (%) —F (. 9) | e

STEm H YCTaHOBACHO PaBHOMEPHOE crpesmaeHwe dymamn [(x,y)
K npegeasHol Qynxumn ¢ (X),

Ilycts Temepn MHOXecTse & npeacTanaser coGoH KOHEYHH R
npoMexyTok [a,5). ITo Teopewe 1% n° 266, ecau pocaenoBaTEARHECTH
{fa(x)} venpepmpHMX QyHKUAR PABHOMEPHO CXONMTCH K Npelels-
wolt (ynkmEE, TO M mOcKenmad HeoOxonuMmo Oyner HempepusHol; sT0
YTBEPRACHHE NEPeHOCATCA M Ha oOmah cayaaf:

2°, Ecan gpynxyan f(x.y) npu anbox y u3 Y nenpepuona no x
8 mpoxemymie L =={[a,b] u npn y-—y, passosmepno cmpe-
Mumer & npedessnol Hysrygun p{x), mo o sma nocsednan Pyrxgus
maxxce 0y0em Henpepuena.

Heficrenreasiio, CTOMT anury BeATH AWCY0 ROCACAOBATENBHOCTh {¥,}
us ¥, mweomyw npegenoM ¥, %TolH COOTBETCTBYIMas NGCASAOBA-
TemHocTs Gysknef {f(x,y,)} papHOMepHO cxoAmAAChL K P(X)k
HANDUMEP, MPHE KOHEUHOM y, HEDABEHCTBO

|f 30— @) <5

Gyser BLMOMNATLCA AAd Beex X uS 2, AHWIG TONBKO N HACTOABKO
Beauro, 4o |y, — yy|<3[cn. (3)] Ocreercs aumb COCANTBCA HA
YOOMABYTYIO TEOopemy.

Jlergo ofoGmaercs w reopema Jlusm [o° 267, Teopema 2°]; ha
STOT pas MH NPEANOAaraeM, NTO Bee 3 < Y.

8% Hycms gymenun f(x.y) npu ampbosu y us Y Gydem nenpe.
pueka no x 8 npomemymie X =la,b] u mm sospacmanun y,
MOBOMORNG S03pacman, CMPENUMCR K Henpepuienoldl e npe-
Ocasnolt Pymuguu ¢(x). Toeda cmpessenue smo Keobxodusko OGydem
PABROMED NN B OMROCUMEASRO X & nposexymye T,

Jlm aoxasareancTea BuAeARM B9 & MNOHOTOMRO BOSpACTAOMYIO
nocrenoBsTeApHOCTs {y,} SHAueHHN Y, CYpeMmmMICS K y,, H pac-
CMOTPHM COOTECTCIBYIOINYK ROCACHOBATEMRHOCTS dyRkusk {f(x, )}
QYEBBRHO, TEKNEe MOHOTORHO BOBPACTAIHEX BMECTE ¢ A,

Teopena lluin nO3BOASET YTBEPMAATH, YTO SYA NOCAEEOBATEABROCTH
CEOANTCA K p{X) PE&BHOMEPHO OTHOCHTEAHHO X B npomexytke &,
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Caenonaresptio, mo sasasHoMy ¢ >0 Haliierca TaKoff HOMEP £, uTO

HEPABEHCTEO
1o () —Fx ) <o

OKakeTCA BHUCAHEHHRM CPasy A4 BCeX & H3 2. Beuay MOROTOHHOTO
BospacTanns (yHkuun f BMecTe ¢ jy, TOTAZ ROAABHO BHIOAHFETCH

H HEPaBEHCTEO
le@®—Sx N<s

ZNE TOMBKO J > Vn,; STHM HOKASHEBAETCH HAWE YTBEPMACHHE,

XoTA YCTAHOBACHHHH HYACTHHH NPHSHAK PABHOMEPHOrO NPHOMHMEHNH
H KaKEeTCA OYCHb YSKHM, HO OH HEpeIKo OGHBaeT NoAeseH, usGaBassa OT
HeoOXOQMMOCTH HHHM MyTeM YOCKAATHCA B HAMHYHH  DARHOMEPHOTO
NPHOAHKEHUA,

298, Npemenpsnf mepexox NMON SHAKOM HATerpana, OO6pamaemcs
TeNEphL K PacCMOTPEHAI0 BETerpanz (1), SaBHCAINEro OT napaMerpa ¥y,
OrPaHAYEBAACH BHEYANE CAYYaeM KOHEWHOIO npoMexyrka [a,5] B me-
NpepueHoli (hyHKIUN,

Tipegmoaaras, uro onacte ¥ uswemenus mapaMeTpa y  HMeerT
TOUKY CFYHIEHASA J,, UOCTABHM BONPOC ¢ npexeae ¢ynkunn (1) npm
y=h

Teopema 1. Ecan giyusgna f(x,y) npu nocmorusox y Kenpe-
pusna no x sla, blu npu y—y, cmpemumes x npedessroli Pyur-
yun (2) pasHoOMEPRO OMHOCUMEASHO X, MO HMESH MECTIO PREEHCHS0

] F.]
tim I(=tim §£(x, y)de= §eean ©)
yeig F+¥o ] %

Doxasateancrso®). HenpepwpHocTs npesemetofi  dyuKuan
@ (x¥)ywe ussectHa [n°208, 2°). 3amapwuce NpPOHABOABHHM UHCHOM
e >0, nafinem Ttaxoe uncao 3 >0, uro6u uMeso mecto(3), Torma npu
|y — 34| <3 GymeM umers

|§f(x.y)dx-— fq) (x)dx'—.:] i [f (e, 3) — @ (x)] d| <

b
< [rEn—swlax<eo—a),

yTo H gokasuBaeT (opuyay(6).
$opuyna (6) moxer OuTE nepenHcaxa B BHAC

b &
lim Sf(x,y)dx=§ lim f (£, y) dx.
basc (I8 4 % Y=

*) [lga ompeNeNeHHOCTH MK DPEANOAArACM, WTO ¥, KOHEUHO,
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Tipn Haymuan e TOBOPST, TO npedestnni nepexod no napamempy
donycmin «BOO SRAKOM UNMe2pasar.

TIpennonaras, uTe Bce y<7y, HMeeM Ha OCHOBaHUH oOOoCmeHHoH
TeopeMn Jiunn [n° 285, 3°1:

Credcmene. Ecau diynxgusn f(x, ) npu nocmosnros y nenpe-
pRena ne x & [a, b] u npu sospacmanun y cmpeMamcr xk Henpe-
penoll oce npedeasnoli BynKyME, MOHOMOHKHO E03pacMAR,
mo cnpasedasusa dopuysa (6),

B npeanoncxenny, yTo obaacts % cama npeacraBaser coBod Ko~
HeyHufl npoMexyTOK [¢, d], paccmoTpHM B 33KWOICHHE BOMPOC O He-
APEePpHBHOCTH dynkunn (1)

Teopesma 2. Ecan @yuxgun [(x, y) onpedesena u Renpepuona,
Kar hynwgus om 0BYX nepeMennux, 8 npRMoyzoaswuxe [a, b; ¢, d],
mo unmezpas (1) Oydem wenpepwenolf @ywxyuelk om napaxempa y
8 nposescymie [c,d).

DokasaTEALCTE O Boumy paBHOMEPHOH RENPEPHBHOCTRA (PYHKIHA
Fix, y) [n° 187), no npoussossHoMy e >0 naiimerca raxoe 3 >0, yro

®3 HEPSBEHCIB
" =218 -y
CAENyeT HEpPABEHCTBO

Tlonokam, B sactHocTH, ¥ =x"=x, ¥y =y, Y =3 TOrAa npH
I —3]< % xakoro 66 Hn GHAO X, OyaeM AMETH

1£ (e ) —F(x po) <6

Taxny oOpasoN, dQyHkngs f{x, y), OpH CIpemaeHuy y k moGoMy
YACTHOMY SHEUCHHAIO Yy, CIPEMHTCA K f(x, J)) PaBHOMEDHO OTHO-
cATemsHo X. B TakoM cayuse, mo Teopeme I,

b b
lim | fix, y) dx= Sf(x, Yo dx
J’-—’)’.“ €

lim I{y)=I(yo)
y-+Fo

YTO W JOKASHBAET HAlle YTBEpKHCHHE,

297. Audupepennupopanne DoX 3HAKOM HaTerpana. [lpu usyvennn
caoficT dyHknue (1), KOTOpas 3amaua AHTETPAAOM, COEPNALIUM Napa-
MeTD ¥, BXCHOE 3HAYeHWE WMEeT BONPOC O NMPOHSBOLHOH 5TOH
PYHKIHA MO NapaMEeTpy.
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Tpe wussecTHMX DPEANCADKEHANX RAS BHYUCACHHE NPOHBBOANOA
F(y) mower Outs mpumenena Gopuyna

]
roy={ 1,6 nas ™

Wi — eCAH  BOCTIOALIOBATLCA GoAec  pHpasaTeabHbME  O0OBHAYCHHAME
Kot —

b ]
D, S i Pdr= S D,f (%, y)dx.

Ecan TaKkaf mepecT2ZHOBKA SHAKOB NPOHSBOAHON MO y W wuTerpana
N0 X AONYCTHMA, TO roBopar, 4T0 QyHKuuio (1) soocso Ouggepengu-
posams o napasempy <«nod 3RAKONM UKME2ZPAAAS,

Breperie noaoGHu seros JieGuun coobmux B 1697 r. B mucEMe
k WM. Bepuynnn, uem npusea nocaeamerc » socropr. Camoe Buancre-
HUE MPONIBOAHOH RO YKA3aHHOA GopMyae X NOAYIAN) HAZBAMHE <fipa-
Buaa JleGunuas,

Crieayomas TeOpeMa YCTaHABNHBIET MPOCTHE AOCTATOYHHE YCJAOBHS
AN% NPHMERNMOCTH STOTO NPABAAA

Teopema 3. Iycms gynrengun f(x, y), onpedesennas 8 npgxo-
yeossnue {a, b; c, d), dydem menpepusna no x 8 {a, b] npu Awbom
nocmornnoX ¥ 6 [¢, d). flpednosoacun, dasce, 4mo 8o gcelf ofisecmn
cyuecmayem vacmuar npouzscduan fy(x, ¥), Benpepusnam wak
@yREguR 08yx nepemennnx*). Tozda npu awobox y us [¢, d} useem
HMeemo popayaa (7).

Henpepusnocrs ¢ysxumn Fix, y)} no x ofecreynBacT CymecTeo2a-
Hne anrerpana (1),

drkcupys moGoe smauenne y=y, NPHIALEM €My NPBpallcHHe
Ay=—Fk Torga

F] b
100=\F(e, 39 d%, 10+ 0={7(x 5+ B

TFaK 4TO

Lot 109 ff(x, D=1 90 g @

Hurerpan cnpasa SaBHCHT OT Mapamerpa &, Ham npexcrous noKasars,
wro npe #~»0 8AECL AOAYCTHM NPEASABHEE NEPEXOR [O0A  AHAKOM

*) Us sTAx ycaoenfi, COBCTPEHHO, yke BHITEXAET @ RCOPEPUBNOCTD QYHKNAR
F(%,¥) Do oloMM APryMeNTAM, HO MM €0 OONLIOBATHCA He OyMeM
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BHTErpana. OrAm OyAeT YCTaHOBAEHO M CYMECTBOBAHHEE NPOHSBOZHOR

P9t L H=10)

R HannuRe TPelyeMoro paBeHCTBa

]
j'(y.) =:1?;S L('_'syo'l‘:)_f(x"g)_ de=

b b
= \lim Jn+ k;_f(x’y'ldx= Sf}(x,y.)m

“h—tD
C oroft uempiy cHauaxa no dopuyre Jlarpamia Hanumew
LERI RSN = fnm-+t) OKIKD. O

Tlonssyach ¢ paBHOMEPHON RenpepuBHOCTHIO ymxuun fy (%, y)
NO MpoWsBOALHOMY s >0 Hainem Takoe 3 >0, uro npH

|7 =B a =y I<Y
GyZeT RUMOAHATLCA HEPABEHCTBO
iy "3~ T (s ¥ | L e

Monaraa saecs ¥ =x"=x, Y=y, V=ys+0k n cunras
[£] <8, noaywum, ¢ yueroM (9), wro cpasy AA% BceX X Gyaer

| Lz BT _ £ 09| <o.

Orcona sceo, 410 MomMHTErpansnast gynxuas (9) npn A— O pammo-
MEDPHO OTHOCHTEARHO X CTPEMHICS K npeaeAbHOd ¢yHRnAR f,(x,y.).
SraM, no Teopeme 1, R onpaBaWBaeTcA RpeAeAbHRE  nepexos noa
sHakoM uuterpana (8)
HaTerpupopanue NoA SHAXOM WATerpaxa, Flocrapmm, Hanonew,

BONpoc oG muTerpaxe no y oT GyHKRuna (i), cxaxew, B npo-
xexyrie [e, d).

Hac ocobo Gyaer HHTEPECOBATL CAYMAH, KOTOA STOT HHTErpaA BH-
pasuTca dopuyaot:

L

if(y)dyﬁ {Sf(x,y)dx}dy=i{;f(x,y)dy}dx,

ey f

KOTOpYto — 068 CKOOOK — nRIYT 0OHYHO Tak:

o 4 & 4
§or{renare={a§rena. )
a & & L
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TMpa Hamyun ee TOROPAT, 910 dyHKUAI (1) MoKKO urmezpuposams
no napasempy y «<n0d SHAKONM wxmezpaia> (BIMTOro 0O Ne-
" pemenHON X).
TIpoctefiliHe YCIOBRA, AOCTATOYHHE A4 PABEHCTBA HBYX MOBTOPHHEX
saTerpasos (10}, maer
Teopema 4. Ecan ynrugus f(x, y) nenpepuena (no ofienn nepe-
MENHBNM) B npasoyzossnnxe [a, b; ¢, d), mo uwmeem Mecmo (fop-

Myaa (10),
Hokawen Gonee ofilee paBeHCTEC
b ]
gdy Sf(x, y)dx——-sdxif(x, ) dy, (10a)
£ a L [
e cxsn<=d.

B nepoit u npasodi ero vacTAX MM HMeeM ABe (YHKUHR OT napa-
NeTpa ; BHYHCAHM HX OPOH3BOAHWE MO %,

Buemni®t weTerpan B sesof YaCTH HMeeT NOAMMTETPAABHYIO (YHK-
o (1), HenpepuisHyio no ¥y B cuay TeopeMu 2, IMostoMy ero mpoms-
BRONHAY O TIEPEMSHHOMY BEDXHEMY mnpefeny OyZer DaBHA NOLUHTE-
rpaabHOH (YHKURH, BHYACAEHHOA NPE y==v, T. €& HHTErpaay

b
1oy={ 7(x, nax.

B npasofl yactu (10a) croBT METerpan
]
S?(x, Ddx, tie ¢{x, H= gf(x, yy,;
& €

dyHxuus ¢ (3, ) YAOBAETBOPAET YCAOBHAM Teopemu 3, JleHicreurensho,
¢(x, 7) HENPEPHBHE [0 X B CHAY TeopeMu 2 ¥), 3arteM, npousBomuas

‘P;w{x’ D=F(x
HEenpepHENa K3k QYHKIES ABYX TeEpEMeHHWX. TI0STOMY K YNOMAHYTOMY
HKTETPaAy TIPHMEHUMO npaEuio JleRGHHIA:

D.j?(x, n)dx==fcp:.(x. n)dx=§f(x. =1

Takum o6pasoM, nepad B npapad uyacTu paeerctea (10a), Kax Qyuxuan
OT 7, MMEWT DPaBHNE NPOK3IBOAHNE, CACNOBATEABLHO, MOTYT PasHHTBCA
passe Jaume Ha nocTosnuyio. Ho mpe y=<e¢ o0a ymoMspyTHX BHpa-
WeHHA OOpEIIAIOTCA, OYEBHINO, B HYAb, CAEAOBATSALHO, OHH TOMIE-
CTBCHHE NPH BCEX SHaueHHsX %, M paseacreo (10a) moxasawo.

[TIpa %==d m3 Hero, 5 yacTnoCTH, U noayvaercs pasenctso (10).

*) 3nece poab NapameTpa HrpaeT X,
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Bansuanus Dro paseuctso snepeue Swro yxazano Jfnepouw » 1769 r.
{sanewatano ® caeayounleM roay} ORO AMile MANOCTPHPYETCA NPHMEDOM,
«TaK KAK OCHOBAHWE STOr0 BNOAAE ACRO W3 NpHpons AMGPEPEHOHAXOB B HHTE-
IPAIOEY.

299. Cayuaft, worsa H NpeaeAH HHTSFPENA SABHCAT 07 BApaMETpa.
OfpaTnMca K PacCMOTPEHBI> Gofee CROMHOIG CIYUad, Korja Me TOMRKO ROL-
WATCTPATBHOS BHPAMEHHE COAEPKMT NApaMerp, HO W cample TMPENEAH HHTe-
IPAAA BABUCAT OT Hero. B oToM CIywse HATErpal HMeeT BMA

Bz}
1= if (* y)dx. (11

OrpannunMcs HCCTeIOBARMEM BONPOCA © HenpepuiBHOCTH H AnpdeperiH-
PYEMOCTH 06 MapaMeTpy noacSHOTO HHYErpana.

Teopema & Iyemiv dynryua F(x, y) onpedesens it Renpepusna ¢ npamo-
Yeosvruxe [0, b; ¢, d], a xpusse

x=u(y), x=p{y) c<y=<d)

Henpepmenn 1 we sux0dam 3a 220 npedeaw. Toeda usmezpar (11) npedema-
s4gem cooll nenpepseryo dynxgquo om y e [¢, d).

Bom v, ects aiofoe yacThoe 3sHauemHe y, 1o umrerpan (11) MomHo Ma-
OHCATE B BHOe

Blvs)
1= Jif (x, 3) dx -I-Ev‘f (x,y)dx "Kﬂ&y} dx. &
) 0) )

Teppuii nuTerpan, B KOTOpoM TNpefestl Yie DOCTOAHHE, HPH ¥ — ¥y CTPEMHTCAK
)
1=\ Flx y)dx
«{(¥0}
no teopesme 2, Ocrambible ®e ZBa MHTErpaia JOMYCKAWT OLEHKY
By

|§ 7 9 ax|<m 13008001
fl¥o)

i3 da| <M-1a ) —= 00l

rae M==maz | f{x,p}} ¥ —B cnay HenpepupHocTa OQyukaufl o(¥) n By —
OpH ¥ — ¥, CTPENATCA K AYAR.
Taknw 06pasom, OowOHYATEALHO

lim 7 (y)==1 (¥}
YrPy

YTO H AOKAILIRALT TEODEMY.
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Teoposa 6. Ecan, ceepx crazannoto, fiyuxyus f(x,y) 0onycraem 8 nps-
Moyzoronuxe [z, b;¢, u?dpmuy:o RPOUSEOORIO X,¥), @ makxce cy-
mecmeyiom i n}umaagilme O B O9), mo un lf){'umem RPOUSSOIRYIO
RO noposempy, KOMOPAS BUPENAEcR PHOpiy.

L18 )
1'0')=ify (x.y)ex + 8§ () -FRO) ) — o ) F (s Oh Y 18

W spech uu Syaes Hexonwts B2 pabencrea (12). Ilepswil muTerpaa npa
y=ay, HNEET NPONIBOANYN, NPENCTABNAEMYX RHTCFPEAOM 0T RPORBROAHOH

3
;‘:'f, (X, 90)dx

~no reopene 3. Jlan stoporo RHTErpaxs (SHaYEHEE NOTOPOTC HPH ¥ =y, €Cth
HYAb) HMEEM N0 TEOpEME O CPemHeM:

§
s | renax=2Q=00D 4Gy,
. 80 y—
IZ¢ X copiepmuvca Memay f(v,) m P(y). OTCIAA NPOHIBOZNAR BTOPOrO KHTE-
TPAIA APH y ==y, KOTOPAA COPNANAEY ¢ GPEReAOM HPENUICCTSYMMEro BHpIXe-

HBR DDE ¥ Y, GyXeT
F (v} £ 34}
AB2IOrayno, XxA NPOMIBOXHOR TPeThEro MATErpAIs OPE ¥w=y, HOTYIHM

—a (30} - S (& (Yo 30)-

Ofrexnuan Bee STH PesyabTATH, yOemDaMCA B ToM, uTo npoussomuas I (y,)
CYIECTaYeT B NAeTCA YXa3aHEOR $opuyxoh.

3aunYAKNE JeKADTEHNA 0eEX TEOPEN COXPANANT CBOX CRAY H B Dpen:
honowmenns, w10 QyHRUHA F{x, y) sanans {p obxamacy yReSamHHME cBoflcTeamu)
Xuuib B O0ASCTH, CONEPRAMSHCR M e X XY KPHBHMNHK

x=a(y) B £ =B

BoamowHoCTs paccMarpReath $YHKORE® H BNe sToff OOQACTH HCTOALIOBAHA
Guza Xas yOpOWeMHA Daccysnenmi,

floyunTeasHo BSrASHYTH HA YCTAROBNEHMEE PEIYALTATH M ¢ TAKOR TOYKM
SpeHUR; RAterpax /(y) MoayeaeIca Bs pRTerpaga

1o o)== | rtny ax,

SABHCAMErc Ot TpeX napaNeTpoB ¥, «, O, Noacraromkoll g=oy), o=H(y)
Bonpoc scuepnusaercs aphueneaned 00T TeopeM O HEMPEPLBHOCTA R O AH(-

BAHRA caomAod Pyaurn. B uacrioctr, Qopuyaa (13) nanscana no
KEICCHYCCKONi cxeme:

df

T R Y



900] 4 1, SNEMEHTAPHAN THOPHA 147

300, HpaMepst. 1) Buuncants mirverpax
I= OS B=x e O<a=zb).

TIpeAcTaBHE NOALUTErPARGHOE BHPAKEHHE, B CBOW ouepess, B BHAE HHICrpaxa

b

X0 — x¢

-‘ﬁT=S"‘?
a

R MEPECTABHE — N0 TeopeMe 4 — B HOBTOPHOM HATETPAAE
)
o 5 dx S w0 dy
[

HETErPHPOBAHAA HO X H MO ¥, CPA3Y NOKYIALM PEIY ALTAT
t

& &
dy 541
1={e S"’“"'Sﬁi ="y
L] a
2) BroMy BHYHCACHHN MOXRO PUEATH H EPYTYO IOpMY, SCHH PICCMATPH-

BATL HHTErpAS [—nADR QHXCHPOBEHHOM 0 —KAK (YHKIHID OT e pe-
xennoronapsmerpz b(d==a) Mo reopene 3;

1
di ]
=) P53
CxegoBarexnio, I=In{d +1)4C.

Ho npn b = a mnterpax [, ouessaro, odpaniserca & 0, Tax 970 Ce=—In(a4 1)
HloAcTapass, MPHIEM &k TOMY e pe3yALTATY, V10 B BHIE.

8) B paccMoTpenHBX cAYYAAX BWRORBEHHEe YCROBHA Teopemn 3 Hrm 4 Guxo
HEDOCPEICTBeRHO ACHO. [Ipi miﬂmemm BTHX YCAOBUA BAXALYEHEE TEOPEMH
MOWET OKA3ATHCA Aes e pHH M [IpHBRNEM HpHMED 3T0T0.

Ityers £(x, ¥)= { x':x')' B mpaxoyroasuaxe §0,1; 0,1). Torza
1 o
X 1
Sf(xvy}dx‘: x,+y.| =T+y‘ ly>0),
i

i 1
de SI(x-y)dxm aretgy l ==,

S T0 BpCNA XK

1 1
5 e sf(x.y) dy=—Z.,

Ornerun, uro B 1038e (0, 0} GyHRUNR F(X,V) TepmHT PAIPH B,
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§ 2. PABHOMEPHASt CXOAUMOCTbL WHTEMPAJIOB

801. Onpemenenne pasHOMepHOR cXxommmocT® HHTerpazos. Ilpu
PacHpOCTpaHeHHH HBAOKEHHOH TEOPHA HHTErpancE, S4BHCAHIHX OF Na-
pamerpa, Ha cayuaf HecoOcTBEeHHRYX ®ATerpance ocobyl poab
BrpaeT MOHATHE PABHOMEPDHOMR CXOAHMOCTH HHTErPAIOE, KOTOPOE
MH MPEABAPHTENBHO H BHACHHM.

fpeanonoxuw, aro ¢ynxuna f(x, y) sazama aas Beex suateHudt
XZ=a B BCEX sHayenuH y B HexoTopoH oGaactu ¥, Ilycts, Aajee, npu
KaxjoM y B oToR OGAACTH CYWECTBYET HMHTErpa’

10)={ /s yax. )

IMo camomy onpemencHH HeCQGCTBEHHOTO HHTETpana ¢ GECKOHEUHEIM
npesenon [n° 282}

[ A
gf(xs Pz =lim gf(x, ).
Taxus olpasoM, HHTErpax
A
F(4, 9= 7 ndx, @

npeacrasoutufl cofoft Gynknmo or A u y, npr y==const 4 A — o0
uneer npegenoM I(y). Ecan cmpemaenue smozo nxmezpasa & I(y)
npoucxofum pREROMEPHO ommocumessio y & ofaacmu ¥, mo
unmezpas I(y) nasweaiom paenoMepRO cXO0XRWUKCT OMRO-
cumessNo ¥ 047 yKa3anrwx 3navenull napasempa.

310 srauAT, uTo AMA mioSoro ¢ >0 HaltaeTcd Takoe He 3aBHCS-
mee or y uacho Ay==q, uT0, ML TOAKC A > A, HEPABERCTBO

[§ 7 ppae— ff(x, Nds |=|;ff(x, Ndzx|<e

OyfeT BHOOAHATECAOAHORDEMEHHO AAA BCEX SHauennit ya &,
Ecin conoctaBaTh HHTerpai (1), sapacanull oT Hapaserpa y,c 6ecko.
HEUHHM (QYHKIHOHAALHEM PAAOM

=]

Z \ 2y (%),
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rZe poas NAPAMETPA HrPIET X, ¥ BCUOMHATE cKasaHHoe B n°284 of
aHANOrHH MEkAY HecODCTSCHHHMH MHMTErpanaMi H USCKOHEUHMMA PA-
H2Md, TO CTAHEF ACHMM NOAHMH Napanie/mam MEKAY JaHAEM BHDE
onpefenicHIeM H ONpESACHASM PABHOMEPHOH CXOAHMOCTA paga 8 n° 264,

3ametn, uto nmenno 3afineas n Crokc, KOTOpHE OEpBRNH NPOTHBOMOCTAs
BHAH DAEBHOMEDHYI' M KEPABHOMEPAYN CICOMMOCTh (HYHKNBOHAALHOIO DAAS

[n* 281], omioppemenno yRa3aaH Ha nofobane XWe BOMOXHOCTH ¥ JXA HATE-
ooy

rpaxa S » COECPMAINETO Mapamerp.

o
JAR npaMepa PaccMOTpAM EHTErpam
o

§ ye*y dx,

nm-oguﬁ CIOENTCA NIPH KaMAOM QHECHPOBAHHOM 3Havenun v =20,
HYRCAHM HEMOCPENCTBEHHO BMATerpan

o0

5 ye* ¥ dx.

Tlpe y==0 on pasen 0, kakoBo 6K HA 6ua0 A; ecEH ¥e ¥ >0, TO C AONOMBE
OOINCTAHOBYH Xy =={ XerKo HaXONHM

© o
Sye"*?dxﬂ ie“‘dt=e‘ﬂf.
A

Koraa y ¢uKCHpPOBaHo, 570 BHpaxenre npn A — 00, 0YEBAIHO,
cTpesurcs X 0, W, Kakoso 6w HE OHno ¢ >0, HEPaBEHCTBO

AL, ®3)
Gyzer munoanatecd aaa Beex A > Ay (y), rae

ln—l-

A= y -

BABHCAT OT ¥,

Ecan msweHeswe y orpanmueHO npoMexyTkoMm [e, d], rae ¢ >0,
T0 HallaeTcs H He BaBHcAmee OT y uacho A, Takoe, 9TO TPH
A > A, wepasencTBo (3) Oyaer BHNOARATBCA Cpas3y AAA BCEX
JocTaroudo 8a A, npuAsTh Ay {c), #60 npun A > A, GyAeT TOrmA

et (c=y=Cd)

Hupivn  caopaMp, Halk HHTErpan CXOAHTCH PABHOMEPHO OTHO-
CHTesLHO ¥ B mpoMexytxe [¢, d).

Hraze OGCTOMT AEN0, €CAA MAPAMETP ¥ MOMEHACTCH B OPOMEXYTKE
[0, 4] (¢>>0). Ha sror pas rakoro A, yme wue cymecTsyer (ao
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xpaitnet Mepe, ecan =< 1), Oro BHAHO Xo1A OH H3 TOCO, 4TO, CKOMB
GoApisaM HH BosTh A, pupawesne ¢4 crpemmrcs k 1 npa y—0, 1ak
9T0 ANS AOCTATOMHO MaAWX BHauewwH y ono Oyaer Goawwe awoloro
ancaa #< 1. CXODMMOCTh BHTErpaza NpH MSMEHEHHH Y B OPONCKYTKE
[0, d] yxe ne Gyner panHOMepRON OTHOCHTEABHO Y.

802, YcaoeEe M AOCTATOUHMNE® HPESHAKH PABROMEPHON CXONN-
mocTH. [Tompsyach ofwiAM KpATEpHEM PIBHOMEPHOrO CTpeMACHHN (yHK-
uun K npegeay [n° 295, 1°], MoxHO NpUMEHWTEMLHO K PACCMATPABAEMOMY
Cay4a COOPMYABPORATL €r0 Tak:

Jag mozo wmobnt unmezpas (1) cxodusch paswomepno ommocu-
measwo y 8 obsacmu Y, KeoGxodusmo u docmamowno, wmobs npnm
awfox sadannos & >0 Hawmaocs maxoe wHCA0 Ay, Ke 3G8UCAHEEL
om ¥y, Lmobs NepaseNCIngo

lff(x. e — ff(x, e ]=|jf(x» Nde|<s

SUNOARAROCE COROBPEMERRO DAR acex y u3 ¥, samis mossxo
ADSA> A

YcrauopaM Teneph HeKOTODHIE UPHBHIKG, IO XOTCPHM OGHKHOBEHHO
HA DPAXTHKE CYAAT O PABHOMEPHOR CXOAHMOCTH HHTErPanos.

1°. Mu Oynem npemnoasrate ¢ynxmuo f(x, y) nenpepuesoft no x
ans xz=q, Ecan cywyecmsyem maxas, sasucswas sums om x, Gynx-
gug ¢ (x), aumezpupyeMan 8 Gecxonedno X npoMexmymre [a, ool
Mo npu 8cex SHaueRuRx y 8 Y

IFee Niet) (a2 x=a),
mo unme2pas (1) cxoduimcs pasRoMeP RO OMNOCUMEAIRO Y (8 yKa-

sannoli obsacmu e20 snavenui),
3710 HENOCPEACTBEHHO DHITEKAET M3 HEPABEHCTBa

A x &
|[§76 nae|< f1res i< focras

€CAH BOCTIOAB3OBATHCA TONBKO YTO AOKASAHHEIM KDHTEPHEM,

Tlps yxasawAMX YCAOBAAX RUOTAA roBOpAT, Tro dynkaus f(x, v)
HMEET RHTETPEPYEMYI0 MAMOPAHTY ¢(x) #am 9o murerpan (1)
MaXOpHpYeTCs CXOOAMMEMCE HHTETPaAON

f?(x) dx,

HE COHCPKAMHM fapauerpa.

Jlerko yCmOTpeTh CXOACTEG STOr0 MPHSHAKA ¢ HOBECTHEIM TpPH3HA-
KOM DABHOMEPHOH CXOZMMOCTH (YHKIMOHANLHOTO pAfd NPHHAAAEKA-
nen Befiepwitpaccy [n°268]
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Heumer. 1) Hiterpax

-]
co8 gx
CIOAMTCH PABHOMEDHO OTHOCHTENbHO MapaMerpa & (» nwfofi o6AaCTH &rc HaMe-
HEeRER), MAROPHPYETCA CXOARLINMCH HHTCIPLAOM
o
dx
F + P’

He CONEPWAMAM &,
2, PaccMOTPEM RUTErpazd

jf(x. 9 -gx)dx (o), Sﬂx)«g(x. Ndxr @)

OT NPOE3BCACHNA ABYX (yMEuHf), #3 EOTODHX XML B ORHY BIOUHT MAPAMETD ¥,
meneHAmmAfica B Hexotopolt ofaacta %, n cdopuymupyem zas mHr Gozee
TOHKNE mlr’pnsum PaBHOMEPHOR CXORUNOCTH, KOTOpHie CXCMHDYEM ¢ IpH3Hi-
¥os n’ 287,

Pymxnun £ B g (B cayvae HagoGHOCTH — NPH ¥ mxcONSt) MM, EAX B TiM,
CYNTAEN HENPEPHBNLIMA (YRKUMAME OT X, a% CREDX TOr0, NOROTORHOB M
ANemel HERPepHRH mmomn no x. Torna
S? urmezpas (48) CXOGUNS pEENOMEP RO OMBOTIMERO ¥ 8 W, ecam
OHIRE2PAR

4
o (4, y)==Sf(x, y)dx

ROAREMER POSROMEDRD OZPANUNERHNN NPy 8ceX A U stex W
[*ANl<K (K=const);

_21) £{x)—0 npu x —co.
O9HO TAK XEe

ill) unmecpas (46) cxo0UmMoR PEBROMEPRD OMHOUIMEASRO ¥, ecAl
'} unmezpas

-
{reax
a
exXoDames, o
2) Pynqua g (x, y) PUSHOMEPHO 02pENLULKA AR CEX X W OCLX ¥
g M<L  (L=const).

Y7o xacaerca xoxasateanctss, 10 OHO, Bo CYIIECTBY, OCTHCICH UpEEHAM,
19K K3¥ — BBRAY HEIaBHCHMOCTH MocromHRuXx K # L or y—u oneska mm-

T Aq
erpaza .
jf-edx
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NOAYGaeTCA HE3ABBCHMO OT ¥, WeM H ofecmeudBiaercd pasHZoMepHanR
CIOLAMOCTD.
Hrumer . 2) Hurerpaa

o
X gin ax d
'Y +' X ad
CXOMHTCE. DABHOMEPHO OTHOCHTCABHO 6, AfS a =48, > {0—mo npussaky {I).
JeBicrsnTeXbio, NOXOERAS f{x, 4) == sin 2x, AMeen

A
|§sin ax dx| =l—cosad g..":.=;c
& a,
C Epyro#i cTOpoHM, $yHRUHA
x
glx}= i

MoROTONRO yOumag (HO kpafineR Mepe, naq nocratonuo GOABINX Xx), CTpeMuTCa
X 0 apy x — oo,
3) Vinrerpax

oD
bsr“mdx
X

CXONMTCA PaBHOMEPHO OTHOCHTEIBHOC &, ANa a=>0—mno npHaasxy (I} 3aecsr
I [x)=£i%'£ muTerpupyema of 0 110 €O, & MOHOTOHHO YOuBALUIAA (B MHPOKOM
cupicxel) dyrknBa g (x, 8) ==&~ orpaHnueHs eaunnes,

303, Cayuaft Waverpanoe ¢ xoHeURNME mnpexenamd. Pacemorpnu
Tenepe Qynkugn fx, y), onpenenenuyic NAM sHaNeHAR X B KOHeU-
HOM mpoMexyTke [a, b] n sHaueu? y B Hexoropoft ofmacts ¥; mycts
npy y==const oHa uHTErpHpyeMz no X (B COOCTBEHHOM CMECJAS HAR
Het) oT 2 no b, Torza murerpaa

b
19)=f(x.y)dx, ®)

6yas oH coOCTBeRHHH HAH HeT, ABARSICA NpefesoMm npd
%-— 0 BHTErpana
Bt

wn= | flxpdx. (6)

Ecan cmpemaenne smozo unmespase npg 1—90 x npedesy 1(y)
BPOUCXOBUM DAGHOKEP RO OMHNOCEMEASNO ¥ 04 IHa4ennil y &8 of-
sacmu ¥, mo zosopam, wmo unmezpas (5) cxodumen paASHOMEPRO
OIMHOCHIMECASRO ¥ 8 YRAIGKNON oOiacmi.
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3ro snauat, 9T0 At moboro € >0 HallmercA TAKOE HE 3ABHCN-
wee 0T ¥ uncac 3 >0, 90 AL TOALKO 7= 3, HEPABEHCTRO

]if(x,.v)dx—-’gqf(x,y)dﬂ"—-l i f(x,y)dx|<=
[ F ] b-‘l

Gyng BHNOAHATRCA ONHOBDEMEHNO AAY BCEX BHadveHnf y
H3 .

Herpyano cdopmyanposats agecs ycaoBue, HeofXOAMNMOE ¥ AOCTA-
TOUHOE NAA PABHOMEPHOR CXONHMOCTH, PaBHO KAaK W HEpeHecTH Ha pac-
CMITPHE3EMHN CAyualt gocratousste npusuaks n°802. Ilpenocraenasem
STO YHTATEAN.

Mu pacemarpneasn unterpan (5) Or a A0 b KaK npenea HuTe-
rpaaa (6) or @ A0 b—+ H HAC MHIEPECOBAA XAPAaKTEp NPHOMMEHHN
NOCACHREro HHTErpada K CBOeMy mnpeaeay. Takus ofpasom, ocolywo
poas saech WrpaetT TouKa ¥=»¥ (XaK B n° 301 — touka x==o00). Moxer
HORSHOGHTRCA (B BABHCHANOCTH OT OGCTOATEALCTB, KOTOPNE BHACHATCS
JanpiHe) oTeecTs noAcGHYI0 e poids @ ADYrof TOuKEe NPOMENKYTKA.
Hanpumep, ToT e uurerpan (5) MOXHO DACCMATDMBATL Kak npenex
npa v— 0 uxrerpana .

yan={ rieyax.
a1

Ecna nocneauafl npr v~ 0 npHOMMICTC K CBOGMY NpeReAY PasHO-
MEPHO OTHOCHTEABHO Y, TO TAKXKE TOBOPAT O PABHOMEpDHOHN CXo-
aaMoctTn mererpanz (5). Bce crasanHoe Ballle NEpeHOCHTCA H  Ha
9TOT Chyvalt,

Ecaa MoMET BOBHHKHYTh COMMERHE OTHOCHTEABHO TOr0, O KaKOM
cAyuae pAPHOMEPHOH CXONMMOCTH MAET pedb, POROPAT, WTO HAMe2past
cxolumen poswoxepno (OTHOCATEABHO y B onpejencHHoff o6aacTa),
COOTBETCTBEHHO, HPU X==00, #pu X =0, npt X=a U T. 0.

Ormerud, 4TO, KEK ERPIBHIO, PABHOMEPHAX CXOAAMOCTE HHTErpana
(b}, ckamem, npr x =25, nac OyJeT HHTEPECOBaTH B TE€X CAYUanX, KOTAA
BMEHHO TOUKA X==2J OKasuBaerca o coGo# Axa wrTerpanz (5) 8 cuucae
r°288 —npu Tex AW MHWX davenudax y. Ho onpeaesenue He TOABKO
(opMaaLHO COXpaHACT CHAY H TOoraa, Korma #mterpan (5) mpA mcex
BHANEHARX OKABHBRETCH COGCTECHHHM, HO, HEK YEHIHM, MOXET OKa-
83T PEANBHO YONESHHM TAKKE K B STOM CAydae,

Hanprwep, BRterpad

[ dr e
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AAR XARROrD auavenua y » npomexyrke [0, d}, rae d >0, GYAST cymecrsobars
Kk coberpennuf. OABaxo RIS YKaIaBHOTO MEXYTKE HIMEHEHHS ¥ ET0 CXO-
Admocys He Gyner pasHosepnoll mpH x =0, lleficrenTeanno, HEpaReHCTEY

j?%,ax.._-m.}“

€cAn TOABRO c<% HEABIN YNODAETBOPHTL ONHODPEMEHHO XAS BOEX SHAME-
BHA y>>{; CXONM MANMM NM B3ATS %, €70 NCBAR 9ACTH IPH ¥ —+0 crpemmtca
H % B, JAR HOCTATONHO MaJWX SHAueHull y, Cymer uapepHO COXbIE, UEM v

§ 3. HCTOAB30OBAHNE PABHOMEPHOA CXOIHMOCTH
HHTETPANOB

804. Tpexeanuuft mepexox mox sHaxoMm HATerpaxa, Mu sabimemcs
TENCPh MBYUEAMCN WHTErpana ¢ GecKOHEYHWM NpexenoM

10)={ f (s, )¢, m

KOTOpHH 3asACAT OT HapauMerpa ¥ (HaMmenmomerocd s obmacte %), n
ROKAMEM AR HEMO pPRA TEOPeM, CXOAHHX ¢ TeopeMauu n°206—208,
YCI2HOBNGHHMME JAAA RATErpaAoB B cofcreensoM cMbicAe. Ilepexox
OT ORNHX Kk ApyraM OYZeT OCYIIECTRAATLCA MO TOMY e IUIAHY, KOTO-
powy Mm chegopaa B n°286.~270 npn nepexeceHHu CBOHCTD KOHEN-
wolt CymMit GyuKkuulh Ha cayual cymms GeckOHeuwHOro GYHKMEOHZALHOLO
prug. [logobno TOMY Kak TaM pemalomiyioc pONL Mrpaza pEEHOMEpHAA
CXOMUMOCTh  (YHKUMOHAREHOTO psNa, BSRECH TAKYO ke poasp Oyner
WTPaTh DABHOMEDHAR CXOAAMOCT: HHTErpana Runz (1). Takmm ofpasowm,
pykosomatied RAceA AAd Hac cnoBa GydeT T4 aHANOMHA MewAy Oecko-
HEUHHIMA PAXAMY M HECOGCTREHHHMH HMHTErpanaMy, KOTOPYW MH He pas
noauepkasaxy [n° 284, 301).

Haukem WH ¢ BOTPOCA O NPEASALHON MAEPEXOAE NOX SHAKOM HETe-
Tpana, PACRPOCTPAHEHHOrO HA GeCKOHCYHHN MPOMEXYTOK.

Teopema | u° 206 ua s7or cayuall He PacHPOCTPARAETCS: eCRH
make BO BCeM OGeckOHeuHOM mpoMexyrke ¢ynknms f(x,y) npu
Y->¥, DPEBHOMEPHO CTPEMHTCH K BpencibHOR (yHKIHH @ (X), npe-
BeAtHHR DEPEXON NOA SHAKOM HMTErpald MONET OKBI3ATHCA HEACTY«
CTAMEIM,

Paccworpun, s BHge npnsepa, pyukamo (#:===1, 2, 3,...)

fo@m=Bree T (x>0)
fa@==0.
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OGHYHHME MeTONAME REPQepeHNBSALHONO BCUMCACHHN JETKO yCTaHo-
BUTB, 9TO HaHGOABINEro snauem;a sra (QyHKRES AOCTEF2ET NP
X g, # DEBso0 OHO %_ge-'f. Tax xax npu A—>CO BTO SHade-
HUE CTPEMUTCA K MYMO, TO OICKAa 7CHO, w10 dymama f,(¥) mpm

B—00 B0 BeeM RpoNexyTke [0, o0] paBBOMepnoO CTpeNAICH
E ¢(x)==0. Ten Be Mehee MuTErpan

5A®n=1

NPA 7 =00 BOBCE HE CTPEMHTCH K HYMO,

Ycaosns, AOCTATOUMWE A/ AONYCTHNOCTH NpPEREABHOTO REpexoa,
BalOTCA cAcEymel TeopeMo:

Teopema I. MMycms Pynugus f(x, y), onpedesennan 4% xz=2a
 0ag y u3 ¥: 1) nenpepusna no x u 2) npn y -y, cmpesumcn
K npedessnoll ynkgun @(X)—PpaASNOMEPRO OMROCHNEAINO X
& xamdox xonewnox npomeacymue [a, A). Ecau, csepx mozo, 3) un-
mezpas (1) cxodumer pasnoseprRo omuocumessno y 8 ooaacmu %,

mﬂ (-] L]
tm sf{x, y)dx = S 9 (¥)dx. ©
""’l“ }+

Ornernn, mpexse soero, wt0 ¢ynxuas ¢ (x) OyAer raxxe nenpe-
puenolt {u° 295, 2°]. Tlo ycroBuie pasnomepnoft cxoxumocts [n° 502]
ans awboro s >0 Balinercs Takoe Ay >4, 4T0

Al’
§f(x.y)dx|<=
Eas Beex y w8 &/ oanobpemenno, Amus ToMKo A > A > A, Tlepe-

X0Ad9 BiECH X MpeReny NpR y—» ¥, DOX 9HaKOM BMTerpans [u° 296,
TeopeMa 1}, noxyuns A
<&

Sw(x)dx
otkyla caeayer [n° 286), sro Qywxums ¢ (x) snrerpapyema 5 Oecko-
HeyHoM mpomexytke [0, col.
Hlanee, np awboN A >a, uNeeM:

§f(x. y)dx-f?(x)dx

A |
s.;{ fre y)dx—Sv(x)de+

+lif(x» y)dx

+|§1>(x)dx
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Ecan B3ATh O RPOASBOAY UACAG & >0, 0 MOXHO cHAYANA PUKCH-
popate A 7aK, urobW BTOPOE W Tperbe CAaraeMHe CNpasa CramM

<-'3- (nesasucumMo 0T yI), a sarem HacToABKO NPHOARZHTE ¥ K Ve

900w caexaTb B nepsoe Casraemoe < [n° 296]. Torsa, zas yka-
saHHuy y, Gyner

<s

?f(x, y)dx—ofq’(x)dr

810 B TPHBOAMT K (2),

Orcrona, npamensa ofobmienkyio Teopesy Hann [n® 295, 3°), moxno
TIOAYYHTD TAKOE

Caedcmene. Hycme neompuyamesvuan dynwgus f(x, ¥
HenpepuRera no x 048 XZ=a u cmpeNumcR, 803pacman
¢ sospacmarues y, & npedessnod ynxmgun ¢ (x), maxxe nenpe-
puorof o yxasannom npomexcymie. Tozda u3 cywecmsosanun
uNme2para

froas @

Yace suimeraem Kax cyujecmeosanue unmezpaaa (1) (apu bcex y ns ¥,
max u nosugue gopauyan (2).

ITo ynomauyToft TeOpeMe NpA YKasanHHX YCAOBUAX CTPeMJeHHe
dynxnmn f(x, ¥) K ¢{x) Gyaer paBHOMEPHHM OTHOCHTEABHO X
B M0GOM KOHewnOoM npomexyrke, [lazee, B cmay reopemnt 1 n° 285
cyuecteyer amrerpan (1), TaKk Kak

fx <eln)

dynxund ¢ (x) ArpaeT OAHOBPEMEHHO H pois Makopantst [n° 302)
ofecneadgaoute! papnoMepayw (oTHOCRIEABHO ¥) CXOZHMOCTH
wnrerpana (1), Taxem o6pasoM, COOMOAGHBI BCE YCAOBHS HAY MNpPAME-
Henns mpexsiaymell TeopeMsl.

C npesenbHuM DEPEXOAOM NOA SHAKOM HMHTErpala 4amie BOErO NpH-
XOAMTCA HMETh HENO OPUMEHHTSABHO K DOCAENOBATeALHOCTH GyHKuRH
{f.(x)}. Tlepexoas or nocremoBarenbHOCTEH Kk OGECKOHEUHWM pALAM,
MOXHO NGAYYHTb, TakuM 06Pa3oM, HOBNE TEOPEMH O© MNOWICHHOM HHTE-
TPEPOBaHUE GYHKIHOHAMBHKWY PALOB.

Bot, nanprmep, kakyi (opMy [OAYuSET CAEACTEHE

flycms pad

a

EI w, {x)
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cocmoRmul U3 ROROINCUMEADHNX U HEApEepMERWNX Oaf
xZ=a dynkgull, nxeem 0A% SmMUX snavennd X Kenpepuwsny o e
cysuny ¢ (x). Ecan nocreduan 8 nponesymue [a, | co] unmezpupyena,
mo 8 MoK NPoMeNCYmKe PAd MOWCHO uUHMe2puposams ROY LAERR O,

Hakonen, npoctrie crencteueM us Teopems (1) apaserca u Teopema
O HElPEPHBHOCTH MHTerpana (1) mo napamerpy.

Teopema 2. ITycms Pyuxgun f(x, y) onpedesena u Henpepusua
(vax yrryus QBYX NEPeMeNrHnX) OAR SRAUEHNE X Z=a U SHaderul y
& npoxexcymre [c, d]. Ecau unmezpas (1) cxodumesa pasnoMepio
omHocumessno y 8 npoxewcymye {¢, d), mo ox npedcmasagem cofon
HEnpEPHBRYI0 PYRKLUI0 Om NaposMemps ¥ & SMoM npoMexNcynKe.

JleficTenTeabko, KaKk MH  pujess B n°206, npu HsmeHenwH X
B A060M KOHEuHOM npomexytke [a, A] dymkuns f(x, y) npm y—y,
(rze y,— m06oe YaCTHOE SHAYCHAE J¥) DABHOMEDPHO OTHOCH-
TeIBHO X CTPeMHTCS Kk npeseasHo dymxumn f(¥, ). A Torma, mo
TeopeMe 1, B uMTerpade (1} MOWHO DNepeliTH X Npefeay NOA BHAKOM
AHTerpana;

lim I{y)==1im { f(x, y)de= S Fle y)dx=1(y),
P i ] J’—'.‘l'oa K,

YTO A AOKESHBAEY HALE YTReDKAeHBe,

IMpocro nokasupaeTcA # anajior reopemu Jaum [n°267]:

Teopema 3. Ecau nenpepuswan Pyurgus f(x, y) neompuya-
MeAERA, MO U3 Henpepwsnocmy unmezpass (1) xex dyaxyun om
nGpAMEmpa, BHMELACM PASNOMEPHAR €20 CXODUNMOCHIS.

B sroM cayyae nenpepupHas [no Teopeme 2 n°208] dynxupa ot y

A
§ e p)as

npd BospacTannn A —gs03pacTaeT M, cASNOBATEALHO [0 oboGmieH-
woit Tteopeme JlmuW, n°295, 3°], cTpemnycs K cpoemy mpemesy (1)
PABHOMEPHO OTHOCHTENBHO ¥, uTO H TpeBOBaNOCh MOKASATH.

305, HaTerpupoBaERe HHTErpaZa mo oapamerpy. CHanaza goxaxem
CASOYIOMY TEOPEMY:

Teopema 4. Ilpu npednoscowennsx meopess 2 useem Mecmo
gopuyaa:

d d @ oo d
Vioyay=\ay (fio pyax=as{ 10 yay. @
Heticrearensno, npu moGom A >a

fIU)dy=idy ff(x, y)dx+§dyjf(x, y)dx;

¢
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HO —no Teopeme 4 n° 208 —
£ a 4 d
§ar rax=(az sy,
T2K YTO PAsHOCTH ot °e
d A d
§1ovay—{as{ray
HaMHAOIeTCH B BAAS ’ : )
d d A 4 ]
Jrordy— oy {rae={ay { ra

Bcan Teneps~-upd npoasBoLHO MadOM ¢ >0 —pasts A Ha-
croasxo GozsmuM, 9ro0u Owao
o0

fret<e

npH BCEX ¥, TO YNOMAHYTan paswocte Oymer (aGCOANOTHO) MeHBHIE
s(d—c). B raom cayuaze

4 A d
§f(r)¢y= Jim. S dx Sfdy,

910 pasHochamko (4).

Ecan mocuomesosarsca teopemofi 3 [0°304], To rerko BuBecTd
OTCIOIA TAROE

Caedcmene. 8 caysae neompugamearsnoll gynugun f(x,y)
odna kenpepusrocms unmezpgaa (1) no y esewem 3a cobol (op-
w4y (4).

axum  OOpasoM, MH — OPE HIBECTHAIX  YCHOBRAX ~ YCTAHOBRAR

ApaB0 NEPeCTaBASTh ABA HMATErPana, U3 KOTOPHX OHNHH DacApOCTpaLen
Hz GecroHeuHHH DPOMEXKYTOK, a JAPYrofl — Ha KOHEYHHH,

Mexay TeM BO MHOTHX CAY9aSX KaK Pas HPHXOBHTCA DEDECTABAATH
HRTErpans, psaree ofa B GeCKOHEUHMX NPOMERYTKAX, N0 dopwyre

i dy if (ey)de= usodx ?f (x.3)dy. (5)

Onpaspath Takyio NepecTaHOBKY YacTO BPEACTadARETCH AEAOM CAONMHHM
¥ KPONOTAMBHM,

Jlume AnA yOROTO Kaacca caydaes yAaerca ofocwosate dopuyay (5)
OGIUNE COOBPaKEHAAMY; HanpHMED:
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Teopesa 5. Mycms Pynknus f(x, y) onpedesena u Kenpepssia
AR XZxa u yI=¢ U Bpumox Keompugameasna. llpeonoso-
HUN, dosee, wmo ola urmMepass

{renas  §rene

ROARIOMCA Renpepu snu Mu PynKgussu, nepswli —om y, a sno-
pod—om x. Tozia, ecan cyuwecmsyem odun u3 8yX ROSHSOPHNX
urmezpasoe

nfdy ff(x, )iz, jfdx ff(x, Ny, ®)

mo dpyzoff maxace cymecmsyem, u uMeem Mecwo pasexcmso (5).
Honycruw, wro cywecrsyer sropo# us msrerpanos (6). Ilo
NMpeZHAYIeMY CACACTBMIO, AAS MOGOr0 KOHETHOTO C>c GyaeM BMeTh

fdy S‘ofdxm iaffdy. (7
Tlopsrrerpamuan QryRxons c
Sf dy

HHTErpaja cOpaBa, Kak ¢yHxupa or x B C, HenpepmpHa mo X
[reopema 2 n° 200] H-—c sospacranmeM C A0 OGeCKOHEIROCTH-—
ROB3PpACTAaNR, CTPEMATCH K (pyﬂmnﬂl

i’f dy,

N0 NpeAnoAOKEHHIG HenpepusHOf o #HTerpHpyemod no x or a4 xo oo,
Tlpamenve Kk uuTErpany B npasoft yacta (7) caeactome o° 206, mowem
B 9TOM HHTerpaze nepeHrm K npeieay npn C-—o00 NOA BHAKOM HHTE-
rpara, B TakoM CAyuYaE He TONRKO CYWECTAYeT H TNpeAca BHTerpaxa
B aesol wactd (7), T. & nepeuft u3 murerpanos (6), ko u ofa moBTOP-
HHX MHTerpaia OKaSHBAKTCY PEPHHINH,

§00. OmuddepeBunporanne NATETPARA N0 WAPAMETpY. OTHOCH-
myped Ciofa TEOPeMy NH BHBENEN HB TeopeMd 4 npeamayniero Ho-
Mepa, HanojoGue Toro, kak B n° 270 aum aoxssamm Teopemy 5, onu-
pasce Ha Teopemy 4 n° 289.

Teopesa 6. liycms fiyusnus f(x, y), onpedescnnam u nempe-
pusnag no x 048 x==a u y 6 ¢, d), uneem 449 yxasawsnx sHa-
CeRRE B NEBPEPRENYIO BC O0cUM RepeMenswx npoussodnyn fy(x, ¥).
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Iipednoroxcun, daree, wmo numezpas (1} cxodumeR OR% scex ¥
¢ [¢, d}, a unmezpas

[+
§ 1yen 9y ®
&

HE MOABKO CYWECMBYen, HD CXODUMER P 8 KO M e P K O OMKOCHMEALHO

8 mox e nposexcymre. Toxda npu awlou y u3 [¢, d] umeem mecmo
goprysa

ro)y=\71,6 ndx.

Ipumenns x ¢yuxunn fy(x, y) Teopemy 4, /mms 3samenus d Ha
moboe y (¢ = y= d), GyaeM wMeTs

i dy S?f,(x, .v)dx=°§dx gf}(xs Nidy=

=] o
= {7 par— {f 5, 9 ax
o [ 4
Tak "Kak NOMMITErpanbuad (yHKUuS WHTErpaza cAeba, T. €. HHTErpan

ff} (%, y)dx,

€CTh HEMpEepHBHad (GyHKUAS oT ¥ [no Teopeme 2 n°304], T0 wurerpan
cnena GyneT MMeHHO e EMeTh CBOSH DpoRSEOAHOH no y [n° 188, 12°).
Caemosarensho, Ty e NPOUSBOmHYK OyZEeT HMETH, ¥ Huterpaa (1)
B MOCJAcAnel YacTH PaBeHCTBA, PasHAUIMicA OT HHTErpana caeba UL
Hz nocrosunylo. Teopema nokasana.

807. 3ameuanne o6 HHTErpa’ax ¢ KOHeURRIMH mnpencaamn. Mu
AQAPOGHO PACCMOTPEAH BONPOC O CBOHCTBAX HATErpana

()= sf @, y)dx, 6

DAY KOTOPOTO EAVHCTBEHHHM 0 C o6 1M 3navenseM x Omaa oo, IMTonoG-
Had WEe TeopEs MOMET OWTb DPasBuTa H JJIA CAyuaes, Koraa ocoboe
SHaYenke x OYAeT KOHEUHHM, HANPHMEp, COBNAZET C BEDPXHRAM Tpege-
aox b muterpana

-]
10)=\fx )ax.
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Bo BCeX HOKA3aHHHIX YTECPHACHHAX MONKHO DOAL OC OTBECTH uucay b,
8aMEHHE TNOBCIOAY pABHOMCPHYI0 CXOQHMOCTD PR X =00 pDasHOMEp-
HO#t e cXomumocTeio npA X ==, {n° 308} Bor, wanpumep, Kak mepe-
¢bpasupyerca Teopema It

Teopema I3 Jilycme Gynxgun  f(r,y), onpedesesnan 0an
asx<b u dan y uz Y. 1) uenpepusna no x u 2) npu y-—>y,
cmpeMumcs K npedessrot @ynxdguu @(x) —poasROMEpRO OMKO-
cumessno X & Kaxcdox npomewmymce [@,b— ). Ecau, csepx mozo,
3) awmezpas (8) cxodumen pasrRoOMEPHO OMROCUMELSNO ¥ 8 O
aacmu Y, mo

b b
lim \ f(x,)dx= Sq:(x) dx.
y=y0y :

Koreuno, MOXKET CIYYATHCA, YTO HaAHIO AB2 OCOGHX sHavenna X,
CKOKEM, X==a A X==0C B TOM Ke Rurerpate (1). Moxro nepenectn
BCe YTBEDDKOEHHA H HZ $TOT Cayual; 4vacTo, OAHAKO, NPeNCTABARETCA
yuoOuwM [I0MPoCTy npeacrasuTe uurerpad (1) B BHfe CyMMH ABYX

§=f+§ (@< b <)

B NPHMEHUTD HSMOMEHHYI0 TEOPHI0 K KZXAOMY d3 CRAracMHX B OTHE/E-
HOCTR.

308, BuuicieHde HexO0TOPHX HecOGCTBEHRHX WHTerpaxos, TeopHs
HHTEFPA/IOB, SaBHCAINMX OT MAPAMETP2, C NOABIOH NPHAILAETCS K Bhis
YHCAEHHI0 MHOTHX KJAaCCHYeCKHX HECOGCTBEHHHX HHTErpPanos.

1°, IMocrasum cele 3anauell BHYUCAEHHe WHTErpana (SHaep)

o xH
E:“‘-—ﬁ-l—:‘-_—xdx.

Tpexae Bcero, YCTaHOBAM, MIA KAKBX SHAYeHRH mapaMerpa g vToT
unyrerpas boobme uMeeT cmbca Ocobbe sHaueHum: X ==00, £=0
(npy a==1 nocreanss Touka He Gymer ocoGoH) PasoGbem unTerpaa
Ha OB#

E=&+a=j+§;

nepeaift cywecrsyer npu g >0, #60 TOrA2 — ecad &< 1 — nommHTe-
Fpamsuad GyHxkuas npa x—»0 Oymer Oeckoweuno OGorbluofl, mopsnka

1—a<C1, no ¢pasHeHuso c% {n°200], & Bropoh —npa g<1: Torsa
DOARMTCrPAAbHAY GIYHKUMA NpA X —» 00 OyZer GeCKOMEyHO MaaoR
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nopagga 2—a > 1, no cpasuenumo ¢ —:— [n° 285). WUrax, paccuarpassemuil

spverpan cxoaurcs, ecam 0<Ta<(l; B STON DPEANOAONSHRH N 3afi-
MENCH €TI0 REYHCACHBEM,
Has 0<7x <1 AMeen pasnoxenue B pax

. )
e =2 e,
i

KOTOpNHl CXOZUTCH PaBHOMEPHO, Jamy ecal O<{estxs1—o' <1,
Ho uacriunes cymma nMeer surerpupyemyw B {0, 1] mawopanty

a—1
0 Y 1y st ZR O]
pwD

CHEROBATEABHO, HHTETPAA OT HEC CXOAMICE DABHOMEDHO Rax npu x=—=0
T8k B mpH x=1, VNverpupys nouwaeHHo 1o (MoaBgmunHpoBaMNOA
reopere 1, noayunM:

w 1 o0
E= 5 (=P xidg= Y I
;_'0 A atp

I 3

Hurerpaa E; noacranopkoR ‘”"“i!:' BPHBOANM K BHAY

1 1
o Pl ]
E*=5 T+ ‘-"-‘-"S'r:lr"x-

TIpuMenas yxe ROTYYCHHOS BHING Pasnomesue, RaAcM:

Taxam oOGpasoM,
et S (rrits)

Mu yxe epcrpevasn «pasiiomenite B Opocte ApobR» $yHKERA
%[& n° 208, 8% cm. muxe n° 406, 3), sameqanne]:

vt for ().
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TTonarag snecs #==:%4, BPAXONUM K OKOWYITEALHOMY PesyALTATY:
o0
xﬁ-l
E”(S T =gms  0<a<D

2°, Has BHYBCACHWE HHTETDAAA
o

“‘sinxdx

X

[cp. v° 208, 3°] smesem B paccwotpense Gonee ofwmfi Murerpas,
coacpRamul napamerp:

I(a)m-——-&se“‘*%{—dx @=0),

H3 KOTOPOFO NPEANOMEHBHR RHTErpad NOAYYACTCA NPR a==0. Mu ywxe
anaew, 91O Hurerpas Jf(a) CXOAATCH PEABHOMEDHO OTHOCHTENBHO &,
zag az==0 {o° 802, 3)], u, caemoBaTe;ssio —no Teopeme 2 n° 304-—

NPEOCTABARET HENPEPHBHY® (YHNUMO OT HapaMerps a4 A9 YRa3aUHHK
ero sHawenuil. B yacraoctn,

1O)=1im Ia). (10)

Hafizew reneps mporssomsyw F(a) npr e>0. Huddepemmupys
0 BHAKOM mampa.wa, KJayqaM

Fg)== —-‘§ ¥ ginxde = “"i"-?l-?'

[v° 288, B)). Tlocaeamm#t mHTerpa’ CXOARZCA PABHOMEDHO AN
622ey (rae a,— AwOHOC (mxCHpOBAHHOE WRCAO, GoAbiee HyAs),
ol

B60 NAOPHAPYETCA CXORAEIEMCR UHTErPAON j e dx [n° 302, 1I°}

HOSTOMY, NO KpafiHeHl Mepe and YRONMAHYTHY SHANCHHE @, HpPHNCHEHAE
reopens § u® 306 onpasgano. Ho wexoe OW HH BaATe a >0, Beerza
NoxHo BuOpaTe a,~>0 Tak, yrobu Ouwao a >4, 3davar, NoAyueHHuA
pesyavrar sepen aam awGoro g >0. B rakom cayuse, Amd a >0,

Hmeen Hag)=C—arciga.
Han onpenencuud nocromanol € yOIpENHM 4@ K O0) TIK Kak

o>
t
@<= 5 e de=1,



164 TA. VI, HHTETPANE, 3ABHCAINHE OT NAPAMETPA 308

1o npu sroM [{(@)—0, n C okasmBaerca pasHOH -;- OKOHuaTeALHO,
peray {10),

o

gin x F
f(o)=5 BE gx =3,

3°% HroCm H2HOBO BHYACAHTH HHTErpan

Kx‘;i'e"zzdx

{cp. n°208, 2°], nonowuM B Hem x=—ut, Tae z— mofoe TOACKE-
TEALHOE QHCAO; MH NOAYYNM

Ke==u ﬁ P g,
‘0

VMHOXHAM Teneps O6e 4acTd STOro paBeHCTBa Ha €~ du W RpOHHTe=
rpupyeM no z or 0 A0 oo:

K. § E =K'= § e udu 5 Pl '}

Hetpyndo BHAETe, 4TO MEPECTAHOBKA WHTErpascB BeAeT Suech
BecbMa OHCTPO K PESYABTATY. B camoM fefe, mocne mepecTanoBKH No-

AYUEM o - .
K‘=§d¢§e‘“+"’"’-udu %5 =}
OTKyJa (Tak Kax, cuesnmHo, K > 0)
K=§ Py =V

Jlan onpasnanes NpOusBeAcHHOH NEPECTAHOBKA RHTErPANOB MONPO-
Gyen mprGeryTs Kk Teopeme 5 n® 305. Ho 3 1o Bpems kak muuverpad

<
- (14 At B
Se udn== 3 _l-T:Er

ecTh Henpepuibsag OyHkuks or ¢ ans mcex =0, uiwrerpaa
-]

Ee =R e K
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— anib AAs @ >0, a npn u=0 oGpamacrca B 0, Tepns B sTOH TOMKe
p aspuB. TosToMy npumMeHrTh TeopeMy D HenoCpEACIBEHHO K TPAMO-
yroapuuky [0, oo; 0, 0o] weabsa! Mu ee npuMeHnM K NDPAMOYrOAbe
HAKy [#, 00; 0, o0), rze #, >0, nomsyacs Tem, yro murerpan

L]
se'“‘"")"'udu= %,_i__]i__?_ 1) a,
A

SABASETCHA HempepHBHOR dyHimAed or ¢ asa Bcex #2=0. JtuM onpasau-
BACICH PABEHCTBO

Lo o -] o
S du E e ““”udt::i dt S et 0 gy
4 s

OCT2€TCA JRIb, YMENBILAS I, MEPEATA SAECh K Npeaeay npu #, — 0,
Y7o B TPABOH Y3CTH MOXKHO BHEONHHTL NOJ BHAKOM MHTerpana—
Ha OCHOBaHHH caeacTena n° 304,

4°, Hakonem, o6paTsMcd K TIK HaBHBAeMHM waTerpanam Jlanaaca *)

-] o
y=§-——~;°f|_“;,dx H zmg—-—-——;in;f dx.

IMpexme BCETO OTMETHM DABHOMEPHY CEOAHMOCTL OTHOCH-
TeAbHC TapaMeTpa a4, CACAORATENbHO (N0 Teopeme 2), ¥ Hempepss-
HOCTb 10 @ HEPBOT O HS BTRX HHTErpanos, ¥, H DPATOM AR BCEX
sHavennil 2= 0 (o n° 302, 1)]. Orpannunpasce sHavemnaMn a >0,
€ ToMOEmbW ARGMCPEHUAPOBAIHKA MO & TNOA BHAKOM WHTErpama (Teo-
pema 6) ycranopaM, 410

d
=z a1

BAECh MH OUMPAENCA HA DABHOMEDHYX CROAVMOCTE BT O POT O B3 M-
TETPaAoB, 2, BAA BCEX A= a4, roe @g,—awboe GUKCHPOBANHOE
noacxkHTeAsHoe wacae [cm. n° 302, 2)).

Hazvuetintee  Anddepesnuporanne 00 ¢ NPOASBOAHTD NON SHAKOM
UNTETpana HEROBMOXHO, #00 B pesyarTare Taworo AudspepeHmApoBaHus
noayuanca GH yme PACXONAWANCT HHTErpan,

QOnHako, ecas x HANHCAHHOMY DPABEHCIBY NOYACHHO npHOABHTL pa-
BEeKCTEO (CM. EHme 2°)

o

= gin ax
e

#) Muep Crmon M1 an g a ¢ (1749--1827) — suwaapnafica ppamnyackusl acrpo-
HOM, MATEMATHK B (HESHK.

*¢) Bopouem, DAA AaanHeRINEerc #4aM BOBCE He HYRHO 3HaYeHWe STOrO HETe-
Tpaxi; NOCTATOYRO FRIIL 3MATH, YTO NMpPH BCeX o >>( OH COXPANNET HOCTORNEOE
BHau¢HHe, A B 3TOM a€rko yGeanrbca NPoCTOR HOACTAROBHOH = ax.
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10 DoAYUHM:
'3“”’“'2'—“' Ex(k’ ds.

3aecy DRQPEPEHUNPORATL NOX BHAKOM HHYETPaRa CHOBI MOXHO, M
TAaKUM TIYTEM MH HaligeM
oo

{0
TaK 9TO
=y
Jinn sTOrO mMpocroro ampelnoro AR PePLHURAALHOFO Ypas-

ReHHS BTOPOTO TNOPANKA € NOCTOSHHBIME KOS{MPHRBEHTAMH, RO KOpP=
HAiM “t R «XapAXTEPHCTHUECKOTO YPABHEHUED, MTKO COCTaBaTh ofmee

penresne
y=Ce*+ ™, 12)

rie C; ¥ Cy—mnocrogunne. Ho npn Bcex smavennsx a Beauussa y
OTPAHHYCHE:

[
dx ®
suaynr, HeoOxoauMo C;==0 (w60 uHaYe, NP g— O, N BeAY-
ug#a y Oesrpawmudo BbospacTana Ou). Ilaa onperesenus me MOCTORH-
pofi C; noxowuN g==0, TAK X2K, BBRAY HEHPSPHBHOCTH V¥, COOTHOLE-
nre (12) coxpaHseT cHAy W NpPH STOM BHAYEHHWE &) OMEBATHO:
OKORIATSABHO,
y= j cosax . _21;_ e (a==0),

Orcioaa auddepenunposannex {cn. (11)] onpeseasercs u 2:

3—5 SO dx= -6 (@DO)
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§ 4. SHAEPOBH MHTETPANN

309, 3itacpos WuTerpax mepsoro poma. Tax nasmeaerca {mo mpeA-
noxerno Jlexanapa) uHTerpax suia

H
B (o, b)=§x“" (1 —x)* dx, )

rae &, # 7> 0, Ou npenacrapifier GyHxmA® OT ABYX NEpeMEHHHR Mapa-
metpon a B & gysxguo B («Beras).

Paccmatpaeaemufl MuTerpasn, kax My shaeM [0° 290, 3)], amm moao-
HHTCALAHX 3HaueAn# @ » & (XoTa GH M MCHBUINX SIMHHUM) CXORHTCA ¥)
H, CAGHOBATENBHO, NCHCTBHTENBHO MOWET OHTB RNOAONEH B OCHOBY
onpeneacans $yrkina B, YcraHosuM HekoTopHe €& CBOHCTRA.

1°, Hpekae scero, NOYTH HenoCpeACTBenHo (HOXCTAHOBKOR ¥ =1} —F)

TIOIyuaeN: B (o, 5)=B (, o),

TaK WTO diyHKnRs B fBAseTcR CHAMMETPHRUYHON OTHOCHTENBHO a B b
2°. C nomoinpio HHTErPRPOBAHAR MO vacTaM u3 dopuyau (1), npu
57> 1, uaxonuw **)

1
B(a,b)=5 Q—xt a2

1
=2l |;+"‘;‘5 X (1 — 2P drx=

1 1
="_—5‘—§ 251 (1 — %) dx--b—_;-!-s 11— P dx=
b—1 b—1
=2=lB@s—1)—2=1BG ),
onym b— 1
B (& B)=7337B@s—1). @

D1y QOPMyNY MOMHO TPHMEHNYE C USXbK YMeHbMieHHs B, moKa
b ocraercn Goapme 1; TakuM OGpAsOM BCETAZ MOMHO ROCTHMHYTH TOIO,
yrobu BTOpOH# aprymesT craA=gl.

*) Haoopor, echM anauense X0Tb ONHOTO M3 mApaMerpos 4, § GyAer =0,
T0 HHTErpag pPACLOMNTCA.
) HCRORAB3YEM NPH STOM TOWEECIED

29 (1 — )03 = 201 (Lo L8 o 81 (1 — )01,
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Bopouem, Toro me MOXHO ROGHTLCHR W B QTHOWIEHHH NEPBOTO apry-
MEHT2, TAK KaK-— BBHAY CBMMCTPRMHOCTH B — HMEET MECTO R Apyrad
§oOpMyaa NPHBSACHEL

B(g, )= H_b <37 Bl@—1 8 @>1) @
Ecan b paBHO HATYPAMBHOMY WHCAY 7, TO, NOCHGNOBATENLHO IDH-
meHga gopwyay (2), nataes:

n—1 n—2

Bia, m= at+n—1 oFa—g a+} B(a 1)

Ho
1

B{a, l)=§x"‘dx=%.

Nosromy aan B(e, #) w-— omuospementio—ana B(n, a) noayuaerca
OKCHYATENBHOE BHpaXKEeHHe
_ — 1.2:3....-(n=—1)
Bna)=B@ =y ery.. e+ri=h" @

ECAn B @ paBHO HATYPAALHOMY YHCAY #2, TO
n— 1) (m— 1}
{md-n—1
21y dopmyny MOWNO TpuMeRsTb B npu Mm=1 aan n=1, ecm nox
cumeoaoM 01 pasymers 1,

3% Nanwm nna dywxmsu B npyroe aHaawTHuecxoe npeacrasnesne,
KoTOpoe uicTo OheaeT noaesso. Mmenuo, ecam & uHrerpane (1) npo-

B (m, )=

=_7 —
USBECTA HOACTAHOBKY X ==y~ —, FO¢ y--HOBAA MEPEMCHHAd, MaNe-
Haomaaca or O 20 00, TO M HONYUHM

o

-1
B(s, 0)= 5%"“” dy- Q)
Tlonaras specs b==1—a (8 npesnonoxenuu, uro 0< a< 1), natizeu
- =]
1
B(e, 1—a)=\ X dy.
og 14y

Yuratear yaHaeT yume BHRYUCACHHHH BHIle UHTErpad, TaKWe CeBAIWEBaE-
Muilt ¢ wmenem 3Jitaepa [n° 308, 1°). Iloxcrapans ero zHaueuue, npa«
X0aHM K Qopmuyae

Bo l—=gts  @<a<W) ®
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Ecam, B 4aCTHOCTH, BRATHL
a=1-—g =-% ’

TO DOAYYMM; .
B(3 "f) =

Mu orpauuumMcA STHMH HEMMOrEMM cBOHCTBaMH (ynxnomu <Bera»
AOTOMY, 410 — Kak yeuauM mmxe [n° 811, 4°) — ora oueHs npocto pHpa-
waerca yepes apyryil dyunupo — «lammar, A2 KOTOPOA MM OCTAHO»
BuMCH monpoGHee.

310. Bfizepos MATErpam BTOPOre poAA., 310 nHassanae OWA0 mpH-
cecedo JlexaHapoM 3aMEYaTeNnpHOMY HETErpay:

oo

I‘(a)..—..Sx"“e“'dx, ®

KOTOPHH cxomuTcA npH awGoM o >0[n® 280, 4)]*) a onpenenser

dynxymo T («Cammas). $ynxans I, mocse saemewrapuux, spasercd

oMol s paxHefiuuX GYyWKuAR aas aHaaHsa u €ro npuaoxenu#. Hay-

yenne ceoficts ¢yskusn I, ucxoms HS ee HRTErpa’LHOrG Ompexene-

HEa (6), MOCAYMHT OAHOBDEMEHHO H NPEKPICHHM NPUNEPOM [pHMee-

HRA A3NOKEHHOR BHINE TEOPHM WHTEFPaNOB, 3ABHCAMMX OT MapaMerpa.
Ecan noaosurs B {6)

1
len;,

T0 Haljaem:
[}

o= ut)" &
Kak nssectno [n° 66, 2)),
1
ol ==lim n(1 — 2),
2

1

puues Bripamense n(l —2") NpH BOBPACTAHMH 7 CTDEMHTCA K CBO-
ey npeaeay BospacTan*®). B rakow cryuae Ha ocuosanmk n° 804
(chegcTere) u 307

1 1
T (a) =mn¢*l§ (1 — 27P1dz

‘; [lpn 6==0 unTerpan pacXoONMTCA.
*) B stoum MOMHO YOeEMTBCH WETONEMH XMGGepeHUHANLHOTO HCYNCIEHHR,

PACCMATPYBAR BHPAWEHHE

HIK PYHULHDO OT o,
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Han, ecma npulerHyrt K NOIOCTAHOBKe z—y™
t
T (a)==lim u‘j P — )1 dy.
Lt ]

Ho, coraacuo (3),

1
o 1.2:3-...(n—1)
Sy"-la—y)“"dy-n(u, V= N G EY G =T
Takum ofpasoM, OKOHSATEALHO, NPRXOAMM K 3HaMesHTOR dopmyre
DRnepa — laycea:

1.2.3. ... .(a—1)
T@=lim v e GFd G-

Sry dopuyay Dftaep eme 8 1729 r. coobmnx B nuchwe ¥ loappbaxy, uo
ona Suaa 3abuta. Caycc BNOCAENCTBHH HMEHHO ée HOBOWHAN B OCHCBY <aMOro
onpeneacHRr $yoeund N (o) =T (a-} 1), Miloro samamaznch Qynxuneli I' Jle-
mauap o JoGavescknft, npavem JloSavescuuft wexonnx 3 cBoeolpasHoro oupe-
neaeann dyweupn I, senoanaywmmers OeckoHeyunle PROE.

811. Mpocrelimue croficrea ¢pynuunn I. 1° @ywwgus I'(a), npn
scex SKARENURX a >0, HeMpEpHENG U UMEENT NENPEPHBNNE oke npo-
nasoduse ocex nopadxoe. JLOCTATOYHO AOKASETL MMWG CYHIECTBO-
Bauke NPousnoAHNY, Jinddepenunpys urrerpan (6) noa suakow
BHTErpana, NOMYYEM

ab
I"(a)=§x"“-lux-e“’dx. )
[Npumenenne upasdaa Jle#iGuuua ORpaspane TEN, uTO 008 HETErpasa

1 -]
ng“"-!nx-e‘*dx A Sx““‘-lnx-e*’dx

CXOARTCA DABHOMEPHO OTHOCHTENBHO & MNEPBHA NpH X=0 AA%
azxay >0 (waxopanta X% ! |In x{), a BropoM npn x=o0 nmt
6= A < oo (uaxopanta x4 ¢* %)),

TakeM ke HYTEM MOKHO YOenurscd B B CYmMECTBOBAHAR BTOpPOH
npou3BOAHOR

I (a) =§ 21 (ln xR e dx @

K BCEX naasneHmmx.

*) fdaa x>0, ouesupno, In x < .x,
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2° Hs (6), uurerpuporanseM NO QacTsM, CPasy ROAYUIEM:

a S x""e"'dx=x“r‘r'+ Sx“e‘“'dx,

T. e
'@+ 1)=a-I'@). ®

Dra ¢opMyas, NOBTOPHO HPUMEHEHHas, RAET
FNat+nm=(@t+n—1)-(@a4n—2).....(@41)-aT{a). %)

Takse ayreM suuscaeane I' pan ODOMBROALHOTO BHANGHPR APTYMEHTa &
xower OHWTh npupeseno K Buuncienmo I' nat 0<lae1 (wmm, ecam
yrogno, ann 1< a=52).

Ecau 8 (8*) p3ars ¢=1 # npusars BO BHEEMAMEE, YTO

I’(l)=§e“"dx=l, ®)

TO OKAXeETCH, STO
T{n41)==n! 10)

Qynxgun I' mosmemen, Taxny o0pasoM, ecmecmOeNKNM PacnpoCmpa-
HeRueM Ha of4acms 410 6 8 X NOAONCUMEASHN. SHAUENUE ap2y NeRMEG —
gynrgun nl, onpedesennoll Aliws 0AR HAMYPAABNIX SHAReRul 1.

3° Xon mamesenus dyaxuau I\ Teneps uu MoxeM cocra-
suTy cole ofmee npemcrasienne © nopeAcHun odymawas I'(g) npm
BospacTaHEd a or 0 g0 oo.

Hs (9 n (10) mweess T'(1)=F{2)=1, Tax 910, MO TeOpEME
Ponns, mexny 1 # 2 noamen Aewarh Xopens 4, npouseozmot IT(a).
312 OpORIBOAHER NOCTOAHHO BOSPECTEeT, HGO BTOPAA  MPOMBBOAHAA
1" (@), Xak suAnO B ee BHpawenrs (7%), aceraa noaokmrensia, Cae-
noparemssio, npa 0 < a<a, npoussoauas IV (8)<0, u dyuxmuz I(e)
yOusser, & ppy q,< a<_co Oyser I'(a) >0, 1ax wro I'(c) sospa~
CTaeT; ApH G==4, HAINIO MEHHMYN, BuuncacHse, kozopore uu ne
TpHBORMM, A4ET:

ay==1,4616 ..., minT (a)==T (a,)=0,8856...

Huzepecho ycrasosts eme nmpenea xam I'(s) npu npuGaumenwn
ax 0 am x co, Us (8) (v us 1° acno, vro

r@="9t0_ 4o

npa a-»-}0. C gpyrot cropoxm, sesay (10),
T'(a) > !, aums TONSKO 4 > #-}-1,
7.6 F(a)—-}co0 » npr g~ o0,
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Cpadux dynkusn I'(¢) npeactamnen wa pac. 5.
4, Ceasp MexAY ¢GpydHruHamMs B

¥ B I'. Has toro 9rofu YCTaHOBUTE STy CBA3b,
¥ T Mo poacrasoBkol x=ify({ >0) npeobpa-
5 I syex (6) k saxy:
=3
stk / E-E(g.)_=§f" eat (1)
2
4 3ameusn snaecb 4 Ha a-}- & W oxHOBpEMenHO
! t Ha 11, noayumm:
P o
ol ] ) T{a4¥
] P;: ] ) 3 £|..-¢|_ ) =§y°+“e'“*”’dy.
: 0

Yuuowau tenepe ofe waCtm STOTG pamen-
ctea #a *! u upomurerpupyex no ¢ or 0 mo oo

P(“-I-'b)j %—.ﬂ,— dt=§ t““dtjf"—l i)y gy,

B aurerpane caesa MH yauaem dymxumio B (e, b) {em. (4)]; cnpasa we
nepecTasuM uHrerpann. B pesyavrare noaywam [c¢ yuerom (7) m (6))

o0 -]
T'(a+5)-B(a, b)=§ya+’-t e-ydy§ £ 49 it —

- 05 ot ﬂ.-r-,f-i”-ay=r(a>§ S e? dy=T(@).T (8

OTKYA3, HAKOHEML,

T(b
B(a, b)-——-—rr%—ﬁl—. (12)

Tipupenennsili M8AMIHEIA BMBOA STOrO COOTHOWMERRms Diiepa MpRHAA-
aexur lupaxne. Brpouew, and 0GGCHOBENNA €10 HAZNEKHT e onpas-
AATh NEPECTaHOBKY RHTErpajos,

My crenaeM sTO, OrpaHMuUMBANCL TOHAYany NPEANONONEHHEM, 4TO
a>1, b>>1. Tornz an drynxunn

21 ya-w—i Pty
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OKA3HBAIOTCH BHNOMHEHHHIMH BCe ycaoeas TeopeMm B n°305: sta dymx-
ukt HenpepHBHA (M NPATOM NoAOkATempHa) aas y>=0 n =0, a
HHTErPAAK
o0
td'-l

fo-1 §y‘“"” e dy=T{a~+8)

o

P e"’St"’" e dt=T"(a) y** &

P CBOI oOuepens RAPEACTIBAAIOT COGOXW HENPEpPHEANE (yHHmHA:
nepeult —ot ¢ aaa £2=0, propol —ot ¥ Ana y=>90. Cenaxa Ha Teo-
peMy OMpaBIKBAET MEPECTAHOBKY RMUTErpalos, a ¢ Hew A dopmyay
(12) —ans cayuag a > 1, 67> 1.

Ecau xe ussecTHo Jumb, yro ¢ >0 # $7>0, ro—mno zokasan-
HOMY — HMECM

Be+1, b+ =S4 008D

A orciona, ucnorssya qopuyan npusemenas (2), (2) zm dynkuaz B
n (8) ana ¢pymanau I', Aerko BHOBe moayunts qopuyny (12), ywe Ges
HEHY KHLX OrpaHnseHui.

5°% ®opuyaa nonoanennd Ecan » dopuyae (12} noaoxers
b==1-—a (comran 0<a<1), 1o, pBAny (5} H (9), NOAYYHM COOTHO-
LICHAE

I‘(a)I‘{l-—a)=ﬁ-, (13)

KOTOpOE M HasHpzercd POPMYAOR AOTOAREHHA,
[lpu a==- orciona uaxomam (Tax xkax I'(a) > 0)

r (.15) =y (14)
BunoaHus B HHTErpane

oo pun _

S W de= [/;

NOACT2HORKY 2==x%, MH BHOB NOAYUAM YXe¢ HSBECTHHH HaM ane
Ter pad

Soe“' dx=-—V-§:.
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6° Popuyna Newannpa Ecam B unzerpane

B, a)::jx""(l—x)"“‘dx=j[%-—(%—x)’]de=

l
b
M.@Im

CAEMATH TIOACTAHOBKY

o) —
=

joem

TO ROAYUBNM
1 1
B(a, a)~_-§.§-_-,§t"f (1 — gt dt =g B, a).
Sauensu B ofowx caywasx dyukumio B ce smpaxewnen (12)

- B
rgr@_ 1 Tz)T@
Rl =)

Cokpantag #2 I'(a) 4 noacrasass BMecTo I‘(-%—) ero sHaueHue ' #
fox. (14)), npuaex k popuyae Jlemanapa

r@ris +3)=F=rea

Cymecreyer emie MHOrO ADYrAX (OPMYH, BHABAMOmEX FaySoKke
cooficrea dynxuun T. Ma He HMeeM BOSMOMHOCTH OCTAHABARBATRCA
Blech HA HHX, PABHO KAk M Ha cnocofax npalMMXeHHOro BHMHCACHHN
suavesmit camof dymxmus I' 5 ee norapnpma, Orpanmummcs ymowuna-
HEEM O TOM, 7ro eme¢ Jlexanmp, ucmoabeys csoficra dysatmu I'
anmnapar GecKOHEYHBIX DPREOE, COCTABMA Talumtly APCATHUHMX Joraped-
uo» I'(a) pax g or 1 1o 2 uepes 0,001, crayana ¢ 7, a aarem ¢ 12 ge-
CATHYABING SHIKAMA,

Hopan, ywe we saemcurepsan, ¢ynxkoma I' asrsercs B TakoH e
MEpe OCHOGHHOH# HaMm, KaKk A npHBLdHMe HaM QyHKnun, KOTOpHEe MH
H30BANM DACMENTADHEIMA,
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312 llmnu?l. Niprinexen veneps pecxoabo ODPOCTHI NPEMEPOD HCDOAL3D-
BaRAA
Terpan

i
swu—mﬁax © ¢ m>0)

AOACTAROBKOH X™ ==y CDASY CBOEHTCA X SHNCPORY HHTEIDAXY MEpROLO POAL

2) BuwBcaEM BHTETPAA
L)

3
Sﬁ““?cos"“gdg {a, b0

Eczi nozosmrs X e=sin ¢, T0 OH TPHBSACTCA X HHTETPARY
1 [ 1
-
5.\:"“(1—.\:’) dx,

Hcnoarays npeausymuft mpuuep, Gyaew umers

H 1 2(3)* ()

Sﬂn”?fm’"‘?“?=fn(}" 7=z  (2H)

B wacraocTs, opy Dow §, HOXYNHM OTCIOR
3 a
vi (1)
o gy
f;:lo(sl;pzn:g;n, wro stolt ommoft $opuysoft oxmarupawrIcs B obGe Sop-

Ecag ®e p MCXONHOM HHYerpate 3sath geml-4-¢ d=ml-wg e fci=l,
10 Halinem (npnueun Gopuysy EohQaHeHita)

tz‘vdv=-gl‘(%u)1'

21:03
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3) PaccuoypnM, HaKoHEH, €Ule HHTErpax

w &

sin ¥ &
fertes,

THe p B § — B3aUMPO NPOCTHE RE Y& TH B € HATYPaAbHHE YHCIZ,
{lepennca MuTErpan B BuLe

@2 p—q
S gn ¥ x.ﬁdx’
3 X

BpuMennM & Remy ofmyio dopMyay JlaGavepckoro, ynmomauytyw ma crp. 135,
CROBRA:
fixtR=Ff(x)n fls—2)=F(x)
NPA KOTOPHX 9ta Gopsyna BepHa, BAR QYHKUHH

=g
Fxy=sin ? x

sunoasens. Taxam ofpason noayuns [cu. 2)]
2

2 P
sin‘fxdx= sin%_lxdx=v;- r(—ﬁ-)
‘ )

W3 STHX HEMROTHI WPHAMEPOB YHTATEAR CTAROBHTCA ACHBIM, HACKOJHKO —
Gaaromaps pBefeHNIc GyHYuHH T'— pAcIHMPARTCA BOSMOMHOCTH NPenCTasleHna
MHTEIPaloB B KORCYHOM BHJAE Yepes H3BECTH W e (ynknyu. MHod pas, pame
ecih Qydxuna I' ¥ ne BXOUHT P KOReUHHNA pPE3yAbTAT, NOAYUeHHE eI obIer-
YaeTcA MCTIONLIOBAHNEM CBOBCTB 9TOR GYHEUMH.

813, Herophueckse sameuannn 0 MepecTAROBME ABYX NpefeAbHBIX
onepmnﬁ. Lensw sT0r0 3aKIOYHTESLHOTO HOMEPR HABIACTCA CONOCTABAGHHE —
B WCTOPHYECKON OCBEMEHHH — BCEI'0 CHA3sHHOTO B DAIHBIX MECTAX RYpCa no
NIOBORY nepecmanoskn 0syx rpedeasiwx onepayud, Tlop enpeneaniodl onepa-
uneflr ME pasyMeeM 30eCch HE TOILKO HEROCPeGCTBEHNO NpeéZeNbH UM Nepe-
X 01 N0 KAKOMY-NHG0 H3 APTYMEHTOB DaccMATPHBAeMol (YHKUHAH, HO H Lpyrue
ONepauy, B KOHEUHOM CueTe NPHBORALIHECE K TAKOMY NPELETbHOMY IepeXony,
Kau-T0: CYMMHADOBAHHE SECRONENHOTO PAJAY AHPLepeHUnpo-
BagKEe PYHXUHMH ¥, HAKOHEW, HHTETPAPOBAHUE q:guxuuu Mewny
MOCTOAHHMMUY IpEAL AaMH (B cOGCTBEHAOM MAH HECOBCTBEHHOM CMBCHe).

B n* 131 Guxa pesb 0 paBeHCTBe IBYX NOBTOPHHX Npeaeacs

lim lim f{x,y) = lim ;ij’nb Flxy). (i5)

¥y x—0

0 0

Mu BugeNH, ¥TO RONOSAOS PABEHCTBO HMEeT MECTO Heé BCErna, H YCTAHORRAR
HCKOTOPHE YCAOBYHA, 0GECTEUNBAIONIAE eI0 CHPABSIANBOCTD, AHATOTHYHHM Oblao
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noaowenve semelt w B 0° 147 no orHOmMeERnI K pPaBEHCTBY ABYX CMENTaHHMX
fIDONSBOAABIX

Dy Dy F(x,3) =Dy Dy Fix, y) (16)

Tnasa XV1 («PyRrUHORAALHEE ROCIEAOBATELHOCTH B PAXES) rIaBHLM ofpa-
20M GHIZ DOCBATIEHS HMEHHO BONPOCAM PACCMATPHBAENOTO THIA TAM R3YYAARCH
YCAOBEA, TMPH KOTODWI OKA3HIBATACH AOSBOAHTEILHOA NepecTaHOBEA OM epa-
DA CYMMHUPOBAHNNA OECKOHEYHOrO pPAAE—cC OOHUHWEM Npe-
AeAbHEM npeéepexofom [n' 266, 28], nuddepeanuponannen
[n* 270] u murerpuposaurem [n® 269]. HaxoHen, 10 e MOWHO CKa3aTh W 08
OCHOBHOM CONCDXAHNH HACTOAWEH rEasH; TOALKO HA STOT Pas OXHOH H3 umepe-
CTABASEMHI ONepanHA HEH3MEHHO ABAAIACL ONEPALASN HHTEIDHDOBa-
HH A, KOTOPY® Mul — NPH ¢OGADAEHNE H3BECTHHX YCAOBHI— T2k Ee mocAeno-
BaTeAbHO TEPECTABTANN ¢ OPYIHMH NpeleAbHHNH CRepau#ANH [n° 296208,

Eme 2aa0aro 10 TOrO, KaK Te OUepanyy, o KOTOPWX 3HECh HACT pedb, ShmM
OCOSHAKM KAK <npefensHues {3 9T0T APONECe 3aBepIIMACA, EAK H3BECTHO, MM,
& #aqayy XIX pexa), mepecranopia IBYX TAKHZ ONEPINHE HPOYHO BONINA B MaTe-
MATHYECKY TpaETHKY, OHA (AKTHUECKH OCYIeCTBEACTCR AdKe OCHOBOMOLOMN-
HUKAMM QHATHAA: BCUOMHEM NOYAcHHOS MRQPCpEHUNDOBAEHE H RHTCIPHPOBaHREe
pagops y Hewrona, Jlefiauna » HX coBpeMeHNELOB, & TAKXEe «npasnxo Jedbannar
Ina AuGdepeHnMpPOBAHEA HATErpana No Napamerpy. C raxoll MepectanoBkoll Mu
HENPEPHBRO BCTPEYaeMCA ¥ Ha sceN mporamenmd XVHI zexa, name — Ges
0B0CHOBAHHS, 3 HHON D33 M ¢ HOKAIATCALCTBAMM, PAIYMEETCA, HA YDORHE CTpo-
roclH TOro BpeMeRm; AR RpHMepa YNONAAeM paccymacnan ShHuepa w Kaepo,
O00CHOBHBAIONIHE TNEpecTaHoBKY HBYX apddepenunposannk (1739 r.). Moxno
CHa3ATh, YTO B HCTOPHH METEMaTHUECKOro AHAARAZ NepecTaHOBMA NEYX MpedeAb-
HWX Ofepannfi BCeIFA CAYWEIS MOFYIMeCTECHHHM CPEACTBOM IAS MOAYYCHHA
MHOTHZ O0MNE yraepxueunk W OTeAbRRX MatTeMaruTeckar gaxroe. Ho — renpe-
BHALHO [PAMEHEHMAn, OHa XE ABIAAICH MCTOVHHMOM OMRGOR H DAPSIOKCOM,
Caman MucIb ¢ TOM, UTO RepeCT3ROBKA ABYX NPeECNLRHX ONCPILKE Mé BCOrma
RO3BOMHTERbHA, COPLBATS MEANEHHO — HMEHHO HAa OCHOBe amaimsa ourfok, B
cllexanach oGiEM AocrogHued oxoao cepemnin XIX pexa. Crporoe we oGocHo-
BiHHe NPHBHUYHHX B 3HAAM3E CAYYaeB Tauol nepecranoskh Obine 3aBepuieHo
NpHMEPHO JHIG K KOBLY BeKa,

[0 otHOMe NI ¥ DpoCTEHMEMy BONPOCY O NEPECTAROBKE NBYX MPeACRbHUE
n?exonon ACHOCTb GbA2 HOCTHIHYTE, €CTECTRERHOC, panbme BCeTo. Fa pybeme
XV u XIX sexor ma npucywx OpHMepax yme GLAO OTMENEHO, UTO PaBEHCTEO
(15} mowet Ae AMETh MECTO, T. €& WTO MORTOPHHA npedex HHOA pas OKASH«
BAECTCA SABMCAUIMM OT TOr0 NOPAAXA, B KOTOPOM NDPOHSBONATCA DDefeahHue
nepexonn. B oanof saxerxe Koms or 18135 r. (omySanrosanHoRt B 1327 FART
HAXOAMM NOCAEHOBATEALHOE H NPARMALHOE HAROMEHHE STOrO BONpOCA.

Touno Tax we xax Koma, 1ax B Tayccy Gmi0o HSBECTHO, YTO TIOPAACK HHTe-
TPHPOEAHKE B MOBTOPHOM MHTETpaNe, €CAH NORHHTEIPANBHAN @Jimnmu TEpUNT
PaspuB (uanplmeﬁ, ofpamaercs B GecKOBENHOCTB), B¢ MOXKET OWTh Geaoropo-
pouso vanexen. Flo orcioaa Guno eme n9sek0 KO ACHOCTH B OTHOLIEHAM Nepe-
CTaHOBKH JBYX fipefleAbHNX Onepauni Boobuie.

Ham yké nprsomraocs ynmosmumarts [n° 281] seynausinie nonwtxs Komn xase
AQKA3ATH YTBEPKICHHA O HENDEPHBHOCTH CYMMH PARA HENPEPHBHHI (yHk-
LUHA H 0 BOWICHHOM RETETPHPOBAHHH TALOrO PAAY, B3 KOTOPHE Meppoe Cpasy xe
Suno onpopepruyto Alenem, a4 BTOPOE BNOCXENCTBHA BHIBAIC BOZPAMCHAL
Yebmmena, K ckasannoMy mu 3feck acbasum ewe, uto B 1823 r. Komm maa
CIOSh A€ HEBEPHOC JOKA3ATENhCTEO (L30r0BOPOUHOA NPHMEHMMOCTH <OpABAAA
Jleli6auuar, otHocmwerocs ¥ Nad@epeHUHPOBANNID HHTETpada Mo NapaMeTDy;
M 310 — HECMOTPA Ha T0, 9T0 TOTAA e ObiAW HIBCCTHH MPHMEPH REMPHACKH-
MOCTH ynomasyyoro mpapmaal Otmerum, yro B 1828 r, Ocrporpsacknfl yue acHo
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NOHEMAN, YTO-— B CAY4aE OUPAIEHNA MOSRETerpaabkol QyPKOHH & Gecuowey-
HOCTDb ~— XU HIAPOBAHAE TON BHAKOM HATEIPAAA MOWET OKEIATLCA HEAO-
aycriMuM. [loske Ra 910 OGCTOATEALCTEC YHASMEANHM M APYFAE SBTOPM.

B yyeSupx pyKOBOECTSAX BO aHAINZY OecKOHEWHO WAXHX €Wl¢ BOAOTH AO
COPOKOBHIX [ONOB HEPENEO LONANAAHCH, HEBeDHLE YTRERACHHR, OTHOCANiRECA
K PACCMATPHBAGMBIN 3Xech sonpocam, Hapaay ¢ STEM YMHORAAHCH H IPHMEpL,
ROAvEPXMBARIUNE HEOGXOAMMOCTH OCTODOMHOCTE B STHX BONpocax. Mui npHse-
AeM U3 HHX §MIOb OpHM Ranoxee panigR, yxasaunuf ewe Pypoe;

® snat
n
S_t dt
]

[n* 298, samevgnue], Ouennpao, uro
[--]

o
sin ¢f sin af
Im ——— It tim ———di=
c-;g:oﬁ[ 4 ¢§ awxtt ¢ o’

¢ apyroft e cropoin, papdeperuppoRanie STOr0 BHTETPMA N0 MApaNeTpy &,
BUNOANENAOE NOR 3HAKOM HHTEIDAxs, NPHBONAHT K PESYALTATY

o
ﬁgmat dt,

AMINEHHOMY CMMCEA NDH BCeX spaqenuax 4! {n' 288, 6))

Crazz oTweranso OU{yATLCR REOOICARMOCID FTOUHEHAS YCROBAR, NDH XOTO-
PHX NEDECTAHOBKA RPEXERLHHE ODEPIHBA — TOTO RAR APYICIO TENA — OKAHN-
BaeTcA EOomycramod, DroMy YrouRenmss cnocofCTBOBANO BBEJEREE B KOMie
COPOXOBHX TOROB NOEATHA DABHONCPHOR CIOANMOCTH pHna g‘asg H PORCTBeH-
HOTO eM¥ TICHATHX DPAsHOMEDHOR cxonmmocts muTerpaka [n® 301}, Oxnaxo camufl
DPOHECC BHECERRR RAMACKACH CTPOrOCTH B H3AOWEHHE TOTD KPYrR BOKDPOCOS,
ROTOPHMH Ml S¢Ch SAHMMAEMCH, NOTpeGOBAN eme HECKOALENY XecRTHAeYul,
Tax, manpumep, ncg;soe roe oGocHopsume QopMyan (16) Mu waxomuMm ¥
illeapna asme & r‘:"‘lgm B 1892 r. Beanrpfickes AKapeMus OprCyAHRa
e ua Banae [Iycceny *) mpeNEw 3@ cOgHRenne, TRC ASHH ycIoBua audpepen-
GRPOPAHHA # BHTECDAPOBIHAA DON IHAKON RHTCTDAAS, DACHPOCTPIHCRHOIO BA
SeckoteyBpt OPONERYTOK, H T. L

*) lllzpan Mar ne sa Beane [Iyceen (pog » 1866 r.)— cospemenunti
GeapraficuBA MaTeMaTHI.



NJIABA AEBATHARUATAR

HEABRHHE $YHKIHH,
$YHKHHOHANLHNE ONPEAEJHTENH #)

§ 1. HEAIBHBIE $YHKIHH

814, Nonatie nesgenolt yaxanu or oxuolt wepemennod, ITpeano-
AOKAM, STO 3HAMEHHA ABYX MEPEMEHHHX X H y CBASAHHN mexay colofl
YpaBHEHHEM, HOTOpOE (6CAH BCE WIEHH ero NEPeHecTR Hajleso) B of-

IieR CAyuae AMEET BUR
F(x, y)y==0. o

3neck F(x,y) ects QyHKUMA ABYX NEPEMEHHEX, BAMAHHAA B RaKoh-
anGo obaacth. Ecan aas Kaxaoro SHAYEHHS X — B HEKOTOPOM NpoMe-
KYTHE ~— CYMECTRYET OAHO WAH HECKOARKO SHayewnH y, KOTOpHE COB-
MECTHO € X yhoBAeTROPSIT ypaBneHwo (1), TO STUM ORPEAECANETCN,
OfIHOBHAYHAA HAM MHUOroSHauHas, ¢yukuus y==f(x), A% Koropol

paseHcTa0
F (% f (x))=20 @)

HMEET MECTO YHE TOMIECTBEHHO OTHOCRIEABHO X,
BoapaeM, HanpaMep, ypasHeRAe

Lt f =y (12)

OHO, OYEBHEHO, ONPRUENSSr § KAK ABYSHAURYK OQYHKEHI OT X
B npomexyTke [—a, 4], pMeHuo

b
y=x2yF=am.

W ecaw smecro y noacrasmte B ypasuenne (12) sty dynxano, TO
MOAYUUTCR TOXAECTBO.

3aech yH4I0CH HafiTH AAR § OYEHb TPOCTOE ARANHTHYECKOR BHPA-~
MEHHE YeDEs X, AIMe B DACMEHTAPHHX dYHKUWAX, HO Tak ofbcTomr
IeNnO ABREKO HE BCeraa.

*) [poxonketne raan Vil 5 IX neproro Toms,
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Gyuxnna y==F(x) HasHBaCTCH ReAswofi, ©CAR OHA 3afana TIpH
nocpeAcTeeé HEpPA3PEMEHHOr o (OTHOCHTEABHO ¥) ypaeHeHHd (1)
OHA CTAHOBHICA AEHOK, ECAH DacCMaTPHBACTCH HENOCPEeACTBEH-
Haf BaBUCHMOCT: ¥ OT X. Yaratemo AcHO, WTO STH TEPMHHH Xapak-
TEpHSYIOT JAHWG ¢Hoco6 samamna Qynxkmen y=F(x) ¥ He HMERT
OTHOWIEHHA K €@ npHpome, (CTporo roBopd, NPOTABONGCTABJEHAE H e-
ABHOro ¥ #BHOFOC B83laNAs PYHKUER ¢ DOAHOH 4eTKOCTHI BOS-
MOXHO JAHLIL, €CAH ToA ABHHIM 33AAHMEM pasyMETh MBHOC aHAAMWTH-
YECKOEe 3aIaHHe;, €CAH e, B K3YeCTRe SABHOTO, JOHNYCKaTh 3aJaHRe
¢ nomonibw mioGoro npaswna [n°17), rTo sanemme ¢yHKuEM y oT X
¢ nomomblo ypaeHerdd (1) HAYEM Ke XyMe BCSKOrO APYTOro,

B npocrelimen ciyuae, korga ypasnenne (1) — anrefpatiueckoe, T. €
Korna ¢yHemmA F(x, ¥) ecTb Dentiit OTHOCATEABRO X H J MHOMOWJCH,
onpeaenseMad HM HeABHaA OYHKUMR ¥ oT X (BOOOmE MHOTO3HAYHAR)
HaseisaeTes aareSpamveckol. Ecam crenens ypassedus (OTHOCH-
TeABHO ¥) He BHINE HETHPEX, TO afre6panyecKas QYHKUHA ROMYCKIET
SBHOE BHpaXeHhe B pagukantax, NpH C(TENEHH BHIDE YeTHpeX Takoe
BRPAKEHHE BOSMOXHEO TONBKO B BHIE HCK/IOYEHRS.

Celinac wac Sydent uRmMepecoBams AWs BONPOC O CyMec MEO8a-
HUU U OFROINAGUROCHMU <HeRsHoky Pywxguu (pasno xer u o
dpyeux ee csoiicmsax), HEIaBHCUMO OM B0IMONCHOCING npedcmatums ee
8 «R8RoN>» sude anasumueckoll Popaysoll. BopoueM, B 9TOH mOCT2-
HOBKE BOMPOC AAA HAC He HOB; C VACTHHM CHYYICM €TI0 MW HMeMH A€,
KOPjla pedb MIAa O CYWECTBOBAHHK @ o cBoficTax obpaTHOA dyHKURH

# YDaBHEHHCM y— b x)=0

NEPEMEHHAN X ONPENENANAch Kak <neapHan» dynxumg or v,

IMoyuureasHa reoMeTDiueckas TPaKTOBKA YKASAHHOrG  BOWPOCA,
Ypaexenne {1), npi H3BECTHHX YCAOBHAX, BHPANAET KPHBYI0 HAa HJAC-
P ckocT  [Hanpumep, ypasuenue (la), Kak

H3BECTHO, Bupaxaer saaunc (puc. 6)f; e

STOM CAyuae OHO HABHIBAGTCH NEAENHM

Ypasnenies xpusof, Bonpoc sakmousercs
% B TOM, MOXeT /M KpHBad (1) (nau ee 4acTe)

OHT: BHpaweHa OOMYHKM YpastenneM BuIa

y=f{x), ¢ oRHOBHaUHOYH ¢ynxumech

CTpaBa; TEOMETPHYECKN STO O3HAYAET, 47O

Puc. 6, KpuBad (HAB €€ 4aCTh) MapafAciALl0 OCH ¥
fEPeceKacTca AHIIL B OZHOH Touke,

Ecau M8 WeaseM HMETh OJAHOSHAYHYI (YHKUMIO, TO, KAX BHAHO Ha
npHMEpe TOrO Me BAAMNCE, HYKHO OFPaHHYHTE HE TOJAbKO ©OGAACTHL
HBNEHEHHA X, HO A ofnacTh HsMenenuda j.

Mu OymzeM roeOpuTs, A48 KPaTKOCTH, YTO & NAPRMOY20AbMIKE
(@, & ¢, d) ypassenne (1) onpedesgem ¥y Kax 0OHOZHAUKYND
PYREZUO om X, y==F(x), ecan npu KaoOOM SRAYEHUR X & nrpe-

T
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sexcymee (a, b) ypasnerue (1) umeem odux, u mossxo oduM, Kopexs
y=F(x) 8 npoxexcymxe (¢, d).
OQuenp BAXHO TBEPAO YCBOMTh, 4WTO NpPH YKa9aHHWX YCAOERAX 00G

Ypassenus
Fx, =0 u y=f(x)

8 npamoyzoassnure {(a, by ¢, d) cosepwenno pasROCUAS-
K Y, T. e YHOBICTBOPAIOTCA OAHHMH B TeMH KE TOYKAMH STOro IIpAMO-
YrOABHRKA,

OfnaHo Hac OYZeT HETepeCOBATh ONPEIENcHHAS TOUKA M, (e Yo
YHAOBRETBODSIOMAN ypasHenHio (1) (mexamas Ha xpusofl), # B POSH
YUOMAHYTOrO NPAMOYTOJXbRHKA OyAeT QETYPHPOBaTh OKPECTHOCTD STOH
Toukd, TaKk, HampuMep, B chyvae smaanca (uepr. 6), OUERHZHO, MOXHO
yTBep#AaTh, YTO YpasHewwe (la) onpemeaser OpAMHATY ¥ KAK OfHO-
SHauHYI0 GYHKNMO OT abCUHCCH X B NOCTATOYHO MaidoH OKpecTHOCTH
awGoA TOUKA SANANCa, KpoMe sepmud ero A, A’ Ha Goabwol oca,

315, Cymecreoranne B cboficTea nespuofi dynaxnmm., Tenepp Mu
YKaHeM NDOCTHE H JIErKO0 NpOBEepAcMbHe YCAOBHA, OTHOCAWHECA K H3-
pecTHol Ham Pynxnmn F(x, ), KOTOpHE OOGECHCUMBANT HE TONLKO
CYMECTBOBAHAE OBHO3HAYHO# HedBHOH (ynxuua y—=jf(x), HO H Ha-
aHgue y nocneiHelt CBOHCTB HENpepHBHOCTH Y AAdQdepeHUHpYEMOCTH.

Teopesma 1. Hpednosomcun, wmo: 1) gynrgun F(x, y) onpedesena
I HEMPEPWBRG, BNECIIE CO COOUMY HQLMANNL NPORssodnwmu Fy u F,
& wexomopol oxpecmnocmn mowkn M,(x, v,

2) F(x, y) & smo& mouxe obpawaemcs 8 Ryss: F(x, y)=0,
nanpomus,

3;2 ngmuaso&xan Fy(x, ¥) 8 neli omaunna om wyam: Fy(xy y,) # 0.

20
a} 8 Newomopoll oxpecmuocmu

@oﬂ(x.—a, X+ 8 yo—¥8, y.+3')

mosra My (%4 Mo) ypasuenue (1) onpedespem y wxax odnoznauuywo
dynxgun om x. y==f(x);
6} npu x==x, sma Gynryun npunusaem suaverte Yy f{xe) =y
B} 8 mpomexcymie (xo— 38, Xy 3) Pyuxgug f(x) Henpepmsna n
r) OXG DNeem & SMOM RPOMEN.VIKE NERDEPHSHYID RPOUSSGONYIO.
HokasaTBabCTB0: 8) Ilycts, ckamer, Fy(x, ¥,)>0. B cuny
mpeanoaoken ol B 1) HeNpepHBHOCTH MPoHsBOAHOM Fy, 5Ta HpousBOA-
faa GydeT NOJNOKHTENBHA
Fy(x, 3) >0

# B NOCTATOUHO Madoift OKPecTHOCTH TOYKH (xy, ) *). Bosumen

*) tlampumep, B TaKoR, Iie BHTONRAETCA HEPABEHCTRO
| Fy (% 9)— Fy (%o 30| < Fy (%0 Yo)r
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SAMKHYTHH [paMOYTONEHHK
F=[xg—¥, %+ ¥; yo—¥, 3’ +¥]

meaukoM Jexampi B STOH OKPECTHOCTH, TAK YTO HAMHCAHAOE MEpaBeH-
CEBO HMEET MECTO BO BCEY €r0 TOWYKAX.

Orciona Cpasy BHTEKAeT, 9T0 — npu moboM NOCTORHHOM ¥ HB ApO-
NexyTka {xXo—¥, x4~} ¥}— F(x, ¥) Kax dypxuna or y Oymer Moso-
TOHHO BOSpacTalmed fu® 111).

0 S I 5

=l g

Yot

Cranex DepemBAraThcA BICAb EEPTHKAAR, NPOXOASmEN yepes
TouKy Mg(Xe o) (Pmc. 7), T. & DUKCHDPYEM Xx=x TOINE pac-
cuaTpaBaeMan dymxmsa F(x, y) ceenercs X dymuumn F(xe ¥) or omnof
nepemenHoll y, B cuny 2), oz npu y==y, obpamaerca 8 0. B 10 :e
BpeMd, Kak MW cefiusc ycramosmaM, dynmkuua F{x, y) pospacTaer
BMECTE G ), TaK NYTO AAN y¥<_ )y, €2 CHAYCHHd MeHbHE HYAS, @ AnA
¥ > yo~— Oomme Hyaf. B uacTHocTH, caenomatenno, oHa Gyzer mMers
BHAUEHAS PAsHHX SHaKOB B TOWKAX Ay(Xe Ye—3) 8 By(ve y,-+¥),
HMEHHO

FA)=F (xp —8)<0, F(B)=F(x, y,+¥)>0.
TNepeliienm TeHeph K TOPHSOHTAXGLHHN NDEMEN, TPOXOASBIEM
uepes 9TM TOUKH Ay B By T. €. QMKCHpYeM Ha stoT pas y=y,—¥
am y==y,- ¥, Tlomyvarca e QyHKROEH OT OAROMN nepeMeHHOR x;
F(x%, ya~—¥) B F(x, yo-}¥), KoTOpHE NpE X ==X, HNCIOT; Nepsas—
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OTPHIATeALHOE SHANEHNAE, 8 BTOpad ~— noaoxkuTeAsHoe. Ho o yerosuwp 1)
oTH (WWHKIMA HEOPepuBHu *), & NOTOMYy HafimeTCH HEKOTOPas OKpect-
HOCTs (xp—3, xy1-8) Toukm Xy (0<¥<=?d), B KoTOpOH Ofe (pYHK-
IAW COXPAHAWT CBOH 3HAK **), Tax %10 mpR xp— 8 < ¥<xy 13

F(x, 90— <0, F(x, 34+0)>0

HHBIMH CNOBAMH, H2 HWKHEM W BEpXHeM ocHOBammsX A4, B BB,
HCXORHOTO EPHMOYTOALHAKA BROXL OYPEsKOB ARuHW 23 c neHTpaMn B
Tourax Ay H B, samannan ¢yHxums F(x, J) emeer orpunareabHe
SHAYEHAS HA MEPBOM H NOXOXHTGIBANE — HE BTOPOM.

PukcHpyen B npoMemyTke (xy—3, X,1-8) aw06oe 3HaueHwe
X==X N PpICCMOTPHM DEPTUKAMBHEN OTPEBOK, COEBONUHANIMHE TOMKH

A, yo—0) 8 B (%, yo+¥). Bions Hero Hamla @yHKUAS CHOBA CBe-
zercs K QyHkumA F(x, y) or oguo# nepemennofi y. Tak Kak oHa me-

mpepHBKa *) #, KAK CK&3aHO, HA KOHmax mnpomexyTka [y,—¥, yo+4-¥]
HMEST SHaUGHHS DASHHX BHAKOB:

F@)=F(x 5—¥<0, FB=F(, 3+¥)>0,
10, M0 TeopeMe Boapmano - Kowm [n°08], nps wexoropom emasenna
Y=, CONCPIAMENCE MEKAY Yo—73 B y,+-¥, a71a dyuxmas F{x, y)
ofpamiaeTca B Hyas: o
Fix, =10,

W agech W3 MOHOTOHHOCTH YHKUH F (X, y) cAeayer, 4To TPH J’E;
Oymen RMeTL, COOTBETCTBEHHO, F(x,y)=20, Tak uTo ¥ ecTo eAms-
CTBeHHOE sHadewde y B nponexytke (y,—3&, yy+¥), xoropoe
COBMECTHO € X=X YAOBXeTBOpSeT ypapneunw (1), Ha samcdos_sep-
MARGABKOM OMpeIKRe AB nalidemca moasko odxa mosxa M(x, y)

OOPAIGAMIKAR ACEYI0 HQCMs YPABREKUR 8 HYAb.
Taxam o6pasoM, B OKPECTHOCTH

Py=(xy—2% 514 y—¥, 3-8

Touxs My(xe yo) YPaEHeHAE (1), AefCTERTENRHG, ONpEAL-
AfeT y K3K ONHOSHAYHYI0 PYHKRHK OT X y==1(x).

6) B 10 e BpeMa TNpeXHAyHIee paccyxiesue, BRIy 2), MoKagM-
paeT Takke, w10 F(x)==y, HuenHo us 71010, wro F(ix,, =0,
YCMETPHBAEN, YTO ¥y H €CTh YO €RXMHHCTHEHHOE 3HavesHde 3 B APO-
mencyThe (Yo—7¥, y-}¥) xoTopoe coBMECTHO € X=X, YAOBJACTBO-
prer ypaseendio (1)

*) My opemnoxomAAN BenjepMBsHOCTH opoynxmm F{x, ¥) rio cosorynuocTn
DNepeNeHNEIY X, ¥} HO B TAKOM CAywae oOHa OYNET HEeMmpepuEBHR H 00 KaxaoR
fiepeMennofl B OTASIBROCTR.

*#¥) Jro caenyer u3 n° 37, 2). Cp. cuocky ma crp. 181,
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B) Tlepexzona K AOKASATEABCTBY YTsepwieHkR B) ® F), Gyaem noz y
pasymers ®EMeHHO TY measHyR dymamio y=j(x), KoTopasx onpe-
nenserca ypasnenved (1) » ToMuecTeeHAe emy ymosiaersopser. Ilpwna-
OUM X mpapamieHne Ax; HapameHnoNy ssauesnw x -+ Ax Gyzer coot-
BETCTBORATL SHauenwe y—Ay==f(x-} Ax), BMecTe ¢ HAM YAORJETBO-
paomee  ypasrennio (1) F(x—+Ax,y~}-Ay)=0. OuepngHo, n upu~

pamesue
AF (x,9)=F (£ + A%,y + &) — F (xp) =0.
IIpeoGpasyeM Temepb 5TO PABEHCTHO, HCIOAL3YE GOPMYNY KOHEUHHX
npupamenuti [n° 102}
0=F (x+ &x,y - Ay) — F (%, y) ==
=[F(x + Ax:y + Ay) - F(x’y + A)’)] +
+[F (x.y - &y)—F (%, )] =
=F (¢ -08x,y+ Ay)-Ax+ Fy (x,y-88y) - Ay

(© <8,6,<1),
OTKYRa
ax Fyxy+8,4y) °

Ipexae scero ycrasosuM, uro npu dx — 0 Oyaer u Ay—-0, T, &
yro ¢yuxuna y=7j(x) nenpepupsa, Yuneen

_{Fe(x 04 y+ 4y
F, (x,y +8,3y)

Ho senpepushas B & dysxnns | F,| orpanuuena CBEpXy KOHEUHEIM
yncaon M[n° 137)
| F | =< M,

H B TO ¢ BpeMd NMORONUTEAbHANR HenpepupHan QyuKuns Fy, Hme-
wmas B 2 waumenvmee sHauenue m[n° 187), Takke nonoxwIenLHOE,
OpaHuueHa BM CHHSY:

o
Ax

Fyz=m>0.
Tenepst A€rkO NOAYYATh OUEHKY
Ay M
|#l<=
AAR
M
[Ay | =] Ax|,

OTKYRA B caeayer Tpefyemoe YTBEDWKACHRHE,



3i6] § ). HESBHWE eVHKLUNY 185

r} Bozspawascs Kk papencrsy (3), mpemonomuM renepe, uro Ax —o0,
Tak Kak M@l yke SHaeM, 9TO TIpH 3roM u Ay —0, T0, Mo Henpepus-
HOCTH (yHKkusit F'y n F', u c yuerom Toro, uro F', 7 0, cnpasa B npe-

Reke momyvum
____P F ] (x! 2
Fylx, y)°
Taxos e Oymer @ npejen JAepoit 9acTu papencrsa (3), Tak uro cyme-
CTBYET NPORSBOAHAR ¥ MO X3

F)=y.=lim % =T B, @

Ifoacrasasa coaa f(x) smecro y, nosyuuM

o _Felx fx)
FA=—FG&im
NOCKOABKY B YHCAHTENE H SHaMEHaTeNe EMeeM HeNpepHBHHE (PYHKUHR
OT HEBPepHBHHX #e QYHKUH# u 3pamenaTeabr He o0paniaeTca B HyaAb,
OTCIORA ACHO, 4T0 f7(x) — raKie nenpepuieuzs ¢yukuus, Teopema po-
Ka3aHa NOAHOCTRIO,

Taxem oGpasoM, no caoHcTBaM tbymman F{x, ¥), xoTOpaa HaM AdHa
HETOCPEACTEEAHO, MBl MOMEM CYAATH O cBOHCTRAX dysxmmn y=jf(x),
ARR KOTOpOH HEHOCPEACTBEHHOTO 33JaHHS MH HE HMees!

Mu yxe ynmommuain p n° 314 0 reomeTpuueckol TpIKTOBKE HIYueH-
ROro sgect ponpoca, Ecam kpHBan 32apaHa <HEABHMAM» ypapHerHeM (1)
W B KakoR-zmGo ee Touke F, 540, TO B OKPECTHOCTH STOR TOUKM KpH-
834 MOWeT OWTb BHpaMeHa «anﬂuu» ypastenueM Brg2: y=r(x). Pa-
BYMEETCH, X U ¥ MONHO OOMEHATH pOAAMA; €CAR B HEKOTOPOH Touke
F 0, 10 B €& OKPEeCTHOCTH KPBBYIO MOXKHO BHPASHTL <ABHHM> e
YPaBHeHHeM pyroro buaa: x=g(y), Jluwe & «ccoboli> Touke [n° 210),
rie oaHoBpeMeHHo H F,=—=0 W F,=0, Hama TeopeMa He HAXONAT
NPHIOKEHHS,

316. Hessnan $yBEMNEA 0T HECKOALKKX HepeMeHHHX. AHANOTHYHO
ypaenenno (1), MOXHO paccMATDUBATL W ypaBHesme ¢ GOABIIAM gBCJIOM
nepemennux. [Tycts, Hampumep, uMeeM ypasHeHWe ¢ TPeMA NEpEMEH-
HHIMA:

Fix, y, z)-0. (5)
I]pn H3BECTHHX YCHNOBHAX 3THM YDABHCHHEM 2 OOpeHensercds Kak <de-
asHafg» QYHKUAS OT OBYX MEPEMERHHX X H ¥

z=h(x, y),

KoTopas, BooGuie rosopst, Gyder wuorosuauxofl. Ecm nogcravurs ee
BMECTC 2, TO GyAeM HMETh

F (x’ o h(x’ J'))=0 (6)
YHe TOMACCTBCHHO OTHOCHTCNBLHO X, V.
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Mu Oyaes roBOPHTE, 410 8 Rapasscienunede
@ b ¢, d; 6 /)

ypasienue (D) onpedesrem 2z rax cONOSNALHYD HYNEGUD om X A ¥
z=h{x, y), ecan dag swboli mouxu (x, y), codepucauelics 8 npamo-
yeossuure

(2, b, ¢, d),

ypasnenue (G) umeem odun, & moaexo oduw, xopens z=Hh(x, ¥)
8 nposexcymyele, ).
Ecait 570 HMEET MeCTD, TO YpasHeKus

Flx, v, =0 a z=h(x, ¥

s napasrsesenunede (a, b; ¢, d; e, [) oKaINBAIOMER COBEPUERHO
PABROCRABHN XU,

B poam Takore mapaasencneneaa obimumo Oyaer GErypHPOBaTH
OKpeCTHOCTH HHrepecyomel Hac TOURH Py (Xy Vo Zo).

CHopMyanpPyEM Tenepk OTHOCALYIOCS K YP4BHEHNIO () TeopeMy.

Teopema 2. ITpednosooux, tmno,

1) diyuscgun F(x, y, 2) onpedesena U Henpepusua, smMecme co ¢80~
UM SOCHIRNMI NPOUIBOOMSIME, 8 HEKOMOPOR OKPECMNOCTU IMOYKY
Py (X0 Yo Za);

2) dhynxgun F o mouxe Py(Xe Yo Z;) obpamaemcR & Ryas; #,
Kaxoney,

3) npouzsodnan F,; 8 smofi mouke He pasnHz HyAv.

To2da:

a) & nexomopoli oxpecmrocmu mourn Py(xy Yo Za)

Bo=(x— A8, X4+ 8; yo— &, 4% 2,—4", 2147

Ypasuenne (5) onpedeagem z Kax 0OROINGURYIO PyNKGRIO Om X B ¥
z=h(x, y)

6) npn X==X, Y==Y. #ma PYsKUUA NPUKLKAEM 3KATENUE 24
b (Lo, y0)== 253

8) gysxgun h(x,y) nuenpephisna no coBOKYRKOCMIL CAORX apRy-
Menmos u

) ONG UMEEM RENPEPHEHBE e HachiNue npoussodsuwe hy, k).

Ha noK#saTeabCTBE MB OCTAHABAMBATHCA He OyAeN, TaK K4k OHo
COBEPIIEHAO AHBAOTAYHO JOKA3ATENCTEY TeopeMu 1.

Ha sror pas reoMmeTpHuecKHM oOpasoM ypapuenus (5) aBagsercs
nosepxrocts, TIpn ycaoeuu Fr 70 8 OKPECTHOCTH COOQTBET-
cToywmefi TOYKH NOBEPXHOCTS BHIPANAIETCA H WBHHM YDSBHEHHEM
pnaa z==h(x, y). Bcam B KaKofi-160 TOUKE ONHOBPENEAHO Fy== Fy=—
=F; =0, T0 TeopeMa HenpuaDMuMa -— TOUKA <ocobag» [n® 2%3)
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317, Onpenenenne nessusx $Hynxnmudl n3 cucTemsl ypasuewnil,
Haxomwen, B camom obnieM cAywae MOXeT GuTh JaHa CHCTEMA M3 M
ypapueuni ¢ # --m RepeMEHEEIMM,

Pl(x,, ey x,'; yl' seuy ymjzo,
Fg(xp ey x,.; y” “eey yﬂ)=0’ (7)

L N A )

Fm(x” siay x’; J’!s Veny yﬂ)=0'

3nece peun wmaeT o6 onpeneAcHEd STOR CHCTEMOR /M RepeMeHHMX
Vi sres Yo KK <HEABHHX> $YHKUHE OT A NEPEMEHMHY Xy, ..., Xy

IeEfi(@y ey Xodoons Y= u(Xn oo X0

Tak 410 TpH RoAcTaHOBKe uX B (5) DOAYuamICHE TORZECTEBE OTHOCH-
Temo x‘)-oo, x'n

MoapoGHO MWH  paccMOTpEM  npocrelmmfi  Ccayual — cHCTEMYy NI
ABYX YDABHEHHH € TPeN S NCDEMCHHBIMIL

Flx,y,2)=0, G(x,y 2)=0. 8

Tosopsm, ymo 8 papassesenunede
@bcdel)

ma CUCMEMa onpedesRem y & 2 KoK oONo3NGUNNE PYAKGER om X:
y=Ff(x), z==g(x), ecan 348 RaMI020 3INANEHUA X & NPOMEICYmMNE
{(a, By cucmena ypasnenuill (8) umeem odny, w mossko o0ny, cucmeny
pewenut (y=J(x), z=h(x)) us npruoyzossruxa (¢, d; e, f).

fipa STHX YCAOBHAX #CHO, YT0 CHOBA cucmexa (8) s npedesrax
HapasAcAenUNneda PASKOCUASNG CRCMENE

y==f(x), z=g(x).

My BHpCAN, NTO B BONPOCE O CYIIECCTBOBANKH ONHOSHAUHOR BeSEHON
dynknug, onpeaeasenolt o AR M ypasnenuenm (1) [wmm (5)), pemmomyo
poAs Wrpaac ypeGobadHe, WTOGH B DPACCMATDHBIEMONl TOUKE, YAOBAS-
1ROpAIOIEH YpaBHeHRIo, He o0pamanach B Hyah NPOBRIBOAHAN F; {coor-
BeTCTBEHHO, Fe] AMEHHO MO TOH NEpeMENHOHN, KOYOPAN NOA:
ACKUT ONpeneAcHHD Kak Hesshas ¢ywkuus, B monpoce xe o
CYIleCYBOBAHAN OAHOSHAYHHI HesRHHX Gysxumil ¥, 2, onpeleAsesnx
ciacremoft ypaemennft (8), K KoTOpOMY MH Ceflyac BEPEXOBAM, AHAAO-
rUURYID Ppoxs Oyfmier MrpaTh ONPEeREeAATEAb, COCTABJCHHHEA H3 Werh-
pex YACTHNY HPOMIBOAHHX OT (YHKUAH, CTOSIMX P JEBHX Y4CTAX N O
NOAAECKANKEM ONpeReNeHHD NEPEMEHHNM ¥ B 2;

J=Jxy )= g"; g::l- {9)
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Teopema 3. [pednosopcus, wmo

1) gynagun F(x,y, 2) u Q{x,y, z) onpedesenn u Henpepwsnn,
eMecme CO BCEMU CBOUMI HQCMANMU NPOUIBOORKAMU, & Nexomopod
OKPECIROCII MOUKR Py (X Yy 2,);

2) mowxa P, ydosasemeopsem cucmexe (8)

FXpyp 2)=0, GQ(xpy,2)=0

3) onpedesumens J(x,y, z,) 8 5smOfk mowke OmMAULER OM KYAS:
J{xy Yo 2} # 0.

Tozia:

2) 8 Mexomopoll oKpecHIROCIHR

A =Xy~ Xy 8 o~ ¥, 3,8 2, =¥, 2,4-¥)

mougn Py cucmenma ypasnennff (8) onpedessem y u z wax odno3nax-
rie Pyncgun om x: y=Ff(2), z=g(x);

6) npi X=X, 3mu HYAKGUL NPUNLKCIONL, COOMBEMCMBERRD, 3Kd~
werun y, u 2y f (X)) =yu g(x9) =2

B) ¢ nposexcymye (Xo—38, x,12¥) gynxgun fF(x) # g(x) nenpe-
PusHst, it

r) umciom nenpepusnue oice npousgodume f(x), g (x}.

Hokasarsavcrso, [lockoasky onpeseasreas J B Touke
Py(%e Vs 2) OTAHYEH OT HYAR, BO BTOPOM €ro cToxbue Xorh ofuH
MIEMEHT TAXKE HE PaBEH HYMO B STOH TOUKe; NYCTh, HanpHMep,

Fe (%0 3o 2) #0.
B raxoM cayuae, no Teopeme 2, B HEKOTOPOH OKPECTHOCTH
Co=(%e— 8, %08 yo— A, 3147 72— 4", 2,447

TOUKH P, neproe B3 ypasHenuH (8) onpezeaser z xak ONHOBHAYHYIO
ynxudio oT X n y: 2==h(x, ¥), cO CBONCIBAMHA, NEPEUUCACHHHMH B
sakaouennax G), B} u r) sTofi TeopemH. 3aMeHas B cucreme (8) mep-
BOE YPABAEHHE PABHOCHALHHM ewy (8 npedesax €,l) ypasnenuem
z=Hh(x, ¥), nONYUUN PaBHOCANBHYIO CHCTENY

Qx, ¥, =0, 2=h(x, y).
i, reren?

Hakonen, ecnm B ( noacraents R (X, ) HAa MecTo 2z, TO NpHAEM K
Gosee npocTOH, HO BCE €IIe PABHOCHABHOR CHCTEME

(%, ¥)=0, z=h(x, y) (10)
— e’
FAe o KPaTEOCTH MH NOJOXHM
O (x, =0Cx, 3, k(% ) (11)

Takam o6pisoM, MH CBEAA BaJaYy K JOKABATEABCTBY TOIO, YTO B
Rexotopoll (cogepxkamedica B €,) OKpecTHOCTH ofy TOuKH P, cAcTeMa
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ypaeseHu#t (10) conpemeaser ¥ B 2 Kax ORHOSHAUHME (YHKDAR oT X,
ofnazaomue BCeMH TpeGyeMuimy cBoficTRamy, Bocnoabsyemca me TeM
yAOOHHM s Hac oGCTOATENBCTBOM, YTO nepsoe u3 ypasHexafi (10)
CONEPHHT TONDBKO NEpeMEHHNE X, ¥, H NPHMEHEM K HEMYy YXKe A0~
Ka3zpHyl0 Teopemy 1: eciM HaM YHACTCS YCTaHOBHTb, WTO 3THM Ypae-
HEHHEM y onpellefifeTc? Kak OJHOSHauBad ¢ywkums or x: y=Ff(x), T0
n 2 ywe Oes TpyAa ONpEASAHTCA KAK OOHOSHauHaa QyHKUMA OT X N0
BTCpOMY H3 ypaeuennfl (10):

z=h(x, f(x)=2g(x). (12)

[Tpuctynag K OpoBepke BHNOCAHEHEA ycaoBR#t Teopemu 1 mna ¢ynk-
Ul P, oTMETHM, MpEXAe BCEro, 4T0

hxy yJ=2, (13}

[6) TeopeMu 2], # B CHAY HENPEPHBHOCTH GyHKUEH R (X, ¥) B TOuKe
M, (%, y,) snavenme sTofl ¢ymxunu eGmsa M, pasHurcA oT Z, Ckoab
yroauo Mang. Toraa B OCTaTQYHO Manoft OKDECTHOCTM Toukd M, dymk-
s P (x, y) Oyger HenpepueHa, BMECTE CO CBOHMH YacTHEIME Npo-
H3BOAHLIMA, TOTOMY NTO TakosH GyHKIHA G(x, ¥, 2) (plausn P} n
h(x, y) (e6zusn M,), us KoTOpHX oHa cocTasaera [cm. (11)]).

Touno TaK Xe BHNOJAHAETCA YCAOBAE 2) Teopewmu 1

@ (xp y)=0(*%y Yo k(X y))=C(xs Yo 2)=0,

B cuay (11}, (13} u npemnoaosxesnd 2) HacrodmeR TeopeMl,
Oct2eTcq NpeBEpHTh BRNOAHEHHE YcaoBug J) rTeopemu 1. Hudde-
penunpya (11) no y, Aatinem

0, (%, 9)=C)+ G, K (19)
Ho K, moxer GHMTh moayueHo audipepenunpopanued no y Toxknecrsa (6)

L r ﬁ
Fy~-Fp-hy=0, otkysa hy==——£,

F,
IMoacrasaga oT0 BuHpaxkeHue B (14), npuaeM x pesyabrary
. , F, J
(%, =0, — Gz‘;-;— i

fIpHYeM CMPaBa BMECTO apryMeHTa 2 Besie JOAXHO OHTh NOACTaBAEHO
h{x, v). Touke My(x,, ¥,) cnesa orTseuzer, ssBay (13), Touka
Py(xs, Voo 2g) cnpaa. Tak kax, ne yciopupe 3), onpese/mreas J e
TOUKe P, OTAWGYEH OF Hyad, T0 5T0 COPABEANHBC H OTHOCHTENHHO HpO-
napoguoRt ¢ B TouKe My,

Tenepk MBH Yke BOpaBe NPAMERHT: K ypasHeHmo ¢ (x, y)=10
TeopeMy 1 M yreepmmaTe, 4TO B HEKOTOPOM OKDECTHOCTH TOuKA My

Fo—38, x4 8 yoa—¥, 1013
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(rme 0<3<CA, 0¥ <[A") 310 ypasnenne, AeACTBUTEABHO, ONPemR-
ARET ¥ KAK OMHOSHAUMYKC ¢yRKuMIO OT X y=f(x), a Torma (kax
yie oTMevanoce) Gopuyaa (12) ONpemeAET H 2 KiK ONHOSHAYHYW
dymno oF X,

3a oxpectsocTs offy, 0 KOTOPOR WEET pedb B 3), MOKHO BBATH
napanzenenunen

Xe—3 %043 vo—V¥, 385 2,8, 2-4-87),
nonaras 8"=A", 3akmouewun 6), B) W 1) TeopeNH ONPIBANBAIOTCK
ceoficreamn  dyukmut f(x) u h(x, ¥), xoropue cHopMyJUpOBAHH B
Teopenax 1 uw 2,

H smech Teopeme MoxeT OHTb AaHO TeOMETPHUECKOS HCTOAKOBAHAE,
Cacrema (8), boolme roBops, BHPAKAET KPHBYHD B NPOCTPAHCTBE —
nepeceusHle ABYX MOBEPXHOCTER, NPENCTABANEMHX KDMALM HS YpabHe-
Huit noposue, Bcam B mexoropoHf Touke oTmmuen or HyAS KaxoH-nuGo
H3 OnpelenmTeAcH BYOPOFrO NOPSAKA MATPRUM YACTHHY fIPOHSBOAHEIX:

Fy, Fy Fp

(& @ &)
CKaMeM, onpelemssTeat {0}, TO B OKPECTHOCTH paccMarpunaenoll TowKd
Ape B3 KOODRUHAT (B AaWHOM CHAyuae: ¥ M 2) moryr OHYL paceMaTpu-
BaeMBl K2k (YAROAR TpeTheH (X), T. € KpusaH MONKeT GHTb BHpakeHa
<SBHBIME» YpaBHEHUAMP Y==f(X), 2==g(x). MM Re wMOXeM NnpHume-
RUT> TeopeMy Jmmh B «ocolofi» Touke, rme BCe TR onNpereauTeAn
METDHIIH OJHOBPENeHHO OOpamaTca B Hyab,

Anzaornunas Teopema MOXeT OWTh ROKagaHa @ AN CACTENH Ypas-
renalt (7) obmero BEAZ NO mMeToAy MaremarTHMecKoli muayxums. Hpa
STOM RHAYKUHA NPOBOAATCA OTHOCHTEABKO YHCAQ YpasHenufi, Hanoao-
Gre TOro, KAK NS TOABKO 4TO CBEAW CAY4al ABYX ypamHewn#t K cayuato
omsioro ypasuenns. He ocramesampasce Ha QOPMYRHpORKE M  A0Ka3a-
TeancTBe oBmell TeOpeMH, MW TNONYEPKHEM MHINL, WIO0 B BORPOCE O
CYINECTBOBIHHH CHCTEMA HERBHMX OYHEXIHA Vy,..., Vg ONPESEARCMHEX
cucrenoli (7), pemalmy® poab Wrpaer onpeaenuTedh

oF, 9F, oF,
0"y 3

B & om
OFp OFy OFn

—OH pomkeH OWMTb OTAMUEH OT Hy/ia B Tol Touke, Of OKpecrHOCTA
KOTOPOR mier pedb.

3aMrusnne, Mu ofpamaem BuANIARE YATATENd HE AOKAABHEHN
XapaKkrep BCEX TCOPEM CYIMECTROBAHHA HeAswMX JyHxuul; peub uper
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BCE BpeMs Juillb O HEKOTODO# OKPECTHOCTH PACCMATPADACHOR TONXR,
HO m B T2KOM BHAE 9T TEOPEMM NONSAHH; HANDHNEP, JAS HIYICHUS
CBOUCTE FEOMETPHYECKOr0 0OpPaBa b H2HHON €r0 TOUKE C€OBED-
HWIEHAD JOCTATOMHO OTPAEHYHTBCA HEIOCPexCTaeHHOH ee OKpPEeCTHOCTDIC,

318, BoiascaeRHo MPORIBOARNX HeuBHNX $ymimull. Xox paccympenns,
¢ RONOIELEY) KOTOPWX YCTAHABAHPAANCH TEOPEMH CYUIECTBOBANNS HEABHMX (PYRK-
unf, He Bcerma Xapia WPeACTaBACHHE O £aMOM cnocobe U YHCAERRMSE
BPORIBOFHKX {HEpBOrO NOPAKKA) OT BCRBHRE GyHzuHA. O TPOMBBORNLLE BEICIIErO
HOPAAKA W BoBce He Owac pevn. Temeph Ha STHX BamALX BONPOCEX Nbi OCTaHO-
BHMCS CTeluaabHo,

Hasumem ¢ npocreltmero cayuas, Rorsa Aano ypaswenne (1), Bymem cunrars
BHNOARSHBLINE, B OKPECTHOCTH PACCMATPEEACMOR TOYXN, YCEODME Teopemu |}

CYMECTBEHNY® POAD B AAabHeRmew Gyner Brpats GoBanue F}:;E:O.
Tag xax cYymecTBOBaAHHE cadMok BeApacH PYAKUHH ¥ OT X H ¢ npo-

MIBOBHOR Yy YEE Bifepe HSBECTHO, FO HPOLECC BRYACEEHHS STOR HPOHABON-
HOH MORHO OCYZECTBHTE ByTeM anddepeHnEposalita 00 X papeacrsa (1)
F{x,9)==0,
KOTOPOE AKAETCA B TOR XL CTH O, ¢CAH IOA ¥ PE3YMETh KK DPa3 GOpene-
AfEMYD m:a meapny© ynkupw. M noaywum [Kax yxe suesm & o’ ?m)]
Fr(x9)+ Fy(xn3)- ya=0, (15)
OTKYAM BOSEpAILAMCE X Ye H3BecTHOA dopuyxre {4)
' P; (x-.vl
TET ey
Teneps Mu wokeu fofts Massme, Ecan $ymeusa F{x,y) nueer nenpe-
PHEHMNE NPOBIBONELE BT 0P OT O NOPANEE, 10 BHpaKeHne, crommee b Hopmy-
Ae (4) cupapa, moxeT OHth npogn@@epenunponuo BO X, CRCAOBATEALHO, CY-

MWECTBYET M NPOMIRONHAE OT ¥x, Y. & BTOPAR NPOHSBOINHAR Vad O HeapROH
Gyakunn y. Bunoxssss nudpepeHngpoBaEe B TOACTABAAA BCAKHR Pa3 BNecto

Yx ee pupaxende (4), nafines:
Vo= (ﬁ,+F';r.v;>-F;;i(F'£a+F3,-y;)-F; -

¥
v;-F;-F:vnijg’-r’és-P?-F’.'a.
= Fy‘ H

OTCORA %&é BEEHM, YTO BYOpaf OPOHIEOAHER OyAet HempepumHOR  GyHE-
ngefi or X.

Ecar dpyuxnus F(x, ¥) nueer Eebpephibane NPOHIBOIHKE tPETBErO
nopaaxa, 10, ONCBHAHO, CYMECIByer W TPETLS TPOEIBONAAK OT HespHOR
$YBKIHE y’;’.; ee BupaseHHe CHOBE MOXeT OLITL MOXYYEAC HEMOCPEACTBERHHM

ANddepenuEpOBANNEM BHDARCHREE XA ¥ys # T. & G mouomsw uaremaryvecxofl

KO AOKASATL, 4TO HERPEDUARNX  RPONHISOTINMR
m; {x, y) do m" memm ofecnevusaem o
CYULECIE0SaNYL (uaqmuaugf R-20 nOPAGKE Om KeasKodl

ITocae 1010 K&K, TaxHM 00pa3oM, CAMES QART CYMECTBOBANEA NOCECRORA-
T¢ALYHE NPORSPORBKIX T HEABHOH OYHKUAH YCTAHOBZeH, BLADCIEHNE BI NMpome
DPOHIBORKTL AYIEM MOBICPHOCO m&iepemmponm Toxgecrsa (15), ¢ yyeTon



192 I'VI, XIX. HEABHHE $YHKUHY, ¢YHKUHOHATMHNE ONPERRAHTERN 318

TOTO, Y10 ¥ ectb ysEuus or x. Hampumep, nepsoe me auddepeniuposanpe
STOr0 TUMIECTSA JACT HAM

F‘.;t'i"F:a;y‘y;+(F.:y+FJ;:'J':v)‘J';+ F;p'l’;l=0’
orkyma (senn F_', 70}

” Fat 2P, et Fa Ve
yx’ T F' :
¥

MOECTABHB BMECTO ¥, €70 BHpaXenue (4), BEPHEMCA K ywe HaRIeHHOMY BHpa

KEHUD TAA Yoy B T. B
NreMEP 1) TIYeTh y CBA3SHO € X YpIRHEHHEM

In ¥ x4 47 ==arctg %

BaddepeAunpya NoCAeROBATENREO HO X (OpwueM y cunraeN $yaxuael or x),

noaYYHM -
Xty ey o
o s na x4y = xy —y;

3aTeN
14325397 =xy"0 oo
W3 nepBoro ypasHeHUa HaXomu
y= I
X—y !
43 Broporo (ecad MOACTABHTL HalacWHOe 3HAYeHHE ¥}
V=53 (o —yy

H T A
Apanorayno oSCTOMT Xeao K B coyvae ypasHenua (5)

Fx, y, 2)==0.

3Recs MpeANoAardeM BHUOAHEHHHMH YCAOBHA TeopewH 2. Ecan MOM z pasyMers
HeABHYI (DYHKUMIO, ONPENSTAEMYIc STUM YDABHCHHEM, TO OHO NPEBPATATCA B
TORXNECTBO, KOTOpPOE MORHO NH{pdepeHnUpobaTh KaK Ro X, Tak 4 no y. B pe-
SYALTATE MOXYNHM

o=t o F

S A

(Bropoe papeRcTRC Mu, CoOCTBEHHO, YXe MOIYUHAH STHM e NPHEMOM B Apn-
Hecce NOKE3ATCABCTBA TeopeMu 3.)

Ecan dynkumna F umeer nenpepusnsie NPONSBORNLE BIOPOTO, TPEYLELD, . . .
MOpARKA, TO TakKHe We MPOHIBONHBEC AMEET N QYHHUNA 2! BCE TG CXONHO CO CKa«
3aHHWM BHINE OTHOCHTedbHO YpasHenma {1).

Ecan HYNHH B C ¢ NPOX3BONHLHE NEPBOTO, BTOPOTD, . . . OODALGKE, TO Mpome
Cpasy BRYHCAMTL d2, d%z,. . . Tpoauddepesnupyes ®e HAME TOXLECTBO N0 A=
HEM obpazoM, T. e BPUPABRAEM RYAI0 NOaul cnddepennuax or ero sepol
yact¥ (HCMOAbSYA OPH 9TOM MHBAPHAHTHOCTE QOPME nepsoro
Taddepenunana, nt 143):

oF aF aF
ardt gy T g de=0



318] $ L HESBHMEE $YHKUIHH 193

1K 410
OF oF

dz=— a—-dx - ? dy.
0z 0z
B 10 me Bpemn

dz=%dx+%dy.

Beuny ppoussoasnocTH dx W dy orcoaa nche %), yro

aF oF
92 _ 9x dz_
ox~  dF @ @
oz 0z

KaK MH A GONYUHAW BHEIE,
Jedpepenaupya en:le pas, noayq:m
o*F
[dx’ dx+6x6y +dx dz
B ompefieARM %z, ur0 NPEBLACT H4C K BHPAReHHAM IAA
dlz @z iz
T Xl

® T. & Mut BUANM, YTO BO BCEX ITHI BHKAANKAX OCHOBHY® DOXL BIpaet YiXo-
BHE, UTO oF
Menuer. 2) [Iycts aeapHag q:ymclma 2 0T X,y ONpejeAneTCn ypasHeHHeM

Lts=t

dz] dx+ oo+ a2 =0

HiMeeM RocaenozaTexnHO

L] ot
f%-{-"”-}-”""_o dr=—Trdx— 2 dy,

TaK 9TO

éz=_c'x az=__ﬂ

d9x a7 Wy ¥z
3aren

| d? | zd'z
ag +“’_‘+ + P == ’

OTKYAa (eca® BOCHONBIOBATHCA M3BECTHHIM Yike BHpAWenHeM maa dz}
_T(x D\dxt | 2y AT
oG [(F+5) 5+ R+ (r+5) 5

%) Pagesicreo Adxy 4-Bdy«=A'dx + B dv Ops RPOH3BOALHHI 3HAYEHHAX
dx 9 dy sokeT HMeTh MecT0 AMIL TOTHA, KOTMa A=Ay B=5".
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41O ARET HaM
i _c‘(ﬁ_l_z’) o clxy
Oxt T @A\ T dp ey T abe !
#z sy A
&=+ 5)
HT.

)8
Tlepefinen Temeph X PaCCMOTPEHHMID CHCTeMu Yypasnennd (8)
Fiy,2)=0, Q{xy2)=0
e —

Byaem npengonarate, 9T0 B OKPACTHOCTH B3ATON TOWKH BHMONHAMICA FCAOBHA
reopemt 3. Crosa ofpamgeM sHEMakRe HAa POAb, KOTOPYW Oyaer nrpath tpe-
Soeanne J£0,

Mu znaen, 1O HeABHNE QYHRUHH § H Z OT X HMEOT NPOHIBOEHLE HO X.
Camoe B YHCOEHH e HX NPOU3EOAHTCA JAddepermppop2RHEN TORMECCTE, KO-
Topue Roxywarca ms (8), ecan Doy ¥ 2 pazyMETh HMEHHO YROMARYTHE HENBHHE
dyexuud, Anddepennuposanne no x, wanpusep, Aser

OF , 0F dy , OF dz
EARE A T T
o¢ , G dy , 0Q dz _
wty T w wm =
D70~ CcHCTEMa JAHREAHMI ypinnennll OTHOCHTESLNG BEHIBECTBHI %

dz
H rra COTAHYHHN OT AYas onpefcauresen J. Orcona obe DPOUIBOARLIE

NG X JETKO OOPEZEARIOTCA; TO Me MOXMO BRNOIANTL @ A8 MPOHSBOARWX MO ¥,
HE CTaHeM NOBTOPATL SAECh 32MEUIARA OTHOCHTENDHO MCNOALIOBAHAR
ZRGHEPEROHPOBINAA DO EH N M 0 6P 23 O N, CYIWLECTEOBANNA H BHYMCACHRA PO~
BIBONANX BHCUINI NOPAAKOR.
Haxouen, nce cxasasuoe pacnpocrpanserca B aa obmmit cayuah.
Hrauer 3) [ycre nama cucrema

Xtytrta=e SALPLI4ut=b, B4y +otat=e,
COPEAREALAA ¥, 2, 4 KK QYIIKI.W.H ot x. Hueen
14y 2=, x4yy + 22w =0,
B4+ fut =0
l"lpe.unoaar A2 ORPEACARTERDL

t 1]
y e
yaa

HEDABHEIM HYAKX, HMEEM OTCIOfA

=(—3) (@—y) @--2)

(z—x){a—x)

Y===nw—=yn

BT A
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§ 2. HEKOTOPHIE NPHAOXEHHSA TEOPHH HESBHBIX ©YHKLIHA

819. OThocaTe.IbHME SKCTPeMyMbi. Paccmorpan BONpOC 06 sxcTpe-
myme ¢yukura f(Xp ..., Xy, ) OT 2-Fm nepeMeHHHX B Mpeano-
JOWENMU, UTO STH TCPEMCHHNE TONYHHOHH ome M «<ypAaBHEHHAM
CBAZH»

0; (xl, vee g Xy x“,,,b ver 3 x,H,,,)mO

=12 ..., m).

M yTownuM MOHATHE O TAKOM OTHOCHTENBHOM BKCTpPEMYME

H YKaXeM NpPHEMH A% €70 PAIHCKIHHAA,

Togopst, uro & mosxe Py(xf, ..., x?,/.,.m), YdossemsopRu-

el ypaskeHRR X c83Y, PyuRyun F(xy ..., Xy, ) HMcEM OM-
HocuUmMeAL KUl MAKCUMYM (MURUNYM), €CAR Kepasencmso

F(®y oo s Xnymd<F(xh oees X5 1o m)

=

SRROAKACIICR 8 ReKkomopol oxpecmocmi mouxy M, dam  ecex
moter (X1, ... , Xpgom) Y0084EMEOPROWUX YPASHERURAM
cagan

Ecam, manpamep, peus uzer o ¢ynkuun w==f (x, y, 2) Tpex mepe-
MEHHHX X, ¥, 2, TIOJUMHEHHHX €Me Y PAaBHEHUIO CHABY

F{x, y, &y=10,

T0 pasHCKAAWE OTHOCHTEALHOTO SKCTPEMYMa (YHKUEA &
03HaY3eT FeOMETPHYECKH, YTO YKCTPEMYM UIETCA HA3 NOBEPXHOCYTHR,
BRPAKEHHON MaMHCAHAHM YPIsHEHHEM: W CaMa SKCTPEMaAbHA TOUR3
A TOYKH, KOTOPHE C HEW CONOCTSBASIOTCH, HOMKHH JIeHaTe H3 STOH
NOBEPXHOCTA. Bcxd Hanuuo Oea YPABHEHAR CHESH

Fx, y, )==0, Xz, y, =0,

TO, ORWEBRJHO, JAGAC CBOAMTCH K PACCMOTPEHRIO JAINbL TOYEK HA XK pW-
BOH, XKOTOpas SANAETCS STHMH YDABHEHHAMH,

[lepexoas K HeTaAbHOMY WBAOKEHHY) BOMPOCA, MM AAA  YNPOIMEHHA
mHcbMa OrpaAnyaMca dyHknneh

u=f(x y 2§
OT YEeTHpEeX NepeMenHHX, CYNTAS HX MNOASHHEHHHMB ABY M YpaBHe-
HHAM CBA3H:
Flx, 3, 2, =0, Qx, 3 % H)=0. )

Mycrs $ynkuus f wuMeer OTHOCHTeNbHEE SKCTPEMyM B  TOuUXe
Py(%p Yo Zs 1) Mu OyneMm npeanossrare, 9T Kak ¢yuxnns f, 1ax
B dynkuan F n O AMEIOT B OKPECTHOCTH PaCCMAaTPHBACMOR TOUKM
HERPEPHAHLIEC YICTHHEC TNPOUSBOAHHE MO BCEM aprymedtad, [lycrs,
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hanee, B TOUKe P, OTA@YEH OT HYyAd XOTb OOMA HS oOnNpemeauteach
BTOPOIC AOPSAKA MATPHHH, COCTABJNEHROH MS VACTHHX RPOHSBOAHMEY)
(F} F, F: F;
G G G a/
HanpHMep, ONpeaeanTenh

J=

F F
o a;l’ @

Torma, ecm OrpaHRuMTBCA HIAAEKAMER OKPECTHOCTBIO TOUKA Py
(mo Teopeme, amanormuuod Teopeme 3 n° 817), cucrema (1) paBHO-
CEIbpHZ CRCTEME BHLA

z=q(x, ¥), t=={(x, y) 3)

TEe ¢, $ CYTh HedBHue QYHKDMR, onpedeasemuie cucTeMolt (1), Wanmm
caosamy, TpeboBanme, uTOOH SHaYeHAd NEPEMEHHHE X, ¥, 2, ¢ yAo-
BRETBOPsAR ypaBHEeHHAM cBasnu (1), MOXKHO BAMEHATH NpPEANORO-
HEHACH, UTO NecpeMeHHHe z W ¢ mpeacrasasioT cololt ¢ymnkuma (3) or
X ° y. Takam o6pasoM, BONpOC 06 OTHOCHTEALHOM SKCIPEMyME
Aan  dyuxkamm  f(x, 3, 2, ) OT verHpex FNepeMeNHHWX B TO4Ke
Py(%y Vo 20 1) CBOMUTCA K BODPOCY 06 ofHiHOBEHHOM {aGCOm0T-
HOM) SKCTpeMyMe N CHOXKHOH (GYHKUMH OT ABYX NEPEMSHAMX

Fxy elx 3 $ix ) G

B Touke M, (xs Jok

31H coo6paKEAVs FKABHBAT W HA PEaAbHHA NYTh IAA HaXOMAe-
Hist TOYKH, MHOCTABAMOMMH  OTHOCHTEABMHA  SKCTPEMyM  (YHKIHH
f(x, ¥, 2z £ ecmm MW yMeeM (aKTHUECKR DaspEMIHTh YDaBHEHHS
CEABH, HAMPUMED, OTHOCHTENBHO NEPEMEAHHX 2Z W f, H HaflTH ABHHeE
BHpaXEHHs A% (yHkmafl (3), TO Xeno caOAATCA K HAXOMIEHHIO afco-
AOTHOTO BKCTPEMYMa AR cxoxiol d¢ynxuua (4). CobGcrsenno rosops,
MH TaK HMEHHO W TIOCTYNA4AR B pAIE paHee PeUIEHHHX 8azau [n® 163,
154], nanpAMep, KoOrAa MK HCKaZu HAUGOABIIES BHAVEHHE NI NPOMS-
Begennd xyzt npa ycacssa ¥ y-pz-lf=de, v T. I

YKameM TeHEph APYTOA NYTh AAF HAXOKACHAT TOUKH Py (Xy, Yo 20 o)
HE¢ NpeAN0Aaraf, 9r0 MH HMEEeM SBHHE BHPAXEHHS A9 (HERBHHX)
dynxumA (3), XOTH cymecTsOBaMueM sTRX QyHKuu# MH OygeM oAb
S0BATHCA B SHECH.

Urak, nycts B TOYKe P, ¢ynxmua f(x, y, z, {) HMeer oTHOCH-
TEAbBHHHY BSKCTPEMYM WIH—YT0 TC KE — CAOKHAA OyHKuua (4)
B TOUKe M, HMeeT SKcTpeMyN aGcoaw THHH.

Torma B srolt Touke ofpamawres 8 0 ofe NPOMSBOAHNE, 1O X A
no ¥, ¢yaxunn (4), z chegoparesnHo, W ee AR Pepenunan Jlo

*) B e10M cayuae rosopsr, Yro sarpaua mseer (B roume P) pamr 2,
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MHEBDASNTHOCTH (opMH (meproro) nudxbepenumana [n° 143] sto yeao-
BUE MOMHO 3aNACATH TaK:

Lact+Lay+Lar+La=o, ®)

rae non dz ¥ dt pasysewrcs muddepenurann gyrxuut (3) s Touke M,,
B TO PpeMS KaKk HacTHHle NPOWSBOABNE BHUNCAEHH B TOyKe P, 860

¢ (X V)=2¢ P{xe y)=1 6

Hs (D) Heav3R, KOKeUHO, 3aKADUUMD O Pasencmse HYs0 KosgPu-
guenmos npu SufpPepenguasnx, max xex ne gce smu dufepengiasn
npoussossns. Jas TOro yroBH cBecry AeN0 K DPOUSBOABHO BHOApae-
MuM gudepepennnanam, 1. e k Anddepennnzaan dx u dy HesaBHCH-
MHX TNEPEMEHHNX, MW NOCTApAEMCd RBCKMOMATE OTCAa  Anddepen:
waaasl dz R df TepeMeHHHY SaBHCHMHY. 3T0 JNETKO CA€AaTH, €Can
npogudwpeperunposaTs NONHHM O6pasoM ypapHemns csmed (1),
pasyMes noR & H ! qnymcuna (3) *):

dx+ + -l——dt__

3aech, XaKk ¥ BHIlE, BAULY (6), QACTHNE [POH3BOZAWE BHYACTEABI
k Touke Py Tak xax, no npemnoaokeryo, onpeaeantens (2) B 3IT0H
TOUKE — He HYWb, TO dz u df Moryr OuTb OTCIOAZ MUHERHO BHPIKEHH
uepes dx u dy. Ecau s1d swpawenns nogcraeste B (3), TO TnoAy-

YHTCH PABEHCTBO BHIA
Adx--Bdy=0,

rae A # B osHauawr BHpamenud, PAUAOHANEHHE OTHOCHTEABHO YaCTHHX
npousBOmHHX (yHknw# F, O, W s@ech BSATHX B Touke P, Taxk Kax
B 3TOM paBeHcTBe (Urypnpywor Tospko aaddepesunanu dx, dy Hesa-
BHCHMHY MePEMEHHHNX, T. €. COBEDINEHHO MPOHSBOABHEE YACAZ, TO
b Touke M, AMeem

)

A=0, B=0.

Buecte ¢ YpPaPREHHAMH CBASH STO B2eT YETHPE YPABHERHA AMA Onpe-
BENCHUA HEUSBECTHHX X, ¥, Zz A i,

Konequo, MB YCTAHOBHAH JHIWB HeoOXOABMHEE ¥YCAOBHA AAg BKCYPE-
MaARHOR TOUKE PXxy, ¥, % %) Ho ¥ B T2KOM BHIE YCAOBES MOFYT
GHTb NONESHW Jawe p77 pasHcKanus HanGoubllero (WIHM HauMeHb-
wero) sHavenms ¢yuxkuma £ npn ycaosuax (1), ecam no Xapakrepy

*} Tounee rosops, M Gudpepenn¥pyes Te TOENECTBE, KOTODHE [OIY-
vamrca B3 ypapneuwf (1), ecan BMecTo z B { B HAX NOJCTABHTL HEABHKC
dynenun (3). HogoGuu# cO0co0 pevd Mbl 6yaeM NDHMEHST: B BRpPedb,
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BONPOCA Hanepel SCHO, ¥TO BHYTPA DPACCMATPRBaeMoO#i oOaacTa JNOMKHA
CYWEeCTEOBaTE TOYKA, [OE 3T0 HaaGoibmee (HAUMEHBIIEE) 3SHayenwe
ROCTHr2eTcd, WAH eCAH TAKCe AONYUIEHHe CcUeXaHO B Nopsaike Hapene-
HEd, ¢ TeM, YTOOW HaiAeHHYID TOUKY anpofupORATE ADYrAMH COOOpa-
HEHHAMHA.

Ipameps NpHeedeHH Huwe, &8 0° 821,

320. Merox HeompeneneHHwX MuomATesel Jlarpamxa, B mzno-
WEHHOM BHHIE CNOCOGE HApYMIZeTCA CHMMETPHA B OTHOWEHMA IEpe-
MEHHHX: YaCTh H3 HAX TPAKTYETCH KaR HESaBuCHMBE, 4aCTh-— Kak
sasCHMEE, ONHH andbepeHuanst BCRAOMAIOTCH, APYrue COXPAMOTCA,
Huoraa sto paeder sa colo# ycnoxuHeHAe BHKASAOK. Jlarpaux npesso-
Xua METOH, MPH KOTOPOM BCE NepeMEeHHBe COXPAHFIOT ORWHAKOBYKY POk,

Yunoxnuy pasencrsa (7), COOTBETCTBEHHO, Ha NPOH3BOABLHWE HOKA
(«HEONpEAENEHHEEY) MHOKATENH X, § A PeSYABTaTH NOWICHHO CAQ-
wuM ¢ (5). Mu no.ny-mu PaBEHCTRO

(Ftigete )it (Grrgbn Fhart
HE L e it (0 e Pamo

rae no-mpexneMy dz B di osHawaloT AudQepeHUB2AH HEABHHX yHK-
nuft (3) (B pacCyXKAEHHH MH TMOKA COXpandeM HEDABHORDAEHE BEpe-
MEHHEIX); APONSBOAHHE BHYHCICHW B TOYKe By,

Brifeper Teneph BHAYEHHA MHOXHTEReH A ® o Tak, arobm obpa-
mMaasch B Hya, AMERno xosddunuenta npr sagHcuMuX aubdepen-
KHanax dz H dt'

FgrlppBao L4y Do, (@

310 CHeAATh MOXHO, NMOCKOABKY ONpeneanteas (2) cucreMu awsieHHEX
ypasreHufl, noayuaomefica AMA onpencAeHHE A U w, OTAEYEH OT Hyad
TIpn nu6pammx suaqeuaax MHOXHTENCH paseumo (8) NpPHMET BHA

(Z+rim+o ST+ (Z +r g+ Z)dy=0 10

3necs MH CHOBa HMEEM JeA0 JLIIR € mcp(;)epe:maaaanu HE8ABHCH-
MHX NepeNcHHRX, ROSTOMY KoadunHeHNTH npd R4X A0NKHH OuTH
HynamMe, r e aapw ¢ (9) aueen :1

Lrrgtegd=0 LT 4ull @

H‘rax, ana onpeneaeunn METHpPEeX HEHBBECTHHX x, ¥ 2zt as
enste ABYX MHOXKHTeNSH A W p, HMEEM CTOABKO € YPABHEHUY, MMEHHO
AE 2 YDaBHEHHS CBASH H 9eTH pe ypaBHenusa (9%) m (9).

IOaa Tore yroOH ofAeryuTh BHEHCHBAHRE sTAX ypasnendd, oGBIKHO-
BEHHO BBOJAT BECMOMOraTeaALAYO (YHKIUO

O=f-A\F+pG;
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TOTAd YNOMSARYTHE YPaeHeHHs MOryT GHTh SANHCANH B BAIE

L . PO NP S
Tx—-—o, W-—o, T&‘—-o, Y-——oq (11)

Oun BUTASEAT TAK We, KaK R YCAOBUA ODKKHOBEHHOTrO SKCTPEMyMA
ana dymxund F, Smo caedyem paccuampusanms suws Kak yrasauie,
oGe2naomiee 3aAnoXUKaRUe,

H werox JlarpaHk2 npEBOAAT K HeoGXOAMMEN  YCAOBAAN
B ocraspkoM 3aech MOxer OHYh TOBTOPERO 70, UTO OHAO CKazaHo
8 KOHIUE MPEARTYILEr0 HOMEpa,

3ameaanne. B Hanouennol TeOpHA CymecTBeHHYK pomb Nrpaio
NPpeANONOKEHRS O paHre MATPHUH HE YACTHHX NPOHa-
BOXHKX, KOTOPHM MH BOCOOAL3OBAAHCH TPHMAH. JIDA peIneHwA Baiaq
ONHHM 98 YKA3AHHHX METOHOB -— NI YBEPEHHOCTR B TOM, uT¢ He
nponymena HE OZHA TOYKA, AOCTABAMOINAR @Yﬂlﬂl}iﬂ OTHOCRTEAD=
HHA 9KCTpEMy®, — CeACBan0 OH NpeaBapHTEALEO YCTZHOBHTD, HTO
YUONAHYTOE TPEAROAONEHHE BHINOAHAETCA BA Heae BO BCEX TOYKAX
paccuarpupaenoll obnacTh, YAOBIETEOPAIIEX YpasHEHHAM cBAasu. B npo-
CTHX CAyYadX Ml OyZEeM NperoCTEBASTS STO YHTATEAN,

Tlepefinen x npumepam W 8azavawm,

321, Npuneps u 3azaan. 1) [ycrn TpeGyerca pafitTa sKCTpeMyd QyRKODH
n=/xyz{ UPH YCIOBEH X -} y--z-} #=4c 00x3CTL KIMEHEHWA NEPeMCBHHIX
onpepeaneTca ileimnencrnaun x=20 y=20, 220, t 20 Mu yme pemman
8Ty 3akauy B n* 153, 2), daxravecky BHpaxan f g3 NOCECANETO YCAOBHA.

o [lpawenss  toit e sagave Mero Jlarpania, BBeZEM BCTIONOTATENLHY®
YHEURIO
C=ayzt A (x4y+2+0%

B COCTEBAN YCAOBRN;

G, =yt AA =0, ..., y=xyz+A=0,
oTKyAa
yri= xztf= Xyt == X)37, TEK U0 Xe=y=z=f=¢.

2) Bepuencs X 3alevue ¢ HAMBNTORREHIIHX ceucHinaX BPoBOXOB B SACKTPY-
qeckoll CceTA ¢ NAapaEResbRHNM BXawTenweM [0° 154, 3)). Coxpanaa mpEhsTHE TaM
o60aHauenan, SYIeM BCKATh OKCIPEMYM dYHEDEM

FlGo 8p ooy gry=Utty 1024 -ov +inln
npA YCAOBHN, 9TO

F(q:s Q‘a....,q,)=££:’}.+ﬂé+ -00+M=g;
% 4 dn

TPY YTOM MM Ee CTaHeM faXe BRONHTL, B3aMeH §p fp +i« s fm APYIHE mEpe-
MEHHHE, KAK COCASNH $70 BHIe, RGO RANINMA FOBHNH METORAaMH 3aaua M TaK
PEmACTCd HPOLTO.

#) Ecxn BCHOMNHTL POAb STOH GYHKUEE, TO CTaHeT ACHO, ¥I0 DOCTOARNOE
¢raraemne B coctase P 3jece Momer Guith onymieno Ges spepa.
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Hrak, napdeperinpys NoIANM 06pazon dypasneﬂne F=0, noxyunn
BaTEM CHCAYyOIee BLpAREnMe NiA XHGPepenunang dg,:

]

9n [M Tus Jns ]

dg = — dq + ane + dq 1 [
A P 4y

Noacrasasa ero & papercreo df =1 dg -ty dgy+ .ot lp_y dfney + g dqn =0,
HpHACM E DESYABTATY:

]  §

q, IJ [ WA P

(:1—_%.‘_:)dq1+ +(1,._,——3- _ ‘)dq,..1=0-
Ja 4} Ju qe

Tax wax dygy, ..., dg,_, y®e NPOHIBOULHE, TO HOSPQUUNENTH NPH BEI M0
possb — BYRR, OTKYHA

@_4a_ ...':4;—1_&:__1,
A A Jna I
B
= VT, =2V ..., qa=2VIy (12

MuostuTeas NpoNOPUROARLHOCTH & RECKO ONPENEARTh B3 YPARHEHMS CEASN:

"
'ZI:V-T:-»

i}

A=

ale

Ecan npusenute Merox Jlarparma, T0 HYHHO DOCTPOHTH BCNGMOTATEILHYE)
dyrEna0 ¥)

[} [
Bl go ceo s G =8G1 4 oo F Liga + 22 (_}h_x_{_ sen +%‘)
B NPHPABMATL HYAKO €€ NPOHSBOLNEHE:
ad AT o AL,
=1 -*‘#_—- ey =ty — a8
d, ' gt BT g

OTKYH4 CHOBAa moxywaem {12), § ¢, 1.
3) B xavectee Gogee CAOMHOTO IPHMEPA PACCMOTPHM TAKYR 3a1a¥y: Tpex-

OCHHE 9AXHACOMS, f:;; +'z.—’- +-:T=..- 1 (6> b > ¢) nepeceser maockoeThid Ix -+

~+ my + nz =0, npoxonamel vepes ero HeHTp; TPeOyeTcA ONpENeAHTs NOXYOCH
MOZYJARIErOCA B cedeHME sazunca, MuumMp croBame, HY®MO Ha#TH SKCTpe-
NaXbHHE BHaveRHs Gymuund r®=x®-y'4-2% ecan nepemeRENe DOAUARERH
FuasdMHHM BHIlle NBYM YPABHEWHAM CBA3H,
Meton mexawuenna 3aBHCHMWX Aupdepesunszos n® 319 asgech npuBORAT
K CIOXHMN BHKNAIKaM; MOSTOMY MM CPasy NpHOCrHEM K METORY Jlarpanxa.
Aan Toro uroGu y6EAMTHCH, YTO PEHC MATDHUK

(%%z‘-‘-)
I m =n

%) cHeonpeaesenn? MEOMATEIbY MH EAA YAoOCTRa Gepesm B dopwe A* m
BRIOUAEM B HEro DOCTOSHHY® p.
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paeen 2 BO BCeX TOUKAX HEPECEUYEHHA 3aNUNCOREA ¢ NAOCKOCTRIG *), AOMYCTHM
nporusnoe. Ms oSpamenna B 0 Bcex ompexeamreseR proporc MOPAAXa Caefyer
NPONOPUHOBAALHOCTD SAEMEHTOB BEPXHER H HWEHedl CTPOE; HO TOTZA DABEHCTBO

ix 4 my - nz==0 paever sa codon%:- + %'"I'_f" =0, 916 HEROIMOKHO,
CocT4BAB BCNOMOTATEABHYI GyHENHKD

b,y =04y + 241 ({;—+-§+—§-)+2za(ix+my+m
HPHpabHAeM YN &¢ EPORIEORHHE!
4‘+1-%+p€=0. y+ l-g';-+pm=o, 242 .T:’;-+pa=o. 13

YMHO%AR STH ypaBHeHMS, COOTBETCTBEHHO, HE X, ¥, £ H CEAAJuBEA, HORYYHM
(c yueroM ypaesenudt cemofl), wr0 A =—rt

Ecap npennosZoXHIb, IAA OAPeAeZEHHOCTH, YTC HH O3Ho B3 wdcexs L m, n
He PaBHO AYX®, 10 B3 {13) MOKHO yCMOTpeTh, YTO r He pabho BH 4, BE b,
#r ¢. Torae ypashenra (18) mepenHmyrca 3 BEAE

o I - mb? net
FERG o IEE e fE e

Oreona zerxo HaflTh i, @ C HEM H X, ¥, 2; HC, WHHYA 5T0, MOXHO, CROXHB
STH pABEHCTBA, HpEABADHTERLHO YMHOXeHEHE H4 I, m, 7, DOGYYHT: YpaBHeHHE

Pat a'h? Ll
iyl ey e e

OTHYZA HEMOCPENCTBEHHO H ONPEASATIOTCH HHTEPECYIHE HAC JBE SKCTPEMAlh-
HHX 3HRUEHMA r¥,

Tak KAk CyLeCTBOBAHHE ITHX PHCTPEMANLHLEX SHAYEHMR HAMEpe] H3BECTHO,
TO 3A€Ch, TAKHM 0GpasoM, IICAYYALTCS NOAACE PEmeHHe BONpOoca.

822. llonsTHe nHesaeHcuMocTH OGYyHEUKA. PaccMoTpuM cHCTEMY
SyHROnl
n=5{x, Xy ..+, Xu)
Ya=Fs (% X+« « s Xy,
(14)

" . -

Yn=Sal¥p e . 0.y xp)

ONpEeAENEHHNX W HENpEPHBHHX, BMECTE CO CBOMMH Y2CTHHMH MDOH3-
BOJHHMH, B REKOTOpoRt f-Meprolt OTEpmTOR OGxactn &,

Moxer cayusTscd, 9TO OZHA M3 HHX, HAIPRMED ¥, ABATETC: QYHK-
uHeft OT OCTAABHBIX:

V=P« « o2 Vit Yisir « o 0 5 Ya)*) (15)

*) Cwn. sameuanye B n* 320,
4%) Cymecreerno, yro $yuxuus © B UHCIE CBOHX HKEeNOCPEeXCTBEN-
AH X APTYMEHTOB HE COREPAHT X-0B.
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rie @ rakwe npemnoRaracTci HeMpepwsHOR ynkumeH OT BCEX 4Pry-
MEHTOB C HENpPEPHBHHME e YaCTHHMA NPOUSBORHEIMH, B {m— 1)
sepuofl ofaactd @, CoNepWAmER BCEBOBMOKHHE CHCTEMN BHaveHmH
Yus o s Viats Yigre o o1 Vi KOTODHE DPHHAMIOT 5TH PYHKUHR, KOTAA
n-MepHad TOUKA (X, Xg. .., X,} npoleraer oGanacte . Ilpe srom
ME NOAPABYMEBaeM, HTO PaBeHCTRO (16) SHMOAHSeTCY TOKAECTBEHHO
OTHOCHTENBLHO X4, Xgv - +» X, B OOnacra &, Toraa ropopsr, uto
B 5TOR oGxacT# GyHKUHS y; BABHCHT OT OCTAABHHX.
B wacteOCTH, Tak OyAeT, ecaM y; CBOAWTCE X NOCTORHHOR: B 5TOM CAY-
yae MOXHO nonounars B P =—const.

QYHKIAR Vi, Voo - .s Yy HASHBAWT BoOOmE SABACHMHMY
8 06aactd &, echd ONFa W3 HUX (B8Ce DABHO KaKas) SaBHCHT OT
OCTANBHHX,

Ecan ne B oGascre &, um B KakoH-auGo vactuunoR, 8 meH copep-
wameHcd, oGaacTE Me uMeeT MecTO ToxuecTso bApg (15), To dyAxumn
Yo Vv - o2 Vo HABHBAKT HESABHCHMEMHE B ofaacth I,

Otper Ha BOMPOC O HESABUCAMOCTR (YAKUAR A3eT pacCMOTpEHHE
TAK HasuBaeMOH GQYHKNROH2AbEOH NATPpHUN, COCTABNEHHOH
H3 YACTHHX MPOM3BOXHHX STHX (PYHKuWA Mo BCEM HESABUCHMHM Mepe-

MEHANNM: iy, ) v,
E% . .-5%;

oys Oy 9y
Xy F.‘E:—‘ t i, (16)

s n A e o

L A

Ya Wm ?
X, 05~ ° " Ox
Tlpeanonaraf n2==m, Upexae BCETO HMEEM TAKYH TEOpEMY:
Teopema 1. Fcan xoms odun cnpedesumess m-20 nopadxa, co-
cmassennull u3 piesmenmos xampuys (16), omasuues om nyan 8 olsa-

conu D, mo 8 amolt obaacmu HYNKGUE Yy, Yo, ...) Yy HEIGBUCHNH,
HoxkAasATEABLCTRO, [IyeTh

9o O
Ox, Oox, '~ O0xpy
Qs O

ox, 0x5 " OXpm

#0. 17

CRCEE R I N A N

&y
2.2
Bcan Omt He pabHuiM Hyaw Oua He STOT, 8 Kakofi-HaGyaw Apyroft

OnpeNENHTEAb, TO, MAMEHHB HYMEpaUHI0 NePeMeHHWX, MokHO OHno On
CBECTH BONPOC K Cayqare {17)
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Hoxazarenscrso Teopemst GymeM pecrs or npoTuesoro. [lpeano-
JAOXAM, ITQ QUHA U3 (yHKIMB, HANpEMEp y,, BHPANAETCH UEPE3 OCTamb-

Hbie, TaK ro In=C (P Yo <sss Yu-1s (18)
_ X0T8 O B HeKOTOpOHl uacrH &, obaacte ',

TlponadipepeHnupoEa8 STO TOXESCTBO O KAMAOH M3 TEPEMERHHE
X; (=1, 2, ..., m), uu nonyuam pag Toxpecre (8 &) Emma

@ m L] 1, -1
ﬁm%?'%+% . %.}.4_%%_‘_ =12 ..., m).

Mu pamMM, 9TO SXeMeHTH nochemuel cTpoxu onpeacanreas (17)
AOAYYAOTCA NYTEM CROXEHHA COOTBETCTBEHHHX BHAGMEHTOB NepBBIX

Mm—1 CIDOK, YMHOMEHHMX NUDE[BAPHICALHO N2 MHOKHTEAM %‘:—5—,

% Taxoft onpeaeIuTenb, Kak M3IBECTHO, PABEH Hymo. 310 Npo-

THBOPEUHT ycaosuic Teopewi. I[loayueHHoe DPOTHBOPEYRE AOKASHEBACT
HEBOSMOXBOCTs pasencrea (18).

323. Paur ¢yuxnsonaasnofi marpsnu. Ilepexoss K ofiiemy cay-
a0, BBEen caesyomee onpegesenue. Hasozem paunros QyHkumo-
naneHON Nazphum (16) (¢ oGracThn &) nadBHCAN HS HOPAAKOB
onpeseantenel, oOPISOBAHHHY W8 CTPOK H CTOAGHOE STOR MaTpANH
1 He OGPAANIIRACE B Hydhb TOXKIZECTBe#HO B &, Moxer, KoHeuno,
CAYUHTECH, 9TO BCE€ DAeMeHTH Marpuuu (168) TomaecTsenno o6pa-
HI2I0TCA B HYAL (TOFAA FOBOPAT, YTo P aHr Marpwus (), HO TOT Cayvad
He NPEACTABASET MHTEPECa, RGO SAECH MORPOCTY BCe QiyHKUMH

Yo Vo evs Vn

CBONATCA K nocToAMHMM, Ecau panr sarpeuet (16) ectr p2=1, T0
cydlecTByeT X0TS 08 ONHH ONpPEJGTHTENd |-ro NOPHEKA, COCTABACHHH
H3 JAEMEHTOB METPERE (570, KOHEHYHO, RDEINOAAracT M= W nz==p)
# He pashu# B & TOMAECTSEHRO HYZIO, B TO BDEMA Kax BCE onpene-
AUTEAH MOPAIKA BHILE f+ (ECAR TAKOBHE FMEIOTCH) TOMNCCTBEHHO PaBBM
uymo, Fosopwr, 430 PpaHT p MATpBUH JOCTHF2€TCA B TOUKE Py
€CAH YNOMSHYTHH OfpemeAuTeNh w-r0O ROPSAKA OTAKYEH OF BYAd 8
STOH TOUKE.

Teopema 2. fycms ponz @ynxguonasssofi sampugn (16) 8 ob-
sacmu T ecms p==1, u Odocmuzgemcs ox 8 mowke My Tozda &
nexomopoi  oxpecmuocmu Fo smoRt mosxn P ynKuuid, u3 WNCAG
Hawmnx m, Oyoym Ne30SUCUMUWMY, O OCIMAABHNE M —p OM REX 3a-
sucam, [[Ipa sroM HesapucunmuMn GyayrT HMeHHO Te (bYHKIWME, NpOUs-
BOAHHE KOTODMX BXONAT B ONPEACAUTENb, OTAHIHMH OT HYAS B TouKe M,.]

BoxasarsabCTBO, A YODOMECHAS THCLMA, MW NDOBCACM AAN
yactoro cayvad. Ilpeanonoxmw, uro fand TPH ¢YHKEKAR OT TpPEX
HepeNeHHHX:

I=Ff1(xp Xy %), Ye==L3 (%), Xa %), ys=Fo (¥, Xp 22}, (19}
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OpHYEM P aNnr PYHKHHOHRARHOR MatTpHUN
oh O of

x.'a?.

1
dafy aft afs (16‘)

x, ax,

af' a_!. aait
pasen ABYM W pocruraercs B Touke My(x}, x5 &%). Ilycrs B sroft
TOYKE OTJMYEH OT Hy/d, CHameM, OUPEJeauTen

gfn aafa
Xy 0Xy
AL 20

ox; 0x,
Bsumy HenmpepHRHOCTH 4aCTHHX HPOHSBOAHEIX, TO X& GYAET M B HEKOTO-

polt OKpecTHOCTH TOUKH M, T2k uro, 60 Teopeme 1, dyHxOUA ¥, 4 ¥
B 3TOR OKPECTHOCTH HE3ABUCHMEL

Tlonomum
fl(x:D xny x:)"—-"}':, f!(x:’ x:n x:)=)’:
H DpHMEHAM K CHCTEME YpapHeHnd

Filen Xp X — =0, Ja(%p %o ) —ya=0 @n

C NATHI0 NEPEMEHHLIMH Xy, X3 X3 Vy Vo B OKPECTHOCTH TOUKd
Py(x}, x, X%, v, )}, xoropaa »Tofi cHCTEMe YAOBNRTBODACY, TeopeMy,
ananorsudyic Teopeme 3 n® 817, VikenHo, moabsyach Tew, uTO OmOpe-
AeAWTEAb, COCTaBACHHHWI H3 YAaCTHHX NPOH3BOAHHX OT JEBHX WuacTell
ypasrernff (21) no X, ¥ Xy, B TouKe P, OTAMYEH OT HY/A, MH MOMEM
YTIBEPKAATD, YTO B HEKOTOPOH OKPECTHOCTH

ofy==(x; =¥y, X118 a1 —8 X134 K~ 1Y
Yi—4y .VH—% Yi—4y S T4y

sTolt TO4KYM cHCTeMa (21) onpeseniel HMERHO Xy A X3 KaKk OAHO3Hau-
HEE QYHEORE OT X3 ¥y B Yy

= (X Y Y Xo= e {Xp Y1 Vo) (22)

HanomHuM, YTO —eCAH OTPAHRUYHTECA OGAACTHIO offy—
cuctenms (21) n (22) coBepWEHHO DPABHOCHALHN: TOUKH
YROMAHYTOR 00AACTH, YAOBJCTEOPAIONIUEG OXHOH W3 STHX CHCIEM, YAOBJE-
TEOPTIOT A apyroft, Ms camol TeopesmH, Ha KOTOPYW MH ONAPANACS,

' cHBRYET, UTO, €Cnd BMECTO X3 M X3 DoACTaBuTh & (21) dynkuuw (22),
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TO DOAYYATCA TOMACCTEA OTHOCHTEARHO [EPEMEHHNX Xy Y, Wy
B Napanaeinendnene

(e —3% 2343 SN —A8y 148 — A, Vi)

Ho mns Hac cell9ac BXHO B NPYTOE: 04N 8NECMO Yy U g HOOCMOBUMD
8 (22) dhynxgun fi u f, mo nosycames m o ¥ d e ¢ M 8 @ GIMHOCUMEALHO
NEPEMERRBX Xy, Xy Xg— N0 KpakHeR mepe B HEKOTOPOH OKPECTHOCTA
TOSKH M,y (x}, x5, x}). Huento, nocrarouro BHOpPATL 3Ty OKPECTHOCTH

D= =3, 243 -3 -+3 23 2+
TaK, 9TolM GRMO:

0Tzl 0l 0<hx,

¥, KpoMe T0r0, WroH AN ee TOYEK SHAEHHE ¥y M Jy, ONpCHCAfEMEE
s (21), T. e. sHavenua ysxumH fi B fp, oTARNaAMcE oT Y} m ),
COOTBRTCTREHHO, MeHpliue, yeM Ha A, n Ay ¥), JleHcTBHTEARHO, TOrZa
TOUKE (X), Xg Xp Vi, ¥o) 0ONaner 5 offy 1 ONHOBPENEHHO C Dapet-
creany (21) JOMKHH BHOOJHATHCS B PapeHcTRa (22),

ObparaMca Temept K Tpetheh QymKmua

Ye=Sa (%, X, Xa);
NOACTABHE BMECTO X H Xy cioAa ¢yexunn (22), noaywaM
Y=L Y» ¥ eaFe Vb ) W=C (% 3 ) (29)

Ha ocHOBaHEM CAEAaNHOTO BHINE SaMeUaHHS, €CAH B 9TO DABEHCTRO
BMECTO ¥y, ¥ M ¥y TOACTABHTE, COOTBETCTEENHO, QyHKEEH fy, fy ¥ fi TO
OHO YHOBACTBOPHTCA TOMAECTBENHO OTHOCHTEABHO X-0B B 0O«
aacra Iy,

Ilns Toro uroGW YOENMTECA B BABHCHMOCTH ¢QYHKNMA 3y OT
OyHxustt y; U y,, ocTaeTCs AMWL AOKasaTh, Yro GyHkuua O B (23)
Ha ReAe APryMeHTa X, He COLEPXHUT, T2k 4T0 (23) MoMKHO

HEOACATE Tax
y=0 (3, )

C sroft ueARlo, OYeBHAHO, AOCTATOUHO YCTAHOBHTDH, YTO

o __ @9

dx,

TOMAGCTBEHHO OTHOCHTENBHO Xy ¥y, ¥y [IO caMoMy ompezeme-
mwo O
M i, o, iid
S

*) Dro MomHO oﬁmecrsm BBHAY HenpepuBrocTd $yoxnwh f; M f, OpR-
HEMAOIMAX B Touke M, amavenns y{ ¥ y§
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C apyrofi cropous, ecan mpoguddepednnrpopars nNo X; ypaeuennwa (21),
CUHTaN Xy H Xy q)yuxunauu OT X3 Vi, ¥p TO MOAYYHM DABEHCTRE

gﬁ._'_o{:’ a"h _[_g.ﬁ_o

Xy
6)
o I’ s _ @
'-?;; .t Pz,

ARHefiHHEe OTHOCHTEABAQ BEMMURH 2t %9, ] a”' . Ha nmuuelinx papeHCTB
l

{26), xak caencrnne, BHITEKAET TPeThe nnneﬂuoe PaBEHCTBO:
.01 % 0o W (26%)
A A R T A

ROTOMY UTO ONPEeTHTEA, TPETLEr0 NOPAAKI, COCTABACHHMH M3 KO-
QEAREHTOB NP YNOMAHYTHX BeAMYHHSX W u3 CBOGONMHX UJICHOB

oh o, of,
xlati;s:':
ofy ofy O
3%, %, ox, |
o, O s
X, 0x; 0,

TOKESCTBERHO paseH Hymo (Beas paur marpeum (16) ecrs asal),
Conocrasnenne pasencrea (26%) ¢ (25) u nmpusomnr Kk Tpelyemomy
TOMRECTRY (24).
Mevuep. PaccMorpHM cHCTEMY QyeRURH
W=X Xyt k. Y= xt-bxf- )
Py =KXy - XpXy - Xy Xy
Jlerko mpoeeputh, ¥TO $YUXUHOHANLHAA MaTpuua

1 1 1
( 2x, 2y 2x,
X xy xad-x xibxy
Oyler HMeTh BAHT 2 BO BCEM NPOCTpaucrne. B COOTRETCTRHM ¢ 9tHM, OEMZ

B3 GYWKURA GYOeT 3aBHCETE OT ABYY APYIHI, HANDHMED,

Y=y —2y,.

§ 8. YHKUHOMAALHLIE ONPERENHTENH
H HX ¢OPMAABHLIE CBOACTBA

324, Pyuxunonanuibie onpeNenntean, B npeasaywnx napsrpagax
BaXHHIM OPYAHEM WCCAGHOBAHAA cAywuau o0coGoro posa onpeaesuTe’aH,
COCTABNEHABNE K3 YACTHHX NPOHBBOAKHE; OHH NO OTHOWCHHIO K CRCTCMAN
GYHKERN HrpadH TaKyl0 e poAb, KaKyw uipier oOHKHOBEHHAA Npou3-
BOAHAY Ana oanoft ¢dyekuAw [cp, HanpaMep, TeKCTH TeopeM I a 3,
n° 315, 817). Mu mayunm snech HexoTOpHe (OpMaXbHbe HX CBORCTBA
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(TalKe HAMOMMHAIOMBE COOTBETCTBYOUME (BOHCTBE OUHKHOBEHWHX Rpo-
H3BOAHMX), 4T0 OOAEI¥BT HCNONLIDBAHHE YMONSHYTHX oOnpeaeautenc
B RaabHeHmres,

Ilycte RanH 72 PysKUHR OT A NepPeMEHHMX
yi#fi(xb .2 N xn)’
Ya=Ss(%y X o0uy X4},
ys=fu(xb X aeer xn)s

KOTOpHE OUpEAcAcHH B HEKOTOpOH 7-Mepholt oGaacTH &7 w nMel0T B Bell
HENPEPHBHEE YACTHHE NPOMSBOARHE MO BCeM NepeNedHmM. CocTanuM
H3 5THX MPOHIBOAHWY ONpEACAUTEND

.l 2.2

O O ) Ov; Oy

E a;; e %; a?’ E’ XY} %"
%L‘ % “ee %ﬂ' %’; %’; sue %R;
BTor onpeheauTest HagHBAETCd QYHKUXOHANBHEM ONpele-

AMTEeneM CcHeTeMB ¢ynxuuit (1) 0O NEpEMEHANM Xy, Xy ..., X,
H 0003HauaeTcd, NS KPATKOCTH, CHMBOJAOM

Dy Yo s ¥n)
D(xh Kpr vevy xﬂ) !

CXOAHEM ¢ OBOsHaveHHeM OOHMKHOBEHHOR NPORIBORHOR,

)

DYHEUHONANBHEE OfpeReRuTenns OwnH BBEICHK B HAYKY HPHMEPRO ONHOBpE-
MmenHo {3 woune 1833 ® p mavaze 1834 r) fxobm # Ocrporpancxum, B CBASH
¢ OfHHM H TeM We PORDOCOM — 0 3aNeHe NePEMEBRHEI B KPATRWX WHTOIDAZax
{cw. nxe n° 355, 359 n 384), Heckonsko nosxe (3 1841 r.) Hxolu onyGamgosan
padory, rie GHaR Way9eHs CBOHCTBA STHX onpeAentTexefl B A4HH B PAIBEPHYTOM
BRAE UX NPHIOKEHHA WAK K YOOMESHYTOMY BONpOCY, Tak M E TEODHE ReABHHX
byaxunit. CBRSH ¢ oTHM QyHENHOWAAbHMWE ONpeReRHTeaH H craak ofiuie
HasuBATE onpedesumesnny Hrobn umy axobuanasmy. QOboznaventie QYHEIHOHANL-
HHX onpeneaHtexef, ykassHHoe Buillic, DPEEAOEHA BNOCICACTENHE auramfickuft
Maremaryx JoNkHE

326, YuuoweHnne dysunuonazsHnY onpesendrenel. Ilas ynpome-
HAA SaMHCH OrpaHUUANCH, HAMPHMEp, ONpefeiuTeNAMH TPETHETO TOPARKA:
NOAYUEHHNE PE3YALTATH OYAYT WHMETR COBEPHMIEBHO OOMEHE Xapakrep.
Hrak, ncxonum ua cucTeMsl dynxnuit

y=ri(xy xp %),
N=S3(xy %o ¥}
=falx, %o X3),

)
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KoTOpHe onpefeAeHR B (Tpexmepofl) ofsacte & B RMewT B Helt
HenpepuBywe WHACTHWME UNPOHEBOAHHE MO BcéeM nNepemedHnM. Kpowe
cucreMy ¢yskusi (1%), bossMen cucTeMy QynKIuH

X =1 (fy s ),

%e== e (fyy Iy 1), 2
X3 =3 (f Ly i)
ONpeAc/eHHHX W HMEMUX HENpepHBHEEe NMpPOASBOAHHE B (T pHOB

we) obnacra &, Ilycrs npr wamenennr TOuKE (fy, f, &) B & coorser-
CTBYIOILAA TOUKA (X), Xp X3) He BuxoAWr m3 obmactn Z, Tak uro
Vi Yo Yy MOKHO DaCCMaTPHBATe XaK CAOKAHE QYHKHHM OT #), ¥, &
yepes NOCPEACTBO Xy, X, X VMHOKHM Teleph (QyHKOKOHAABHHI

OnpefieNATeNs CRCTEME (1%)
o %y
s o B
dys Oy 0

0x, 0x; 0X,
%g&%

0xy 0x; 8x,
Ha GYHRUHOHAABHKE ONpEAeAdTeNh CHCTEMH (2)

déx, 0x, dx,
% o %
ﬂx. Ox, 0x,
0ty 3, Ot
o, O, ot

IIpn 5TOM MH BOCRONBAYEMCH M3BECTROH TeOpeMod YMAOMEHHA oOnpe-
JiemTench, xoTOpad Bupawaercs dopmyaod

Qyy @yg Q53 by by by €11 Cig Cry
G Gas g | * | By Dgg Dy {==]Cay Cp €o |+
Gy g | Oy by bm a Cn Cw

rag
Cip=8yb1y + anbu + apbes (4 =1, 2, 3)
(ymHOWaeTCa <CIpoOKa Ha croifen»). B wawem cayuae
= OV 0%, o dvi Oy 4 Oy  Ox,
cp=gb G T S
T. & — 0 QopNyse LN% DPOHZBOARCH chokHON BYHKIMA —
‘f‘u=g% ¢ k=1, 2, 3)
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OxonuarenpEo B PESyaABTaTE NOAYYSETCH ONPEASAMTENDL

By,ay.ay,
o, 3, Oy |
s s %y
oty 3ty Dt

8 9T0 ecThb OGYHRUAOHANBHHA oONpeleaRTeNs CHCTEMH ¢YHEOER
Yz ¥ DO NepemeHHEM £, £, f, WTaK, B Kparknx olosHaueHHnx:

D (219 Ve ) _Diyn ye J’a) Dixy, Xg X
D6y to 80— D%y x5 Dl fa 1" @

Ecan Ou umMeAn ONHY GYHKOHIO ¥ OT X, TAE X €CTb B CBOIO Ovuepens

$yHKOPY OT O0AHOH mepemensofl #, 710 moayunad G obnuHy® dop-
MyTy AAR NPOHSBOAHON CAOMNOH (yRKIUER: g{-_:—: gf; noayuenHas
Haue opMyna (3) aBaserca ee oSoSmeHueM,

OrmerAn o0co60 cayuai, koraa nepemeddsme f, &, f, TOXIECTBEHAH
€ ¥»b Vo Vo TEK YTO cucrema dyhxupi (2) ecth NPOCTO PEIyABTAT
«06pamennss cAcTeMs (1) (Camy® BOSMOMHOCT TaKoro olpanieHus
MH glecs Aonyckaes). Toraa maltgennoe BHIE COOTHOUIEHEE CBENETCA

K CHOAYIOIEHY:
D (zn s }k]‘ Dx, x5 %) __ =1 4)
(%0 X9, £3) D (Yo Y2 ¥2)
HIH
D3y 3o 20 - 1 5)
D{xn LA™ xs) D(xp X xs)'
D{yy yn 1}

B oroM Buge oHO HanowmunaeT $opMyAy LA nponssouHOR oOparnol
PyHRIAR,

326. ¥YMnoxeHBe HexBapaTHHX GYHKUHORAMLANE MATPHY, H a1ecs
NMH BufCHHEM OCGIIMA pPEeSyAbTAT Ri NPHMEDE YMHOMEHHA NPAMOYTOALHHX
MaTPHL, YACTHOrO BHIA. PaccMOTpHM CHAYANA UHMCAOBHE MATPHILH

by byg
@y Gya als)
H | by by |.
(a” a1 Oae (bn by
Kak napecrno, X NpOH3BEOCHAEN HASHBAETCA KBAAPATHAA MATDHNA
(cn "n)’
€q1 Oy

€1 == ;301 + aisbap -+ Giabas ¢ k=1, 2).

e
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Ounpeseanreas BTOporo MOPRAKAE, COOTBETCIBYIOMEH STOH NaTpuie:

aybn+audy taudy  aubie - 0rbes + ards
auby+aubu—+anby  agbi -} aybe -t aubin
paBeH CYMME DNpORSBENCHUA NONApDHO BAATHMX OonRpeAacAnreacit BTOpOrO
ROPAAK, COOTBETCTBYIOHINT NEPEMROMACNNM MATPULLAM;

an%l ‘bubu . baubs
dg18qy bstbu byybss
Packpuipas ONpeneAuTeNd, JETKO NPOREDHETH STO TOMMECTBO HENOCDEN-
CTBeHnO (B BHcuel aarebpe yCT2A2pAMBaeTCS W OO TEOpEMa, OTHO-
CHIAANCK K YMHOMEHNI0 NPAMOYIOABHHX MATPHIL).

Tlpumenum Tenepe STOT pesymTaT X GYHKUMOHATBHEM MATPHIAM.
IMycrs nmeex ABe GYHKIEM y,, Y, OF TPEX NEPEMERHHX Xy, Xp Xp

n=hixe X5 %), m=fi(n, % 1)

Q19
Cqtiey

LT
Ay

baibis I
buby|

ApAvEM, B CBOK} OYEpEsb, NEPEMERHEIE Xy, Xy Xy ABAROTCH QYRKIUAMA
OT ABYX NEpeMeHHuX ¥y, #g

=ty fa)y Xa=0s(tp 1), Hr=ta (% 1y).

Npeanonaras ang ecex ¢yuruul CymecTBOPAHAE HeNMpepPHBHHI YacT-
HRX MpPONSBOAMBIY, NOCTApaeMCs HaHTH BHpAMEHRE AR QYHKIHOHSAbL~
HOTO ONPERCAHTEN OT CHCTEMR GYHKOHA 3y M y; 1O TEpEMeHHEM #
B %. C sTOff HEABIO AEpeMHONHM ABe QYNKEHOKAZBHHIE MATPUUM

L Ofy

" *
%% dx, Oxy
P, Of,

B nanHoN caygae

a,;-g’% (=1% j=133)

bf*—aif (=128 k=112

¥, RakoHe:,

dy Ox, ax’ + 0x. vy
ﬂx; E F‘E a:.

Cpp =t
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TipuMensa gsaech YKasamueifl BHUIE PesyALTAT, MOAYIHM TOXKAECTBO

dy, éy, dy, By dx; ox, dxy Oy
AR AN A < s’%.a%. o
oy, oy, dy. dxy dx “lax, ox
Pl L e 2 e

oJ’: &y, dx, 0x
4[o% o EAK A

5};91;'%;0%'

ox; 0x,
KOTOpO€ B KPATKAX OGOSHAYENHMRX NEPEnHINeTCA TAK:
Dy, 2:) ij'n J'a) Dix, xa} D (Zn 2: D {Xs, xa!
Uo s}~ D%y %2) D(ufs) D (%0 %) " Dty fa) +
Dy, )’t) D{x, x:z
+szm xl) Dy ty)° ©
Ecar 6u peus mza 06 oA HO M QyHKEHE Y, KOTOPAd SARHCHT OT OAHOR

nepencritol § uepes TOCPEECTEO TPEeX MNEPEMEHHHX X, X3 X TO
noaywaais O ofuvwuan dQopuysa Ans AaddepeHUApPOBIHAS  CACNKHOR

dynKman:
%“3% i %. & T @

¢dopmyna (6) ects ee ananor.
B naapHefmieM MK emle TAySme HSyuuM AHAAOIHIO nexmy Tposia-
BOAHHNMY H (YHKUHOHAMLAHME onpegeaurenamu [u° 354, 2% n° 388).




TWIABA OBARLIATAS
KPHBOAHHEAHNE MHTETPAALI

§ 1. KPHBONHHEAHHE WHTErPAAM NEPBOIO THNA

327. Oupenenenne kpRROARHCHHOrO HHTETPANA NEPBOro THRA.
Iza Toro 4rolH eCTECTREHHMM NyTeM NpuATR K STOMY HOBOMY TOHS-
THIO, PACCMOTPHM OMHY MEXAHAYECKYO 2aady, KOTOpaZ K HENY NpH-
BOJHT,

flyetb asna  nrockan  nmpoctag¥)  cnpamasemai  Kpasar  (K)
(pac. 8), BAOEL KOTOpOH PACRONONKEHW MACCH, NPHYEM HSBECTHZ
¥ HX JAvHefiHas naotHocTe p (M) BO

peex Toukax M xpusoll, TpeGyerca
ONpeAeATs Maccy m scel Kpu-
poft (K).
¥ " C stoll Nensl0 MeWAY KOHLZAMA
A B B ®pHBOll BCTABEAM IIPOMS-
p BOMBHO pag Touek Ay, Ay ...
" ver Aguy (Ag B Ap Ina caMMeTpEM
i e OCOSHAYEHNH OTOXICCTBAAOTCS C
A u B). Mu cunrzeM pas onpe-
Puc. 8. JERCHHOCTE, NTQ TOUKH STH Depe-
HyMepOBaHE B HATIPABACHHM OT A
K B, xora Hmur0 Me Memano OR HaM HYMEPOBATh HX H B OGPETHOM
HanpaBACHHH,

Bamp xakyw-smOyae rtouxy M; na ayre A A;. xpueol, BRUECAHM
raoTHOCTE p(M;) B aTofi Touke, IlpuGauxeHHO CcYATas, YUTO
T3KOB2 X& HAOTHOCTE PO BLE€X TOUKAX BTOr0O yHacrTka,
u ofo3Hauar maumy ayrE A;A;, vepes g, AMA MaccH mr; sTOH Myrd,

*) Henpepupaas KpHBAR Fa3HBACTCA NP OCT O, ecAW Ofa SalaHA HApAMET-
PHUCCKH H KaX]ad £¢ TOIRA NMOIYYAETCH AHIIbL MPH OAHOM JHAYEHAH D3paMeTpa;
B CAYUSC BAMKHYTO f HpocTo xpnsoﬁ HCEAMUeHRE OPEeACTARARET €RHHCTBEH-
Hap TOUKA, B XOTOPOR «XpHBaA JaMHKAEICA» M KOTOpaR oTBeyaer LB Y M kpali-
HHM 3HAUCHHSM Mapaserpa,
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GyAen uMeTp NPROZEMCHHOE BHpakeHHe
my=p(M)o,

a nna Beell HCKOMOH MacCH — BHPIKEHAE

Rl

m—f-lzo p(Mpoy.

TorpemnocTe STOTG NOCAENHEro, CBR3FHHAA CO CHSNEHHLIM BHILE
OPHEGAHKENHNM AOMYWEHREM, OYNET CTPEMATLCH K HYMO, €CAil AAAHH &)
BCEX YUACTKOB CTPEMATCA K HYMO.

Takem oOpasom, ofosHauas uwepes A HanGOMLUIYI HI AAUY & AAd
noayuesud TouHOH GOPMYAH OCTIETCA JHIb MepeliTH K npemeny:

=1}
me==lm 2 p (M) e

=t i=0

Craniesm e HIyuarTh BOOOSIE DpPEACAN STOr0 pOSA H, OTBAEKZAChH
OT PACCMOTPEHHOH 8211294, BOSHMEM HPOHIBOIBHYI) <PYHKIHIO TOUKH»
J(My=/F(x, y), 2azauHy0 BEOAL HENpPEepWEHOR TNOCKOH CHpAMAACMOR
kpeeot (K)*), @ moBTOpHM yxasamumft nponecc: pastas kpEeyR (K)
Ha AEMEHTApHNE AYTH A;A;p B BHOpPAR Ha HAX NMPOMBBOMBHO NO TOYiE
Mi(&s %) suyacanw sHavesns f(M)=/F (s %) B HAX ¥ COCTaBEM CyMMy

S F yo= ‘g £ %

HouD

OHa npencTapaeT cofoHf Takse CBOEro pofa RHTErPAABHY
CYMMY.

Honewrnli npedea omof cymump npn cmpessenuyt A=—=maxd K
HYRI0 HOSWBAEMCR KPUBOAUNCERR M RNME2DAAON (NepEO2O
muana**)) om gynsgun f(My==7F(x, ¥), saamus no xpusol nsu no
nymu (K), B obosHauaerca CUMBOAOM

Js)f(M)ds =('£f(x, s M

{rae s ecte anuHa yTH kpHEOR W S HADOMHHZET OO SAEMEHTAPHHX AJR-
nax a;).

Tounywo XapAKTEPHCTHKY NPEACABHOrO NPONECCa MOKHO NPEAOCTaBHTEH
YHTATO MO,

*) [Ipu stoM npemnosaraercs, Y10 B OCHOBY NONOXENA HEKOTOpan MpAMO-
¥YrolbHag CRCTEMA KOORAWHAT.

**) B oTauyse OF kprBoMHelHWX AHTETPANOB BTOPOrO THINM, PACCMATpHBAC-
Mux maze [n° 330],
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Takam obpasoM, MOAYYEHHOE BHIME BHPAMEHHE /1 MECCH MATepHanb-
HOlt KpHBOH NOKET OHTh TEPENHCaHO TaK:

m=as p ds. 2
)

Omuemux ocofo, wmo & npusedexnoM onpedesexun e uzpaem
nogaroll poau Hampassenue, yomopoe Moxcem Owme npudano
rymu (K). Ecaw, sanpamep, 572 KpuBas He 3aMKkHyTa W noA (AB) n (BA)
PEBYRETH P2SHC HANPABNCHHWE KDEBHE, TO

‘Lf(M)ds=A)f(ﬂﬂ ds.

ARAnOrAMHO PACCMOTPEHHOMY, MH MOTAW OH BBECTH MOHNTHE HHTE-
rpana, pacOpOCTPaHeHHOTO Ha HpocTpadcTeeHHyo kpusyw (Kk

{ romas— ;S 76 3 Dds*).
{K) (x)

BpEAY OTCYTCTERS HOBHX NPHHRMOHANBHNE MOMEHTOE HET HAEOGHOCTR
BH3BATLCA 8HeCh B NOAPOGHOCTH.

8928, Cpenénne k OOHEHOBCHHOMY ONPEACACHHOMY RBHTErpaxy,
ITpeanosomum, uro na xpusofl (K) npoHSBOALHO YCTAHOBJGHO HAMpa-
BAeppe (ONHO ME ARYX BOSMOKHHEX), TAK 4TO TOAONeHHe TOSKA M Ha

kpuBo# momer Outs OnpepefeHo BAMHOR Ayru s=A\ﬁf, OTCURTHEACMOR
or Rauampiioft Toukm A. Torza xpmeas (K) mapaMeTpHuYecKH PHPASHTCR
YPABHEHEAMA BHAZ

x=x() y=y(@ (0=<s<3)

a ¢ynknaa f(x, y), 3anasHad B TOYKAX KpHROH, CBEAETCA K CAOXAOR
dyuxnun f{x(s), y(s)) or nepemesHof s

Bemm wepes 5 (i=0, 1, ..., n) oCosHaynTh SHayeHWA AYrH, OIBe-
ymomue BHOpanHnM Ha Ayre AB Toukam aenemwua A, TO, OUEBRAHO,
o;="58; 41— Si==As;, OOosnauns tepes 5; sHaueHus 5, ONpEACANIOMHE
TOuKH M; (MpHueM, OUEBRIHO, $; =< 5; < §p..1), BUBKM, YTO HHTEIpaAbHEd
CYMMa JA9 KPHBOAHHEHHOTO AHTErpaxa

2 Myo= X flx @),y G as,

}) B OCHOBY KAALSICH HEKOTOpAA NPAMOYCOABHAS CHCTEM2 KCOPERHAT. Pyu-
ups f oppejexcHa THIEL B TOYKAX XpHROR (K).



28] $ 1. KPHBORUHEIHEE HHTErPANE NEPBOTO THNA 215

SBAJETCS B TO. We BPEMN HHTErpasvsiod cyumolt A4R OGHKHOBEHROrO
ONPEACAECHHOTO RHTETPaaa, T4k WTO CDASy HMeeM:

b
'S)f(M)dS=(R) jf(x(S). y()ds®), @
{

nPHYEM CYIUSCTBOBAHHE OAHOCO H8 BHTETPANOB BAeueT 3a colol Cymie-
CTEBOB3HKE APYTOro,

HUrTerpax, owepao, CymeCcTBYeT, HanpaAMep, B CY4ae HERPEPHBHOCTA
dynxunn F{M)**), urc Mo OyAeK BIPEAL DPERRONATATH.

Ilycts Tenepe kpuean (X)) 8amanz NPOASBOABHHME NAPAMETPEUCCKHMH

YPasHeHuAMI
x=¢@) y=9@ ¢ <t<T)

rZe GYAKEAR ¢ B ¢ HENPEPHBHH CO CBOMMH NPOH3BOZHKMEA ¢’ B ¥;
NPEANOLOKHM, CBEPX TOIO, Y10 KPATHWX TOYSK Ha Kpuso# wer. TForaa
KpBBa# 34BEXOMO COADHMANEM3, H €CXH BOBPACTAHNHE AYLE 8z=

=m=s(t) OTBEYAET BOSPACTAHHD napameTpad, T0

{O=VFOr{-¥or

[n° 201, 202). 3amenas nepemennyr B uHTerpane (3) cnpaea, cpasy
GOAYIHM:

r
‘if(M)ds=(R) {fe0 90 VFOTTWOF4 @
fo

Takim oBpazoM, 4T SWLUCACHUSN KPRSOAUKedRO20 NNmMezpasa nep-
8020 muna KGOACHCUM 3aMenums 8 nodunmezparsuoll HyReyun nepe-
MeHHBE X B ) SHPUNEHUANE KOOPOUNGM Hepes nopasemp, 4 MRo-
acamess ds — dupibepentuasos dY2r Kax (BYHKGUR Rapaxempa.

Ecan Gu npu BospacTswmr mapamerpa ¢ Ayra AM yOubansa 10
cronno O mumb nepedTd k gyre BM, yroOm ceoBa mpulita x op-
uyae (4). Takam obpasom, B 570 QopMyNe HUKHHH Dpefen wu-
Terpana cnpasa AoaXeH GHTH MEHbIIE BEPXHEr O, KAKOBO
6 HE 05A0 DapAMETPEYECKOS BafaHKe KpHBOH.

B cnyuae xpusofl, sananHO#l ABHEIM YpaBHEHHEM:

y=yx) (@=x<b)

%) 3uawor (R} yRasuBaer, UTO MHTErpaX NOAAMACTCH 3MeCh B COrAacHW ¢
OSHKHOBCHHEM, PAMEH OB W M, ORpeieAeHHeM,

*%) Mp HMeeM B BHAY HEHDEDHBAOCTh B TOUKAX KPEEOA (K) M 8XOAL
nee. Ha ssume «e-b» 510 oamayaer, yro no ¢ >0 Hafiaerea raxoe &0, sro
| FM)—F(M)|<<s npr MM <<% (M a M —rtouun xpupoh). [lpn srom
VPEANCAOMENNR H cROMHAx Qywxuus f{x (s), ¥(s)), nockoasxky x(s) m ¥(3)
RenpepHBNK, BCTh TaKXe HEupepusHas GYRKOAA OT §,
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dopuyna (4) npunnmaer Bax

[ ]
| rmas=w® (7 vy vTIFI7@F de. @
1K) a

Drouy COOTRONIEHHWI0 MOXEHO IPHEATH W EPYyryo gopmy, B mpemnoaomenmn
HeApephBHOCTH diyisupn y(x) bmecre ¢ ee Npomssoguokt ¥ (¥) xpuas (K)
B kaxAOR Toyke OYNeT HMeTh ONPENCAEHAYI KACATEALHYN, He DApPALAeNbHYD
ocH y. OGOSHEYAB wepes « YrO KACATEIBHOA € OCBI0 X, MOAYYHM;

o=y () lomalm s,

Hostomy ,
jf(mds=j-f—(ﬁ;#dx. )
Le) a
B yacmhocry, var Kak, 0TeBHIAO,
J. ds==8,
K
rite qepes S oloaavena AaWna Beel xpEEod (K), TO
5
dx
a

Bawevanug Popuyss (7) nomyvena HiMM B peayInTare GOPMAABHMX
npeofpasosannft. Ecan 6 Mu oNpenenmay GAMHY AYrH KpHROH Kax mpeRed
HEpHMETPA ONHCAHHOR {a He BRMcapHOM) soMaHoH, TO 5To ompeAeNeHHe —
B caynie ABROr O 35AAHMA XKPHBOA — RENOCpeACTBEHHO NpPHBERC OH X dop-
myae {7). Iipennaraem waTaTemo caMoMY YOeARTHCA B $TOM.

320, Mpumepst, 1) Buyucanu neTerpas I=j‘xy ds, ecas (K) ecrb uer-
.t )
BePTh SATHACA F+%=l’ AeRALIAA B MEPBOM KBAZDARTE,

Ucexon 3 mapameTpruecHoro OpeNcTABACHHA SAIRNCa: X==acosf, y=
= b sin #, G6yneM HmeTh:

X/=—asint, y,;=bewt, VrSfyt=Va'smiiLt Pt
Buuncaenae MOKHO NPOH3BCCIA MO (opMyse (4):
3
1=£amr.osmt-Va'm"¢+Fm’sd:=

ab

=7

sin 2¢ "/ ax._l_‘.:;‘l‘;g.f..}.y.l_'i‘_%gﬁdt.

°‘-—‘§ala
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[MonokAM 3AeCh c082f=2 TOrga sln2tdt=—-%dz H

_a_bj‘ dTF  F—a
’_4_1V‘T+ g cdz=

L]
_ab 2 _2_[4’-!-6'_1_6'—-11' Tt _ob at4ab4 8
TETPE-@#'3| 2 T 2 ‘J l_.1=‘3" a+5

Bavegnanue Jas GoNLIIMACTBA DOCTOAHHO BCTPEYAMIIAXCR UPHBHX
(sanmnc, runepGona, CAAYCOMGA H Np.) AMMAa RYIH Ne MOXCT OHTb BHPIRCHA
B JAEMCHTAPHWY (YNKIHAY, TS Kak oS #He HNTETPAPYEICE B KOMEYHOM BHRE.

Ten He MeHee, uumerpaz | F(x, ¥) ds B [aa TauNX KPHBMX HHOR pas MOMeT

{
OHTh BHYHCIEH B SAEMEATIPHLX (Ynxnusxr (k4K B DpelWGYIIEM Npauepe), Tax
uay DPACOCAMHCAME MHOMATEAR F(x, ¥) MeHACT BCIO CTPYKTYPY HOIBATErpadb-
Horo audpepennnana,

BonpocH, CBA3EMHME ¢ MACCAMH, HENPEPHBHO DAcHpeleNeRHLINH BROAD
MITEPHANLHOR KPHBOH, ecrectBeRnuM o0pasoM (GPHBONAT K KPHBOIHHEAHHIM
HHTETpanaM PacCMOTDEHROTO THNA.

2} Mut yse mmexn peno & rnzse X! [0° 206) ¢ BHUHCZCEREM CTaTHGECKHX
MOMEHTOB NAOCKOR KPHPOH OTHOCATeABHO OCEH KOODAMHAT, 3 TAKKE KOODAMHAT
€¢ HEHTPa TAXECTH, B NPeRNOAONEnkH, 7TO «ARHCfiHaA NAOTHOCTR» p=). Yu-
TaTesk JeTKO PacOpOCTPasHT NoayuespHe TaM POPMYIH Ha oSMBA cnywafi Hes
mpepuBROro pacnpenenenys wacc. Ecis MCAOAL30BETL PBeAeRHOE TIOHATHE KpH-
BOAHHeHHOTO HHTEIDASA, T¢ pesyibraTl HANRGIYTCA B CAEEYIOMIEN BRAE

Ky=§)pxd8. Ky= ipyds.
{

ipxds ipyds
x¢=%=l &=t—-—-—

] yc= -
pds " ;pds
{ (

8} Viamem eme ofHO RpHMeHeMHE KpHBoTHEeRHOro HHTerpara nepeorc
TRDA— K BORPOCY O MPHTAMEHMHY MITCPHAALHON TOUKYH MATEDHIADHOW Me
KPHBOK.

Kax uamecTHO, Mo 2axony HuwTome, MarepuafsHas Toyka M Macew m E:m-
TArHBaeT MaTepHAIbHYI0 TOUKY M, Maccik m, ¢ chaoft, Hanpasnennoft ox M, k

M & ypcoenHo paeHol k--"%“ﬁ, raie r—paccroauve MM, & k— nosddn-

UMeHT, 3aBHCALMA OT BNSOPA OCHOBHMZ eNRHHUL BWIMEpeHds; BIpoYeM, Aia hpo-
CTotH MH §¥Aem OCWUHO CYHTaTh €ro PIBHEM eAMHHUE.

Ecapg rouxa M, npatscusaerca cucremoh Toues M, M, ..., M, c Maccaun
My Mgy oooy My, TO DESYALTHPYIUIAR CHES, RIH PIBHOXEHCTBYIONMAR, ROAYYALTCR
reoMeTpRYCCKAM COOReHHEM CHA HDPHTAREHHA OTNCALHBIMH TOYKAMH.
B 10 ®e BpeMA NPOSKUWH pesyabTapyRmieR cCHAK Ha HOODARHATHEE OCH PIBHE
sareGpadyYeCEAM CYMMaM DpOexudfi OTHEIBHMX CHA,



218 T, £X. KPHEONWHEAHNE WHTETPASH {320

Ecan o6oanaunrs npoeKti® papHofeficTBYowelt Ha ocH vepes X o ¥, & yroa,
cocTaBacEHL Bektopor r;=M,M; ¢ ocbio x, uepes 0; (puc. 9), 10, OUEBHAHO,

n
— ,m; — myim;
X Z sy ¥ 2 Petan o,

- b=l

rae I:_'r KSR OGLIUHO, O3HAUAET ANWHY BEKTODE i

¥CTh Teneph OPUTATHEAKINAA Macca PACHpelienens HEDPEPHEBHMM OGpA3OM
no uprBoft (K). Jig HaxoxAeHHT OPHTAHCHAN Pasobeer KPHBYIO Ha YUacTHH M,
COCPeAOTOYHB MECCY KWAOre YYACTKA B NpOMSBOAbRHO BuOpadioff #a Hem

# ;
HP\ 8 ¥}
e / N
F)
M - ‘ 4

] T
Puce. 9, Prc. 10.

TouKe M, Haftmes npHGAMKEHBHE AHAYEHHR Tpoekn pasyoeicTayOmedt Ha ocH:

xwzﬂ'ﬁ%“?ﬁmaﬁ ‘ r...;ﬂ"—(qmsmo,.

w0 B STOM COy2ae Macca OTACALHOro Y4YacTHa nprOmukenno paBra p (M) s
Ecxn ycTpemnth Bee a; K Hyam, TO B Wpeleae HONYRATCA TOYHHE PABEHCTBA,
NPHIEN CYMME SAMEHATCH WHTErPamaME:

xom P yon, (10080
{ s}

SKECH £ O3MAUAET NINHY BEKTOPA F==MoM, & 0— yros, cOCTIRTEHHNA WM €
OChK X.

Haftgem, nanphuep, NpHTSEeHEE, OKA3HBAEMOE OAROPONHOR MOAYOKpY~
HOCTBI (OpH p==1) HA ENMEHHY MAcCH, NIOMELICHHYO B €e LERTpe.

TlomecTs™ Hagafo KOOPAHHAT B UCHTP NOAYOKPYRHOCTA M OCh 36CUBCC Npo-
Bexen yepea ee wouuu (puc. 10)

[lo coobpauennan chuMerped X—0, Ta¥ YTO nexc NMPHEBOAHTCA X HAXOX-
Aexnp muine npoexuny Y. [fo dopuyxe (8)



330} $ 2, KPHBONWHEHAHLIE HHTRIPAAN BTOPOTO THNA 219

§ 2. XPHBONUHEANKNE HHTETPAND BTOPOrO THINA

830. Onpenexende XpREOXHReHHHX HuTerpasor BTOPOTO THIA
Tlepexona K nmpakTHyeckn OGoAee HIKHOMY NOEATHIO XPHBOARHEHHOFO
HHTErpana BTOPOTO THNA, MH BASCh HAYHEM NpaMO ¢ €r0 onpeaeae-
HUf, OTAOXHS NPHAOMEHHA STONO NOHATHA MO JanbReiliInX ROMEpOB
[cm., Hanpumep, u° 386]). Ilycrs mama mpocras kpasan (AB) (xoropyw
MH MOKA NPEANOAGKMM HESaMKHYTOH) H NycTh BAOAb Hee CHOBA
samada Hexoropaa ¢yurums f(x, y)*). Pasnosmp Kpupyn TOuKaMH
A;(¥p yi) Ha 9acTh, PHOCPEN Ha orpeske Kpupo# A;A;,, RO NpORIBORY
Touky M;(€;, W;) ¥ BHYHCAMM B Hel, xak B DaHpWe, IHaueHRE QYHK-
amm F(M)=F(¢;, W) Ho sTo sHauenme MH YMHONMM H2 STOT pas ne
Ba EA¥HY AYPH A;A;, 2 Ha veAMuuHy NpoeKHmuyd 9STOR AyTH,
CK2MEM, H2 OCh X, T. & Ha Xy — X, ==AX,; 8areM COCTaBUM HHTE-
FPANBHYID CYMMY

n—1
o= Eo (M) Axy== ,,Z,"of Go m) Axe.

Honeunnli npedes I smofl cysmun npr cmpesmaenun p=maxAA;,
K NyAD HQ3WBQEMLRA KPUEOAUHEBRW N UKMezpasor (smo-
pozo muna) om f{M)dx, ssamum no xpusoli ust no nymu
{(AB) n 0608HaYETCH CHMBOAON

I= j' fmix= [ fn y)as. Q)
(4B) {AB)

AHanornqto, ymHOWA® sHaveHue F(M;) se ma Ax, a Ba Ay, T. e
Uz NPOEKUMIc BYr# A;A;41 H2 OCh Y, B COCTABAAR CYyMMY

r=1 =1

o* = Eof(Ma) Ay,= Eof“" 1) Ays,

KaK npemen €€ noayyeM xpusosuselinmil unmezpes (smo-
pozo muna) om f(Mdy

r={rmmy="1{ 1 na. @
B 4B}

Ecaa suoas kpueoh (AB) onpenencnu age dynkuan P(M)==P(x, y)
B Q{M)=0Q (¥, ¥) B CymecrByRT HHTErpain

{ P de={ Px, y)a, { e ty= { et yyay,
(AR dm B (B)

*) Cu, mepsym cHOCKY Ha CIp. 213,



220 T/ X%, KPMBOTHHERHHE HTEIPAAR 3%

TO B BX CyMMy HASHBAIOT KPHBOJEHEHHHM HHTErPaAoM (<oOmero BAAA»)
H 1OAArAl0Y

Lptx, Ndx+Q, ”d”:ucinp(x' y)dx+§ e Ndy® ()
{ (Al

Conocrasuu Teneps onpeReAeHMe KPHBOAMHEHHOrO MHTErpana BT o-
poro Trna (1) [uaa (2)] ¢ ompeaesenAeM KPHBOAAHEHHOrO HHTETpaAa
nepsoro tana [cu. n° 327, (1)l Ilpn ouesuamom cxoncree ofa
ONPEAC/RHAA HMERT CYIIECTBEHHOE pPESAHYEE, KOTOPOE MH Eme pa3
NOANEPKHBACM: B CAYYae UWHTErpafa NepBOrO THOA NPB  COCTaB/ACHAH
HHTErpanbHofl CyMMI suauenme dyuxwem F (M) yunoomaemen na d2uKy
sy=A8; yaacmna Aid;q1 xpusoll, a B CAyYEC AHTETPAAA BIOPOTO TAHA
870 sHauenne f{M;) ywnoamaemen na npoewyun Ax; (wan Ay)
VROMRKYMOZ0 ydacmka Ka ocs X (uan K@ och ¥).

Mu Bmuean, wro HampasacHue nyta (AB), BAOML KOTOpOrG NMpoAS-
BOAHTCA BHTEI'PHPOBAHHE, HE HFPACT POAH B CAYHa¢ HHTErPana Nepsoro
THNA, HG0 AANMA oy AYTH A;Azp OT HTOrC HAGPABASHHY HE SABUCHT.
Unage ofcToNT AeN0 € BHYErPANOM BTOPOrc THNZ NPOEXUHA YNo-
MAHYTOH ayrm H2 Ty HAH APYIy HI ocCell CymecrBeHHO 2aBMCAT OT
HafpaBACHHA AYTH H MEHSET SHAK ¢ MSMEHEHMEM 3TOMO HANpPABJGHHA Ha
oGpatHoe. Takum ©OpasoM, AAd HMHTErpanoB BTOPOro THIA
6yRer

{ 75 pax=— { r(x pax
Y )
H aHAAOTAYHO

é‘f(x, y)dy=-§ £ 3) dy,
} (AR}

TpHYEM H3 CYIMECTBOBAHMN MHTErPANOB CNpaBa Yke BHTEKIET Cymie-
CTBOBZHKE HHTErpaloB CAeBa n 0GparHo.

ToacOHpm e oGpasoM MOXKHO BEECTH DOHATHE KDHBOJNAHCHHOTO
MATErpaZia BTOPOrO THIM, PACHPOCTPAHEHHOrO Ha NPOCTPAHCTBEH-
HYI (CkaxeM, HE3aMKHYTYK) kpusyio (AB). Vimenso, ecan ¢yHk-
oug f(M)=F(x, y, 2) sanssa 8 TOMKAX STOR KpEBOY, TO, KaK ¥ BHILE,

CTPOHM CYMMY nel

ge== Eﬂfﬁir % Cp) Axy

H paccuarpueaeM npeaea 1ol <AHTerpanvioils CyMMH RPR YCAOBHM
CTpeMieHEA K Hymo p=max A;A, , Smom npedes nazusaemcn

¥) Mcropuyeckyio cnpaBRy Ho HOBOAY KPHEBOIMHCHHHLIZ HHTEIpPaloB qHTa-
Teab HaBjer B saMewakuy n° 390,
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Kpusosunelnum unmezparon (emopozo muna) om
F{Mydx n oGo3Hayaerca CHMBOIOM

(5 f(AMx=uSmf(x, » B,
B}

AHANOTHYHC ORPEAENAOTCA AHTEIPAXK BRRA

5 F(M =‘§mf(x, 3 Ddy
{45

{ rmdz= { 7 x5 9
iz

Haxonen, pacemarpusaercs u mATErpan (<obutero Bmias)

(,&,PM+Q@+R”=LPM+§B; Qdy+(§dez-

3nech Taxke AaMEHEHME HANDABJCHHA HWHTErPHPOBRAHKS MEHAET SHAK
HRTErpaja.

3aMeTEM B BaKMOYeHHe, YTO NpocTelinpe ¢BONCTEA OGHKHOBEHHOIO
ONPEAGACHHQOTO HHTETPANA JErKO TIEPEHOCATCH HA  pacCMATpHRaeMHH
KPUBQJHHEHHHE MHTerpan; OCTAHABAMBATLCA HA STOM He OyneM.

331. CymecTeoRaBHe H ENYHCACRHe KpHEoXHHefinoro mHTerpaxa
eroporo Thma. ITycre kpueaa (K)=—=(AB5) sajasa napamerpauecKuMu

YDaBHEHUAMY
x=9{) y=40¢) @

nputeM GYNKURA ¢ H () HCOPEpHBHM, M NpR HBMEHEHHH WapameTpa f
0T & A0 B KpmBaa oRUCHBACTCA HMENHO B HampamicHua oT A k B
dynxume f(x, ) Bmom kpusolt (AB) Tanie OGyAem npeanonarath
HenpepueHod *).

Ecan peus maer o6 murerpaze (1), To ZOBOJHATENEHO OBYCAOBHM
ellle CYMECTEOBAHAE H HENPEpPHBHOCT MPOHSBOANHOE ¢’ (£).

Ilpw 9TAX nApEAnOAOMenHsx KpupoiunednwHd wmHTerpan (1) cyme-
CTEYET, # HMEET MECTO PABEHCTBO

,5 f(x, y)ydx=(r) § Fle@®) @Y Gt ®)
{AB) ®

Takim 00pasoM, D48 swsncsenun Kpusosuxeinozo uimezpasa (1) nad-
AeJCHIM 3AMENUME 8 nodunmezpaseroll ByuKqun nepexennsie X u y

*} 3nech mokHO GuA0 SM Clienath SaMEY3HHE, AHANOIHYNOE BIOPOR CHOCKe
Ha CIp. 215, aumin 3amenue pyry - MM xopnok MM,
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ux snpawerugsu (4) depes napasemp, a snoxumens dx — oughge-
penguasos nepesenroli x xax Pyrxgun om napasempa, Ilopanox
PACCTaHOBKA NPEAEAOD B HOCAEAHEM AHTErpase oTne
yaeT Ha STOT pas BROpaHHOMY Ha Kpupod Hanpa
BAECHU K.

Iepexoauw K pokasareancrey. I[lyers Touke A; (=0, 1
2, ..., K), BSATHIE HA KpUBOH, ONPENEATIOTCH IHAUEHHSMH f; TapaNerpa,
a pubpanHad Ra ayre A;A;, T09Ka M; — sHaueHHeM +t; (OMEBHAHO,
AeamuM Mexny f, u #;,,). Torna uHrerpazcnan cymma

n=—1

‘=‘§f(ei! W)Mb
€C/AM YUECTs, 4TO

£ 1
Axy=q ) —e @) = F ¥ O d
i

MoOMeT OHTL nMepenucasa B Bhge
a—1

! 1
o= 3 fle( $G) ‘g ¢ (O dt.
i

Y ]

C npyro# croporuw, ® amterpan B (5) cnpasa *) MOKHO MPEACTABHTH
8 BHAE CYMMEL

a1 # 1
r=§ fle® ¢eNY Odt= F @@, $(DY Ot
o =Y
Orciona , f
Aa—Yli
o—I= Y ‘S V@) 6D —7 00 $ENY Ot
{uml 1

3amapmnuce RPORSBOABAWN & >0, NpennoxowwM reneps Bee Af;
HACTOABKO MAaAuMH, 4ToOH 8 npoMexkyrkax [f, f,,] xoneGanns Renpe-
pusnoli dyskuun fp (), P () Ouna wewswe e Tak kax Henpe-
pusHas Gyriuus o (£} orpannvena: |4 () [<s L, 70 GyAem umers

fo—I|< eli{f—ual
Takam oGpasoM, NMPA CTPEMACHWH K  BENWYHHE ) ==max Af, *¥)
lim G‘ = ”

*) Camoe CYIMECTBOBANHE HHTETPAZA OVEBHAHO BBENY HENMPEPHBHOCTH NOb-
umergaumoﬁ dyakupn.

*%) A 910 paRBOCHILHO —— B COYWSE HEGAMUEHYTOR XpUsOA — cTpeszennie X U
HasGoabinelt &3 xopn [n® 200}



331] $ 2. KPUROMHEAHWE HHTEIPANH BTOPOTO THIA 223

YeM ONHOBPEMENHO JOK2BAHO0 KAK CYIECTBOPAHWE KPHBOABEEHEOrO
UHTErpans, Taw # TpedycMoe paBeHcTso,

Ilepexoas x murerpaay (2), nosoGHHM xe o0pasoN MOXHO YCTaBo-
BHTb €r'0 CYLIESCTBOBAHRE H HOKa3aTL dopmyay

fs »dy=Em § fe® ¢NYOat %)

B} L)

npU YCAOBHAW CYHIECTBOBAHMA HERPEPHBHOH npomssoanoh Y (f).
Haxouen, ecan peun maer of nurerpase ofmero Buma

LP(x, ) dx+Qx Ny,

rag P w Q cyth HenmpepmBnme diyHKiHM, To #a kpueyw (AB) wasowmns
TpeSopanue, urobu oGe ¢yuxums (4) uMEAM HENDEPHBHHE RPOHSBOA-
Hue. B sToM mpeanosoxensH OyAer cnpapesiuBa (OpMyra

{ P syax+Qes sydy=
(AB

==(R) s’[P GO IO+ Q) @Y Bt ©

OnpenencHne XpHSOAUHEHHOTO BHWTErpada M YKasamAHf amecs cng-
<00 cBenéuan ero ¥k OOBIKHOBEHHOMY ONDSAEACHHOMY HHTErpamxy Heno-
CPEACTBEHHO PACIPOCTPAHAIOTCY W Ha cayual KpmsoHi {4), Koropas
caMa cef nmepeceéKaeT, €CAH TOABKO HENDABAEHHME N Hell
MO-HpekHEMY ONpeleAseTcd MOHOTOHHHM HIMEHEHHEN TNapamerpa ¢ or
o 2o B,

Bawmouenne YKaWeM HEKOTOPHE CAyYaH, KOrid BHYHCIEHBE KPH-
BOJUHEHHOrO MHTErDANA HPEACTEBANErcs OCOGEHHO NPOCTHM.

Ilycte meterpan (2) OGeperca no Kpueod, safiaHkod ARMEM ypas-
HEHHEM:

y=y(x)

npUYeM NEPEMEIEHAe TOYKM H3 A B B NPORCIOANT NpH BEMEHEHWH X
or a A6 b,

Toraa Ges Kakux-muGo mpeanoaomesntt o XpABOR, KPOME ee Henpe-
PHBHOCTH, HMEEN

b
d& f5 Nax=@ {7 (5 y()ax. @
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Awanornuno, ecan aurerpaa (2%) pacnpocTpausercs Ha HERPePHBHYM®
KDPHBYI0, 3aJanHyl0 SEHHIM ¢ YDaBHCHHEM, HO APYTOre THOA

x==x(y),

rAe Y MBMEHSETCA OT ¢ A0 d, 10

d
b‘f Fio ndy=@ { Fx ), D). )
8) P

HaxoHel,, €CAH BHTETpad {2) pacnpocTpandeTcs Ha NMPAMOAHHEH.
HHH oTtpesok (AB), mapaasearHHH OCH ¥ TC OH papex 0
(nbo B sTOM Cayuae pasHH O Bce Ax,, 2 C HAME # BCe CYMMH o). AHa-
aoraqHo pasen O w mETerpan (2%), BaATHE nO DpAMOAHHEAHOMY
OTPE3KY, NAPANALALHOMY OCH X.

3ameusune. Ecan xpupas (K) pacnajaercd Ha KoHewHOE dRCAQ
NPUMMKAOMAX OAHA K APYroH KDHBHX M BHOAL KakioR B3 HUX B OTACAL-

HOCTA KpHBOARHCHHBIA uurerpan cy-

X — LIECTBYET W BHYHCANEYCA N0 OaHOR
H3 YKasaHHHX QOpMyA, TO JETKO BH-
W\ YRCAACTCS MHTErpaa no scell xpasoft
(K}, Kax cyuM2 RHTErpanoB 0O ee

N QacTAM,

232, Cnyuali BaMgHyTOTO KOH-

Typa. OprenTanns naockoctr. O6pa-

THMCS K DACCMOTPEHHIC SAMKHYTOIO

— Kourypa (K), T. e. caywan, Koraa

Prc, 1L Bawano A # Konen B DyT# aETErpR-

poBaHps copnagalr. Bene Aa Kpusoft

OTIHYHY OT A TOURy €, WOAAr40T N0 ONPeAeAEHHI0, ¢ YYETOM BH-
GpaHHoro Ha XpHBOH HanpasacHdd (Ha pmc. 11 oHO ykasaHo CTpeaxo#).

oAt d,

B MPEANOROKEHNH, UTO MHTErpANM CHPABA CYILECTBYHT,

Jierko nNoxaaaTh, 9TO CYRIECTBOBZHME K BE/AHYBHE HHIETPaTa He sa-
BHCIT OT Bubopa Touek A ®H C. Kpome Toro, M Afg 3IMKHYTOTO KOH-
1ypa (K) oOKasmbaworcs npumesumuimu dopuyar (8), (B8*), (6), Busenen-
HHE B NMPEAMAYHIEM HOMEpE,

Oco6eHHOCTE  PACCMATDHBEEMOTO CAYRER SAKMOYACTCH B TOM, WTO
yxasaHae HauaabHO# u (coBmagaiomed ¢ Hell) KOMEYHOM TOYKH Ha STOT
pas He onpefenserT HINPAaBAcHEd, B KOTODOM OMMCHBAETCA Kpupas (K),
MoxHo Ouao OW B KaMAOM CAYY94e YKa3uBaTh 0c000, KAKOS WMEHHO
HAnNpapAeHue uMeeTca B BuAy., Tak ¥ NPHXOAHTCA NOCTYUATh, €CAN Deun
HEET O NpOCTpaHCTBERHON Kpmeofl, B cayuae e IAOCKOro SAMKHYTOro
KOHTYpa (K) OCHKHOBEHHG NOCTYHAOT HHAYE,
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M3 papyx POSMOWHHX A7 BaHHOB NAOCKOCTH HanpapieHunf
BPAILEHA A — <IPOTHB MAcoBOH CTPEAKH®» B «N¢ YACOROR CTpeaKe» —
0AHO BHOUPAETCA 3a NOJNONKATENLHOS: STuM CO3MICTCA OmpeReneHHas
opHeRmayuR naockecmu. EcCAH NOAOMUTEABHHM CUATAETCH BpailleHHE
BPOTAB YacOBOH CTPEJKH, TO OPHEHTANMA NAOCCKOCTH HASMBaeTCH Npa-
BOoH, B JpyroM xe cay-
yae — Nesol.

B cayvae  npaso#t
OPHEHTAIHH IVIOCKOCTH MH
HMEHHO BpaiieHue IPOTHB
yacoBOH CTPEAKH NOAOKHM
B OCHOBY OMpEAeNeHnd No-
AOKUTEILHOTO — Hanpawse-
HUA Ha MPOCTOM SAMKHY-
TOM Koutype (pumc. 12, a).
Tpaspa, 10 OnpeaeacHue
HMEET JAOCTTOYHO ACHHEH Puc. 12
Xapaxrep Mmillb A9 KOH-

TypoR, Oanakux K okpyuHocrd., [loaromy Mu ycarosumcs Gonee TOYHO
TAK: MONOMUTCABHEHM HANpaBxeudeMm o06X0Z1  fApocroro
SIMKHYTOrO KOHTYPAa HASHBAeTCA TO, HPH KOTOpoM OGauxaHmas k wadmo-
hatenale uacTe obAacTH, OrpaMHUeHHOM KOHTYDOM, OKasHBAETCA Jcxkanich
caera or HaGmonarens (puc. 12, ¢). B cayyae zesoR oOpHeHTaURH
NAOCKOCTH MONOKHTEAbBHHM Oyler 00XOR KOHTYpa No 4acoROR

<Y 4t

cTpeaAKe Tak YT0 of6AacTb OCTaeTCA
uh x} cnpaea or HaGmoareas (puc. 12, &)
3aMeTHM, WTO CAMOE pDaCHOACKEHHe
P KOOPAMHATAHX oCed HA IIOCKOCTH BCerda

\ \ CTABKTCY B CBASb ¢ €€ OPHeHTalueh:

¥ ocb ¥y RONyuaerc’ ¥8 OCH X NMOEOPOTOM

-/4”' ‘/ K4 eenayron-; HPOTHB UYACOBOH

CTPEAKH NPH Npapol opHeHYTauun

NIOCKOCTH # 0no vacosoft crpea-

& ¥ Ke—npun aesoh (pac, 13, a ©).

@ o B nepeoM cayyae caMa KOOPRAHATHAX

Pue, 13. CACTEMa HasHBacTCA OpaBof, a Bo
BTOPGM — AEBOH,

IMoche STHX noAcHenu# BaKMOUHM PAs HaBCErAa TAKOE COTAalBeHue:
ecan nyme usmezpuposanysn (K) ecms npocmas 3aMEMYMGR Kpusam,
o &

nod CUMBOR0OM LP dx+ Qdy

(
NP1 OTCYTCTBHH YKasaHeR HA HManpapAeHue 00X0A3 KOHTYDA pa3y.meemcs
UHmezpas, S3AMmMbE 8 nosomumeAsbRoM Hanpassenun, HKoneuno,



226 I, XX. KPHBOPMMBAHWE HHTETPANN 553

S10 COTNAlIeHME HE MEHIaeT HaM pACCMATPHBATH B CAYYAE HAROGHOCTR
H HHTEIpan, BIATHA B OTDALATENLHOM HANPARAEHUH, %O oOOO0BHAYaThH

ero uu GyZeMm uepes ‘i)de'i'QdJ'

333. Npamepu. 1) Buuncaum suayenne XpuBoaRHefiHOTO HHTerpaxa

H=(E2x:vdx+x’dy.
}

pagToro no noyrH (L), coemimawmemy touwxn O, 0) n A 9' 1), ecam

nyms {L} ects! (2} Dpamar y=x, (2! napationa y=x?, (8) napatoaa x==y%
(r) xybuueckaa n;paGona y=ux* (prc. 14).

¥ 4) Tax wax dy=4dx, 10

1

": §2wdx+x'dy=s3x’dx=l;
)

!

1
(6) dy=2xdx, H= S drtde=1

i
. () dr=2ydy, H==§
1

Sytdy=1;

Puc. 14, ) dy=3x"dx, H=\ Sxtd¢=1,

2) Buuncauth xpasoanHeHnnl BHTerpax

a=§xydx+@—x}dy
)

DPH Tex me ny'rslx unrewuponaaﬁn. .
Omaem. (3) g (©) i3 () 50t () -5
8) Haiirn xpusosnyeRHnA BuTerpas

bj‘. (x—9%) dx + 22y dy,
(o)

€CIM B KAYECTBE RYTH mnerpaxounua Geperca O4a H3 CACAYOWUX ARUHA,
coemunsomaz touxd O (0, 0) ¥ A(L, 1) (puc. 14): (a) mpauonunefinpft orpesox
OA (y=x), 6) aomanas OPA, cocroaman §3 orpeska OP oca x U=%Ou
o1peaka PA opruoll xXx==x1; (p) somanan OQA, COCTOAMAA HI3 OTpEIKd
och y (x==0) B orpesxa QA npasofi y=1.

{a) Taxk wa y=x B dy=4dx, 10

]
J=§(x-|—x') dx=-§-.
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(6) B o1om cayua¢ ecrecrBeHHO pasbuth HyTh MHTETPHPOBAHMA HA £Ba

I= E =§ + { =148
{0PA) OP *A)

Broms OP uweem: y=—=0 1 dy=0, rax uro

o

!
!lﬂjxdx“%t
Bnom PA 6yaer: ¥ ==l B dx==0, nostomy

1
!‘=§ 2vdy=1,

Takwu 06pasoM, OXOHYaTeALHO [= ;.
(B) AHAROrRYRO MpeRuAYIEMY HaBfen (T4K KAk HETerpas BAOAL oTpeskd OQ

paBeR HyXO) .
1= 5 =§ (x—1)dx= ——-%—.
QA

4) To e Aan BaTerpana

=\ (F+2)dx+(2xy 4 xN dy.
o4}

Omeem. Bo scex cayvaax f—=2,
3AawBETAHNRE YnTarean, BEpoATHO, YEe OSPATHA BHUMAHHE HA PasaHMHE
: nenulge pesyabrarame npusepos 1) n 4), ¢ oauof cropons, u 2) B 3} —c npy-

roft. BexnuHH HHTErpafoB, PACCMOTPEHRHX B 1) B 4), OKaIANHCH He SABHCAIEMY
Ot EREA B, COCRAHADIER HAYAALUYD o KoHewRyw TowkH. Hamporme, B nplime-
pex 2) 4 3} MU CTOAKHYNHACH C HHTEIPANANM, SHAUCHNUA KOTOPHX SABECAT OT TOTO,
kKaxo#t aunpeR coefuHedw MavaxbBad W KoHeyHad Toukn. B caexymo-
med raase [§ 4] wmw safiMemMca STUN BORPOCOM CHEUHARBEQ ¥ BHACHHM €ro
BAXNOCTL.

5) Buuncaum purerpaa

K=} ytdx—xdy,
)
rne (L) ectb oxpysHocrs pazAyca 1 ¢ ueutpom: (a) » Hamase XOODARMAT MAH
{6} 8 Touxe (i, 1).

1} Hcxoas B3 napaserpryecxax ypasneHnft x ==cos [, ¥ =sin ¢, rxe ¢ mennerca
or 0 a0 2x, no gopuyae {'6) GyzeM uMeTs

2x
K——S(sln't+cos' £) dt =0,
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{6) Ananorauio ¢ HOMONILW UGapaMeTPHYECKoro NPencTABIERAA
K==l==tos?, p-—le=gint
mOaYUHM

=
K==—5 (2 6in £ +cos ¢ -} sin® ¢ -} cos? £) dt =— 4=,

234. Cpasp MeXAY KpHBOAWHeAHMMIMH MATerpasams oGOHX THHOB.
PaccMoTpHM NpOcTYIO Faaaxymo ¥) }_Kpiteyio (K)=(AB) n, eulpan
B KAueCTBe NapameTpa Ayry s=AM, npeAcTaBHM €€ ypaBHeHnsAMH
[n® 201, 202]

x=x() y=y@ (O=<s=<Sj

dyvknps X (), y(s) GyZyr HMeTh HeIpepHBHHE NPOR3BOgHEE X’ (S),
Y (5). Ecan uepes « 000SHAYHTE YO, COCTBACHAHH C OCBIO X Kaca-
TeawioH, HaNpaBAEHHOR B CTODPOHY BOSPACTAHHS AYT, TO,
Kax mseecrso [u° 211, (14)]:
cos a=xx'(s), sina=y(s).
Ecas sgom xpmsoft (K) sallana menpepwisHas QyHkuua f(M)=—
=f(x, ¥), T0 NOCNSLOBATENLHO HMEEM

S
CSﬂf(lifl)a!x=nsf(x(s), )& () ds=

s
=§f(x(s), ¥ (5)) cos cds=if(M) cos ads,
(X}

B KPUBOAWHCHHHIR WATErpat BTOPOro THNA OKAAACHd CBEACHHLIM
K KPUBOAUHEHHOMY BHTErPAAY NEepBOro THOA
AHANOrRYHO MOMYYAETCA

(Lf(M) dy= Lf(M) sin ads.
{

Ecan e SafaHi ABe HENpepusHie Bioas xpreol (K} pymxmuan P (M) —
=P, ¥) 1 QM)=Q(x, ) 10

(Lpdx.]_Qdym‘i (P cos 2} Qsin o) ds. @)
)

Tloawepknem, 4T0 BO BCEX STAX GOPMYAAX YrOA & CRASAH ¢ TEM Ha-
ApaBNEHneM KACATENLHOH, KOTOPOE OTBEYAET HaNPABAEHAK Camoft Kpm-
pofl (K). Eciu uaMeHETh HanpapicHne KPHBOM, TO He TOBKO HHTETDAN
CHIEBA USMEHHT SHAK: PEMAY HUSMCHCHHs HanpasieHHd Kacateakiod yrox a
HOMEHUTCA Ha —hox, B CBASH C YeM HSMEHAT 8HAK M HHTErpain COpana.

*) Kpuean (4) Hasusaercs raankof, ecan Gysuugy ¢ B ¢ HMEOT Henopes
PHEHEE NPOUZBEOAHBE, He OOPAADIEECA OAHOBPEMEHRO B HYIb,
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Ouensand, BHEBECHHHE (OPMYAH OCTRIOTCH CNPABELAHBHMY H AW
npocTod KYCOWUHOTMANKON KpHROH*) B oTOM Jerko yOemuTHCH,
€CA HANNCATD MX AJM KaXAOrO U3 FIAAKAX KyCKOB KDHBOE W no-
YUACHHO CHOMHTb.

AHATOrHUHHE COOCPAMEHHA MONHO PASBRTL M ANM KPUBOJAHHCHHNX
AHTErPAIOB 00 NPOCTPAHCTEEHHOH xpusolh, B pesyasrare nouy-
untTca Gopmyna

r’;pdx-{-Qdy-]-R(tz:;)(pcou-{- QeosB-+Reosds, ()

rae Cos®, COSP, COST CYTh HANPEBAMOMIAE KOCHHYCH KacareapHOH,
B MNPeANOACHKEHHH, YTO e¢ HANPABACHHE OTBEHAQT HAMPABACHHIO MyTH
HHKTErpHPOBANHA.

335. Mpunokenns & Qaanteckus sagawaMm. OCTAHOBHNCA B 3aKNIDMEHHE
N2 IBYX BAWHHX 38KA%AX M3 OGTARCTH MeXaHHKH H QUIHKH, N0 KOTODHM YHTATEdL
COCTABHT cef¢ NPCACTABACHHE ¢ MNPHKASAHOR POIH BEEACHHLX & STOM HOMEpe
noHATHH.

1) Paboma cusosozo roas. [ycts B KaxKOA Touke M Noockocth Xy (Hau
onpefleleBHO NaCTH NAOcKocTd) HA MOMEUIENHYI> B Hee ELHHHRY MACCH
ReficTBYeT oOpeneneRHsd cRIa F, eesniune o ¥
HONPaBACKEe KOMOopoli Sasucim mMOAdKO Om
nOACHCENUR moukn M, ecan Macca m RoMellen-
Hoft B M marepHasbHON TOYKM OTAHUHA OT enu-
HANH, TO AefiCTBYIOWUAA Fa Hee CHAA 6yAeT pasua
mF. [Ipe STEX YCNOBHAX IEAOCKOCThH (HAE pac-
CHATPHBAENAA €€ YACTh) HESWBRETCA (RAOCKHM)
CUAOSHM ROAEN, & CHNA F, NeBCTBYOIIAN Ra
CAMHBLY  MACCH, — HORPANCERUEN  HOAR.
Sualme CHANW ? N9 BEeAWYHHE W HANPABACHHN Pere. 15,
PABHOCHABHO Bafaump ece npoexuuid X, V
Ha ©CH, OVeBHANO, ABJSAKINMXCA (YHKUMAMH OF KOOpAMMAT X, ¥y Toukr AM:

X==X{x, 3} Y=V{(x, ¥}
Ecan ¢ ecre yrox, cocrasaenHufi pextopor F ¢ ocbio x, 10 (pHC. 15)
X==Fcoosg, Y=Fsing {10)

[IpeAnoROXHM Tenmeph, YTO MaTepHalsHam Touxa M (X, ¥), ¢ eNMAMYHON Macs
¢ofi, HEXONAIGAACH B NOAE, ABWHECTCA M OECHBACT HEKOTOPYI HENPEPHEBHY IO
Kpuey®n (K) & onpedesennos ranpassenuy. 334aua COCTOHT B BHMHCACHUM
PaGoTh A, XOTOPYE> MpH STOM ABEXCHWH COREPUIAT CHAM TIOAA.

Ecar 6p DeHcTEYWONIAA Ha TOYKY CHAA COXPAHRAA NOCTOAHAYMW Beanyuky F
M ROCTOARHOE HANpaBAeHREe, 3 CAMO TlepeMemenye TOYEH MPORCIORHAC HpAMO-

anyeltHo, 10, Hax WIBeCTHO, paGora A BupPiIAILch Ok MPOUIBEHCHHEM NepeMe~
ieHns { Ra NPOEKUAN CHAN Hi WATPABACHHWe AepeMeileHHs:

A=Flcost,
TAe 8 —yroa wexzy cHaoff F 6 nanpapaessen RepeMemesus.

*) Tax HazuBaeTCA KpHbBaf, COCTOAMAA ¥3 HECKOALKHX ASAKHX KYCKOB, NpE-
MLKANLPX OXHH K Apyromy,
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B caywse nenpaxonsgefiioro IBMMEHEA U RENOCTONHNOR cBaw padora ompe-
Hezaercd ¢ DOMOMIBIC HEKOTOPOro Mpexesbloro mponecca ¥). Cranem ompefexsrs
Noxokenne Touxe M na upneoft (K) (puc. 16) zanueofl § Ayra m. Paccmorpuu
Geckonedno Maaufl smeMenT MN=de xpupofl; npuMeM €ro 32 APAMOIRHEANNSR
H GyneM MpUGIMMEHEO CUHTATh, WTO cHAz F m yroa 0 Ha mepememensn ds co-

XPAHINT CBON BENHUARY, TOLEA COOTSETCT-
¥ SYWwih saement paGore Gyaer

dA=Fcoabds
F Teneps oOcCTaercd LHMb <NPOCYMMHPOBATLY
9TH SAEMEHTR BLROAL Beel xpeeolt (X), B pe-

) 3yAbTETE Wero padord A BLPASHTCA KPR B O~
- ZBHefNWM AHTErpanoM mepsore

A ] THOA
d=(§)Foos0ds. an

<
L

Puc. 186,

BreseM yroa e« MexAy EanpasiecHESN SaeMeura 43 (1. e NanpapienHen
wacarenbHolt k kpuBoli B touke M) @ ocbl x. Ouennpho, =g —a, T4K 910

e —=cos¢- cose-|-sin g sin g,
B SNEMEHT HHTerpasa, ssmay (10), nepemditercs TaK:
{X'cos a 4 ¥ sin o) da.
Cauo swipaxeune (11) paa paGorw npHmer BUL

A=‘§’(Xcm + Ysin o) ds.

Ecar teneps yuwects dopuyay (8), yCranasaHBaiomyw CBA3L MERAY KpEbOANNelt-
HEINH HNTErpafaMy OGOHX THIIOB, TO, OKOHYATEAbAD, PAGOTA CHIOBOTO 00AA BHpPa~
8NTCA KPHBOAHHEeHHHM WHTErpaunoM BIOPOrc THO &

A= ogoxmr Y. (12)

Bro # ecth Banbomee ymorpeSuressHoe BHpameHne nam paborw A, ynoG.
#08 A3 HCCREXOBANHE PANA BAXRHY, CBR3AHHWI ¢ HEO BONPOCOS: SABHCHT IH
npoBIBeNeBHad paGora of OPME TPEEHTOPHY, COERHRANINEA RaHHHE ABE TOUKH;
Gyner an EaGou MO SIMERYTOR TPEEKTODHM BeerXxa pasHa Hyaw [0l srom cwm,
BHme n' 1].

2) Maockoe ycmanosutueses Osuncenpe Recwumeemoli scadxocmu. Texoe
ABMECHAC XADIKTEPHITETCR TEN, YTO, BO-NEPBHE, BCE YACTHNH, JeRaAMAL
Ha OAHOH BEPTHKANR K HEKOTOPOR MIOCKOCTH, HMEOT CANY
HTY k€ CROP OCTh, TAK 9TO A XapAKTEPACTRKN BCEr0 NBARENTS AOCTATONHG

RMEYUETL EBHREHREe B oXHoff ndmb OROCKOCTH **), H, BO-BTODMX, CKODOCTH ¢

*) Bnpoyem, Mu 3heck ¥ mARSIE NPAANOYHTAEM TOT xogo-mm cnocob peun,
O XOTOPOM rosopracts B mepsoM ToMe [n*20d]. [MpemestHufl mepeXof Noapasy-
MeBAETCR.

*¥) Koropy®n Mu H BuepeM 3a RAGCKOCTD XY,
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YACTHIK HKHEAXOCTH 3AERCHT TOAbXO 0T NOAOKEHAA YACTHNH,
RO He OT BEpeMenH Takum o6pasoM, ¢ RAEACA FEOMETPHNECKON TOUYKOR
paccMaTpHEaEMON NAOCKOCTA (HAW ee U&CTH) CBA3AHA ONpelCAeEHAA 10 BeAH-
YRHE M MANPIBAERAN CKOPOCTH; HHHMH CSOBEMN, 3a0aH0 HEXOTOPOE <Hoae
CROPOCTHY.

Bcan 0603RAVETb YIOXZ, COCTABACHMHH BEKTOPOM € ¢ OCHI X, UEPE3 ¢, &
HPOEKUBH STOrC DEKTOPa BA KOOPAHHATHHE OCH — 4Yépe3 B K v, To (puc. 17, a)

U==Cpe==(06y, V==ey=csinyg,

BosbmeM Teneph £ HAOCKOCTH Xy KAKYO-HRGYIs Xpusym (K) m nocrapaeMcs
ONpeNeANT KORAYECTBO §) KHHUKOCTR, NPOTEKAVMER wWepea Hee B oOpe Ae-
AcHAYH OT HEe CTOPOHY B envpuuy Bpemenn. [TpeamoXarad WHARGCTH

¥i ¥i

o
L} {

Pre. 17,

HECRHMAEMOf, MOXHO KONEYECTD HWAKOCTH HSMEPATH NMACUIALLID NGKPHTON e
durypn, Ecan §akTHuecKH EEAXOCTE TeYeT B CTOpOAY, HPOTREONOXOENYID
BUOpPEHHON, TO KONHYECTBG NPOTEKAMINEHA MHAKOCTH OYNEM CYHTaTh OTpHOA-
TEABHEIM,

PaccsoTpus sxemenr MN==ds xpnsoft {K). 32 spenn di qepes 9707 9ae-
MEHT TIPOTEYST KOZRMUSCTEO KHAKOCTH, PABHOE

cads dt, (13)

rie ¢y €CTh MPOEKIHA CKODOCTH ¢ HA ACPMANDb &5 K DNEMEHTY 43, KANPE&B g A~
RYDabHUOPAHRYO CTOPOHY 6T KPpHE O, JeficTBNTeAbHD, 5T0 KOAHTe-
CrBO PaBHO NACILARH NMAPAZXEAOTrPAMMA CO CTOPOHaMA 43 H ¢df, BHCOTOR KoOTO-
POro KK Pa3 M ABAACTCA BPOHSBEAEHNE ¢y df (pue. 17, 6) ). Jaa Roncuers Koxd-
YeCT8a KHAKOCTH, NpoTexammeRl wepes 9ACMeHr 43 B CUHRPUY BpPEMEnH,
cyMuppyen Bupakenda (18) nmo saemenram df, uTo maer cpds. Cymmupys we
HalilepAHEe BHPaE£EHA RO BCeM SAeMEHTaM EPHBOS (X)), MK RpPENCTABHM WCHO-
MOC KOAHWCCTBO () WHAKOCTH E BRAe KPHBONHHERHOrO HETErpaxa

nepsoro IANA
Q=£c,ds.

#) Ilpxz 9TOM MR NpUHPMaeM SXENEHT d$ 33 NpaMoamneluuil n cyuTaes, uro
CKOpOCTH YACTHI XHIAKOCTE BO BCEX €F0 TOUKAX ONHHAKOBH H 58 SAEMEHT Bpe-
MeHM d¢ COXPSHRWT CBOK BEAHYHEY H Hanpasacude.
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Eeaw, ¥ak BCerAg, o O3A44deT yroa Mexay xacarenssHolt ® ocso X, To
h=a +-;- AacT Yrox HOpManH ¢ Toft me ocek. TorAa yroa MesRy Hampasne-

HHEM CKOPOCTH ¢ K HOPMaabn GYACT po-Ae=g—a——o-, H
Cpi= v 003(11——3-——%)::‘." sin (p—a) =

=c 5N cose—e-Cosp-sine=goosec—u&na,
Tak 410

Q=§“(00034—l38in a) ds.

CuoBa yuntunan gpopuyay (8), nepefites K k pHBoOIHHERAONY HATErPa Ay
BTOPOro THAA

Q= E)odx—udy. {t4)
!

ITpn oroM BAKKC NOMNECPE#YTH, YTO HAlDaBAEHHe Ha STOR KPHBOR AOXEHO
GuTh B3ATO TaK, UTOGW Yroa weXdy COOTBETCTBYDWHM HATPABACHHEM KACATCIL-

HOR W BHOpPAHHEM BapaHee HANPABACHMEM HOPMalH OGS paseH +%, néo

HMEHHO B STON MPEANOAOKEHHH M BuBeneHa Ouuna qopuysa (14).

Ecan {(K) eCTb 3amuHyTwfi KORTYp H Mnrerpas (14} cuMmrarh saavmm (Xax
obuIyHO, 1n° } B NONORHATEALHOM KanpaBieHHY, TO, YTOGM GHAC COOIIEEHO
YROMAHYTOE TOAbKO YTO YCAOBME, RODManh LOMkHa Onaa 6W GuTh HanpaBieHs
BHYTPh oOfsacTh, orpanhyenHoil komTypoM (K). CnegosateanHo, B 9TOM cay-
vae ¢opuysa (14) laer KoAAYECTBO MEAKOCTH, NPOTEKAlUEeH 2epes KOHTYD {

B CAHHWUY BpEMeHy BHYTPpL o00sacTE. Ecom kenaeM DOAYSHTH KONHYECTBO
AKRAKOCTY, BbTeHaomed uapf:x ¥ M3 oGXaCTH, OTpPaHmAeHHON KOHTYpOM (K),
T cicAyer aumb B dopumyre {14) H3MeRETH 3HAK.

Hanee, ecid nole He HMeeT BY <HCTOYHHKOBY, HH <CTOKOB» WHAXOCTH, TO
B apbol orpaupyerrol O0IACTH KOABYECTEC XHAXOCTH OCTETCA NOCTOAHHBIM.
TlosTomy, kaxyw OH $AMKHYTYW EPHBY®D BHE B3ATh, HuTerpas (14), paaruit no
Reit, 103KeH OnTh PABEH HYXK.

Wrax, ecau u & v cymp caazaioujite CKOPOEMIL 8 NAOCKOM YCMAHOBHSIUE MR
MEHENEH RELCHC UM GE MO T HOIKOCMY, WO RPU OMEYMEMEUL UCMO 4=

HOKOR B CMOKOS
(ilodx—udy=0,

Kakos 6w nu Oua saxxnymull xoumyp (K).

Brocaeacreun {n° 351, 2)] MM YBRIHM, ¥IO STOT PE3YALTAT, MOAYYEHHHI
€ HOMOIEbI dHE3IHUecKHX coolpawedAl, NOBOIAET FaTh B HEKO-
TOPYH 2HAANTHYECKY N XapakrepucTHXy QyHKUEA 4 ° o,




TJIABA ZBARUATS NEPBAS
JIBOAHLIE MHTETPAJIbE

§ 1. ONPEAEAEHHE K NPOCTEAIIHE CBOACTBA
ABOAHBIX MHTETPANIOB

886. 3amaua of ofbeme uuanEnpuueckoro Opyca. HanozoGae
TOTO, KaK 23a3AaYa O MAGIAAR KPHBOAHHENHOH TpancumMR OpuBeNa Hac
K DOHATHIC OPOCTOrc ONpeAencHHoro RHTerpaaa [n° 176), auanornuHan
Banaua o6 ofbeMe IMARHApHYECKOro Gpyca NPHBENET HAC K HOBOMY
NOHATHIC — AB O A KO T O (CNPeNeNcHHOTO) HHTerpans,

Paccworpuy Teno (V), KOTOpOEe CREPXY OrFpaHHYeHO TNOREPXHOCTBIO

z=f(x y) 1

¢ GOKOB — NUARHAPUYECKOH NOBEPXHOCTBIO ¢ OOpASYIOLINMH, MapalAeAb-
HEME OCR 2, HaKoHell, CHASY — naockol durypoft (P) sa naoOCKOCTH
xy (pnc. 18), TpeGyerca Halitw of6bem 2}
V Tena. ]

Ilng pewenna sToRt sagaun MH nprder- 2-fiz, .
HeM K OGHYHOMY B HATETPANLHOM HCYHCHE- o
HAH OPHENY, COCTOSIUEMY B  DPaSAOKCHUH
UCKOMOR BEAHMMHH HA SJAeMEHTADHHE YacTH,
npuGaAmKENNOM NONCYETe KamaoH vaczd, &
CYMMUPOBAHHE H NOCASAYIOINEM NPEAETE- It
HoM mepexoze. C 570 MLeAbd DasAOKLM J
obaacte (F) cerslo KPHPHX Ha YacTh (Py),
(Pa),vo.s (Py) B paccMOTPEM DAR LEHARHI-
pruecksX CTONGNKOE, KOTOPHE HMEIOT CBOH-
Mi OCHGBZHHAMH STH WaCTWUHHE OfaacTH Puc. 18.
# B COBOKYNHOCTH COCTABAAIOT HAHROE TEJO,

Nas noncuera o6beMa OTAEABHMY. CTON0HKOB BOSHMEM MPOHIBOMLHO
B Kaxzaoh durype (P no rouke: (§; %;). Ecam npaGmoKeRRo npuHath
Kamgufl cTOROHK Sa HacTOAMA HMAMBAD ¢ BHCOTOR, pabHOH amAuKare
S, m), 70 o6BeM OTAGMHONO CTOAGHKA OK2SHBAETCA NPUOSABKEHHO

pagatM J G )Py

PSR, W

=

o=

'z
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rae P; osmauser naowans d¢uryps (P;). B rakoM cayvae npuGammes-
Hoe pHpaxenne 00beMa BCero Tena Gyner

V= igl G ) Ps

Dam  NOBHIEHWS TOYHOCTH HTOTO papencTRa OyzeM YMeHblIaTh
pasmepH naowaaok (P), yseamuuBaa uxX wacao. B npemese, npH Crpem-
AeHud K HYA HanGOABMIEr0 M3 JARaMeTpoB BCex obnacrefl (Pp), sTo
DABEHCTBO ACJAETCA TOUHAIM, TaK YTO

V=Bm;gf@' %) Py

# FIOCTABAEHHAN Baflaya PelleHa,
Tipemen s10c0 BuAA H ecTh dsolinok uumezpas om dywuxgun f(x, V)
no ofagcmu (P); or 0603HAUaETC CHMBOAOM

'Sis f{x y)dP.

Toayyeunaa bumie opuysa ant 06beMa NPHHAMACT BRAK

V= 5 J f % »dP*. ©

Takuu ofipasom, ABOHHOE RHTErpan ARMAETCA APAMEM OGOGIICHHEM
MOHSTHA TPOCTOTO OMPENENCHHONC HKHTETPaNa Ha CAYvaH Qyuxiuan Asyx

nepemensux.  O#  wrpaer
/ BAKHYW pomb TaKke mpu

onpegencHidd PasaANHEY reo-
/ . . MeTpHYECKHX M $usBuecKux
BeaHUHH,

887. Ceexénne xpofinoro
HHTerPANA X NOBTOPHOMY.
HNponomkas TpakToBaTh ABOH-
HoH nma& reOMEeTPHYECKM

% Kk o BHABHAPHYECKOrD

\&\\\\\\ 6pyca, MH JAaguM  3aech

/ > We YKESAHWS OTHOCHTEMbHO

€r0 BHMHCACHHN NYTEM CBe-

Puc. 19 HeHRA K TOBTOPHOMY MHTE-
rpany,

_

\

¥) B caynae uenpepusaolt noeepxyoctn (1) u wsaapupyemolt derypu (P)
BHBOAY srggﬂlpopuyuu HeTPYLHC NPAAATL B BRONRE CTPOTYID GOPMY; CM. 3ame-
vapde B A
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B nepeox TOMe MH YK€ BMeAR Jeno ¢ samauel BHYacaeHus ofveMa
rena (V) no ero nomepeunuM ceyenmay [u° 198]). Hamomuum oTHOCA-
mywocs  cwoga  gopuyay. [Klycte Teao  orpaHuueno  NAOCKOCTAMH
x==g n x==b (puc. 19). Jonycram, uro ceuenae TEAA IIOCKOLTHID,
nepnedaukyzapioft k¥ ocH X H oTsevaromed aGeuncce X (ae=x==b),
nneer momaas Q{x). Toraa ofbveM Teas, B NPEANONOMEHHH €rO CYue-
CTBOBaHUg, BHPAEsUTCS QopMyaol

]
V= S Q%) dx. @

TlpemesuM Tenepe 51y GOPNYAY K BRURCACHMIO O0DLEMA HAARHAPH-
yeckore Opyca, © KOTOpoM GHAR Deun ® nNpeAsayntem HoMepe, Hauuew
¢ APOCTOrQ CAyuad, Korja B oc-
_ HORaHAM Opyca Jewur npaMo. ¥ g
yroashuk (g, &; ¢, d] (pac. 20).

Ceuenne 6pyca DROCKOCTRIO
X==Xy(@a= ;55 b) ecTh KpH-
posmieHas  Tpaneuns  ofidy. =
Jlan saxoxpenus ee nAOMAAY
CupoeKTHpYeM STy $Hrypy Ha
IAOCKOCTD 37; MH NOAYUEM KOH-

TPYEHTHY®) € HECA Tpanenp

B, B60  NPOEKTRPOBatUE / -
npoucyoanT Ge3  HCKAWEHHA, a ¢ s
Hraxg,

Pac. 20.

Q(x)==na. «fd =na a,Byd7;.

Ho ypapuenme AuMEM 1,3, HA NIOCKOCTH y2 ouesuaso, Gyzer
ze=f(xp §) (c=y=<d)

TMonpaysck HSBECTHHM BHPIMEHHEN MAONIAAS KPLBOABHEHHOR 1pane-

udH B BHAE OMPEHNCACHHOFO HHTETPans, OYASM HMETH

o
Q= { f (o Hay.

Tak Kax Hame PacCyHACHHE OTHGCATCR? K JGOMY CEYEHHIO, TO
poobwe AN g X b

o
Q= [7(x ndy "

*) Sra PYHEUHA 0T X ¥ TOMY Me Henpepwena [n° 296], yro mu 8 npeamo-
maragn NpH BHBONG Qopuysn (3)
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Hoacrapass aro swaueHne Q{x) B dopuyay (3), nomyuum
V==jdx ff(x, Yrdy.
Ho st umeem aaa oGvema V m Bupamende (2), caexoBaresbHo,
ng(x, y) dP= fdx ff(x. n)dy @

- ABOHHON AHTErPal NPHBEAEH K TNOBTOPHOMY.
AManormuHHN DesYJbTaT MOXHO NOAyuHTh ¥ Add Oosee obmero
cayyas, Korma oGaacte (P) Ha

y 3")@—\ MAOCKOCTH Xy MpeacTasnser coboft
/ KPUBOJUHEHHYIO Tpanemwio, orpa-

HUYEHHYIO JBYMS KPHBRME:
y=n) y=Yx) a<x<?b)
P T W BYNS ODIMHATIMH X=& X

—" x=b (puc. 21). Pasmuma no
CPaBHEHHD C PAaCCMOTPEHHHM cay-

7 y ﬂ_’:’g b YaEM COCTORT B CAGAyOHICM: PaHL-
Puc. 2. me mpa moBoM  GUKCHPOBAHHOM

X ==X, H3MEHEHHE ¥ NPOHCXOABIO0
B OHHOM H TOM X NpoMexyTke [¢, d, 2 Tenepb ITOT NPOMENKYTOK

o (¥a), ¥ (x)]

CaM RABACAT OT X, TAK UTO
Yixe)

Q)= 5 /<o 9) dy.
Sl
OKCHYATeNRHO TOJMYHHA: o

b Yixy
v=$ fix » dP=§a:x S fix, dy). )
a Yo (®)

Mu nogHAKOMWAH uYATATEA C HOHATEEM ABCGHHOTO HHTErpana H
€ €ro BHYHCASHHEM B TEOMETPHYSCKO# TpaKtoBKe.

) M snecs nn%penaun HHTErpan mpelcrashdaer cofoft HenpepuBBYID PyHU~
uuio of x (¢ 0 200),
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388, Onmpeneacnne neoknoroe HaTerpana. Ilepeitaem Temepk K Go-
nce  ofmeMy H3NOMEHWIO BOMPOCA, € WACTO AHAMATHYECKGH TOUKH
spenns, Bupouew, H 3gech Ham He ofoHrHce Geés reoMerpuH naAd, No
Kpalinelt mepe, Ges reoMerpuzeckoro sstika [n° §24—127] Mu Gyaem
roBOpuT: © «<aByMepHOH o6aactu» (P), rie onpezeaseHa paccMaTp-
BaeMasa qummaa mzyx NEPEMENHLIX, <KPHBLIMH® HEGRHTL €€ HE YacTHY-
AHe «oBnactas, OygeM GpaTs <nAOHIaAH» STHX <obmacredts u T, A,
Ha nese sro <«ofnacTa> ¥ «KPHBHE» H3 APADMETHUECKOTO
ABYMEPHOTO DPOCTPAHCTBA, UX <TOUKaMM» CAYXKAT mapm amcen Ho
OOHKHOBEHHC BCE 9TH «00pasH» 3aMEHATCA &AY YAODCTBA COOTBEY-
CTBYIOHIHMH WM HACTOREIHMH TEOMETPHUSCKUMH oGDasaMy, He Oe7as HHUKa-
¥Ofl PasHHRK MeMAY HAMH. B 9acTHOCTH, NOX «<hnoniafbic 05A2CTH n3
apH(METHIECKCTG ABYMEPHOTO NPOCTPAHCTBA PASYMEETCA BCETAA IAOWLAAL
Co0TReTCTBYIOMEH reoMerpuueckofl oGracra,

HanoMuaM, 910 a8 KBaapapyeMocTRA oGNACTH, OrpaHAyeRHoH KakoH-
anbo KpaECH, REOOXOMUMO M AOCTATOUHO, yTOUM 3Ta KpHBad HMeJ a
naowals, PABRYW Ryaw {n° 198]. lupoxnd krace Takux KpEEmx
obpasyer HeNpepHBHHE KDPHEHE, BHpPaXdeNHe ABHHMH VPABHEHHSMH,
AH KPHBHE, COCTOAIHE MB HOHEUHOTO uHCAA MOZOOHHX Kyckos. Orme-
THM 3feck (He BRABafACE B JOKASATEALCTRO), UTO TEM Xe CBOHCTBOM,
B YACTHGCTH, OGABJA0T H TAZAKHE HAH KyCOYHO-TAAKME KpuBHe, Mu
Oydes npednosazams enpeds, imo rax woumyp ofracmu (P), max u
Kpugsie, KOMOPHAMR MB PO34G2AeM e Ka 4acmi, 8ce HMEIM HYAe8Yi0
nacuats (HANDHMED, MPHHALNCHAT K YKAIIHHOMY KaA2cCy) o1uM obecne-
UHBEETCA CYMIECTBOBAHWE BCEX HYXHHX HiaM maomanelt,

Bepremca Tenepp K MOHATHIO XBOMHOrO wHTErpana, aKTEYecKH Yme
ppenennony B n°336, n aagaMm B pasBepHYTOM Bufe oflllee ero onpe-
AeAeHuE,

flycrs p ofnacta (P) onpemenens dyuxums f(x, 3)%). PasoGeen
o6racte (P) CeTbid KpPBEHX HA KOHEYHOe uucae obaacredh (P)),
Pyy..., (P,), nnomaan koropux Oyayr P, Py..., P, Xom
npoue BCETO S5TH TacTHYHHE oG62acTH NPeACTABASTL cefe CBABHEIMH,
HO a4 Oﬁﬂel“leﬂll!l HanpRedioero ASAOKEHRS EBHTMOAHC HE HCKIOMATH
A HHZ BO2MOXROCTA OHTH ¥ HecBAsHeiMi, B npenesax i saemen-
TapHo#t ofnacta (P;) BosbMeM no npomssoay Touky (5, %), SHaueHwe
tbyuxune B srolt Touke f(§, %) ymHomuM Ha naomaab P; cOOTBeT-
creyomeli o0mACTE B BCe MOAODHHE npousseneHHa caowmM, [Tomyves-

ByIo cywuy i
o= glfﬁn )P

GyleM HASHBAT HATErpanabHOR cyMmo# gam dymamn f(x, y)
B oGaacte (P).

¥) Hugakpx npeinoackesml 0 HENPEPHBHOCTE €€ M4 [PH S10M B¢ ASA4EM.
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OfGoonaumm depes A HauGoabulh Wz suaMerpoB®) vaCTHIHHX
ofnacred (P;). Horewnuil npedea I unmezpaspnod cymss o npu
A0

I==1im ¢ *%)

Ra3usoemen deofinuu nrmezpasron Hyuxguu fix, ¥v) & of-
aacmit (P) 8 00OSHAYAETCA CHMBONOM

I= Sg fix, y)ap.
(1)

dynxnus, AMEIOWIAA WHTErPan, HASHBAETCA MMALEPUpYemod,

839. Vcaorue cymecteoBaHnd apofinoro muterpama. Wurerpupye-
Mas PyHKOnd HeoGXOm#NO ROMKHA OWT: orpaHuvenuol, HelcTeuTembo,
B APOTRBHOM Cayyae mpu moOom samannoM cnocofe pasaomesnd
obzacte (P) na wacti Moxwo Ouao Out sa cuer BuGopa touek (§, %)
COenaTk MHTETDAARHYI0 CYMMY NPORSBOABHO GOALMION, Tak 9TO KO NEu-
Horo nperena / He Norao OW CYmIECTRORATD.

ObGpamancs K DICCMOTPEHHO YCAOBHHR HHTErpADYEMOCTH
gaHnol dywkuas £y, y), M= GyaeM nOSTOMY Hanepes NPEANOAaraTh

ee orpanmemloﬁ:
m<f(x <M

Kax u B cayuze ¢ynxkman Oor omzolf nepemennoHl, saech Takke
y200HO BEECTH TaK HasWBAEMME HANCHIIO & 6epXwrion cymss Haply:

1] N
§= 121 mPy, S=iEl M;P,

rae »; A M; 03HaYa0T, COOTBETCTBEHHO, TOWHHE HHXHIOW # REPXHOI0
rpataun sHauennl dyskumn f(x, y) B oGaacta (P)),

Ilpn nannoM cnocole pasaomesing obaactd (P) na 9acTs, Hesapu-
camo OT BuGOpa Towek (&, %), CYAYT BLIMOAHATLCY HEPAPEHCTBA

s=so=xS.

Ho sa cyer wapnewxawero euGopa sTax touex MomHo smavenns 1§, )
CHENATh CKOXL YrOAHO Gauskumu X m, (M;), a BMECTE ¢ STHM CYMMY o
cuenaTh CKkoXb yrogso OamskoH x 5(S). Tansm ofpasoM, sepyuss u
RUMCHAR CyMun Haply R6AROMEA, COOMEEMCMBENHD, MOLKR KU

*) AnameTpoM TOHEYHOrG MACHECTEZ HA3KBACTCA TOUHEA BEPIHAA TPaHHUA
pACCTOABHA MeXAY NBYMA OpOMIBOABHEMA TOWKaMM MHOMecTBA B cayvae
nrocxolt aamkuytoft 06zacTH, orpannvenHoit HenpeposHOR wpHBOH, ABAMETPOM
CAYEHT NONPOCTY BANGOIbILAA XODAL

*%) Yutateab Aeruo CaM YCTUROBAT TOUHHA CMWCA STOrQ HOBOrO MpEAcEa.
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sepxuell u RuMcHell 2paNNNGMU TRMEZPAASHNX VMR, OTBEUAIOUIHX
TOMY e cnocoly pasaomenus ofiacTs,

Ian cyumu HNapSy, kak R B JuHefluom cayyae, Moryr OwTe yCTa-
HOBAEHH CASRAYIOMEES CcBORCTBA.

Meppoe cBoticThO. fipr darenelisenm dpobaenun sacmeli (Py)
¢ J00asAeHUER K NPEIXHUN AURUAK OCALNUR HOSWX, AUNCHAA CYMMA
lapby we yCmoaent, a 8epXuAz—HKe 605pacmaenm.

Bropoe ceoltctso. Kawdan saxcnan cymma Haply xe npe-
socxodum wawdott sepxnell cymmn, xoms 0w omsevanwiyel u dpyeoxy
cnocoly passoenus obzacmu (P).

llokagareanCcTBO NPOBOAMTCA anajdorauno npexuesy [n° 177} anmm
B TeX CAyYasX, KOMA3 TaM IOBOPHAOCE O TOMKAX ZeACHHS, &ZECh NpH-
XOOMTCA TOBOPATb O JARMHAAX JEACHNS.

Ecth, 0ANAKO, OAWH MONEHT, Ha KOTOpPOM HaM XoTeroch OH sajep-
MATb BAEMande uaratead. B JmueHnoM chyyze Kawias HOBa® TOUKA
JAefeHiA OTHeT/IHBO pASNArseT OAWH HE CTAPHX NPOMEXYTKOB Ha iBS;
ofpiel  wacTRIO fABYX TPOMEKYTKOB ABASCTCHA TOMe NPOMEXYTOR.
B RAOCKOM CAyYae NOACHKEHHE YCHOMHAETCH TEM, YTO JABEe KpHBNE
MOTYT NEpecexaTsca Mexay coGofl BO MHOTHX TOMKAaX # Aake B Oecko-
sHeuHoM MEOMecTBe Tovel., IlosToMy CBASHAA uacTHIRAA o0AACTh
MOMET HOBON KPHBOH PpacCEKaTned H HA HE CBASHHE YacTh, TOUHO
TaK ¥e H ofmefl wACTBO ABYX CBABSHMX OOGAacTEH MOMer OKIZaTHLCA
He ceagHan ofaacte, BoT mouemy M ¢ camoro Hadaaa He
ACKAIYAAH A8 DACCMOTPEHHA pPasJOXEHHS OCHOBROMA
o6aacTH HAa HecBASHHe uacThl

JHanee, ycranaBanpaesca CymECTBOBAHHE TONHHX TpAHHIX

Iy=sup{s}, I*==inf {S}’
NpAYEM OKA3HWBACTCA, STO
sl ¥ S

Hakonen, nyreM GYRBaABHOTO BOCRPOWBBENEHHA NOKASATENLCTB ANA
nunetinoro caydad {n° I178] u aneck nomywaercs

Teopesa. Jdan cymecmsosanus 0soliozo unmeapass neolixeduno
it docmamonno, wmods Ciqo

him (§— §)==9,
A=0

U & dpyanX OGOSHANEHURX

lim X ePr=0, (6)

A=

20e w, ecmo woseGanne M; ~— m; pynwuuu f(x, ¥) 8 sacmunnof o0sa-
emts (Pp)
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340. Kaacc mHTerpHpyeMux dynxkund, C noMombpio ycTaHoBAEsH-
HOPG BHIE MPUSHaKa WHTErPHUPYEMOCTH Jerko ROKA3arh:

1, Beaxar nenpepusnas & obaacmu (P) gywwgun f(x, ¥) uwme-
2pupyema.

Detictanrensio, ecan dyuxund f HenpepuBHa B (3aMKHyTOH) obua-
ctH (P), T0 No CROKCTBY paBHOMEDHOH HENPEPHBHOCTH Kawaowy e >0
orpeuger Takoe 8 >0, uto B MOGOR uacTH ofaactu (P) C AWAMETPOM,
MeHBIHM weM &, KoneOanAe d¢yriuaR Oyder wmembite, ueM e. Ilycts
Teneph ofnacts (P) pasaomeHa Ha 9acTA (£)), AHAMETPH XOTOPHX BCe
menpme 8. Toraa Bce konefanna w;<[s, H

gmipi <5$P£=8P,

OIKydla B cCAeAyeT BHMOAHeHde ycAoBus (6). ITHM mHHTerpapyemMocTs
QyHKLIHH AOKa3aHA,

3ameuanue. Temeps Jerko yXe npHAATE HOAHYIO CTPOrOCTh
BuBOZy Gopwyan (2) Ax  ofbeMa uuAHRApAEYecKoro Opyca. Iro
JAenaeTCA COBEPHICHHO TaK e, Kak I NpH BWBOAE HBHTerpajsnHoR dop-
MYAH AN NICIHAAH KpuBoRkReHHO# Tpaneunm [u° 196]—c npueieue-
HHEM BXOHAIGHX W BHXOAAIONI T&N,- oﬁmu KOTOpPHX BRPaXIOTCa
cymMamu TapGy.

Das Toro 4yTo6H HECKOALKO pacllApuTs Khace QYHKUHH, RAs KOTO-
PHX YCTAHOBJIEHA MHTErDUPYEMOCTh, MH Oydem HykAarsca B caeXyoueh
ReMMe,

Jdesrma. Iycms 8 o0zacmu (P) 3edana rexomopas wpusan (L),
umewman nrowads, pasuyo uyan. Toxda xamdomy ¢ >0
omaewaem maxoe 37>0, umo attwe mossko obsacms (B) padsomena
HO gacmit ¢ QUAMEMPAMU, MENSWUME d, CYMME Haowadelk mex u3
nix, xomopee umetom ¢ (L) ofupue mouru, Oydem MeNsue e,

Ho npeanonoxkerkio KpEBYio (L) MOKHO NOTPYSHTL B MHOFOYIOlbe
Hylo ofaacte (Q) ¢ naowaneo, wedbmeft uvem e, Clenars 310 MOXHO
Tak, 4To6u KpuBaa (L) H kosTyp (K) ynomwsnyroff oOaacTs He uMens
obmux Tovex. Torla paccTosHme NeWAy NEPEMEHHHMH TOUKaMU 0GenX
KPHBHX AOCTHTAeT CBOErO BaHMEHBINEro sMauesua § >0,

HetictBATeNbHO, NYCTh YKASAHHEE HENPEPHBH B E KPUBHE 3a0aH:,
COOTBETCTBEHHO, NAPAMETPHUCCKAME YDABHEHHAME:

K) x=¢(@, y=9(% (L) x=9*@) y=9{*(u)
fet=T Wyemn=={J

rae ¢, §, ¢¥, ¢*-—HenpepusHNe QYHKURH, KaKAAT OT CBOLrG apry-
meuta, Torma paccrogsHe Mexiy HABYMA TPOHSBOJLHEIMH TOYKEMH 3THX

KPHBLHX
Vi@ —¢OFFRO—¢ @F
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Gyaer wenpepusuofi dyukuselt oT (f, #) B SAMKHYTOM RPAMOYTOABRHKE
it T: w2y U] B, CACAOBATENBHO, OOCTHTAET TaM CBOETO HAHMEHBILETO
auauenwst [n° 186). Ilockoabky KpuBHE He mepecexalTcd, 5T0 HaH-
MeHbIiee PACCTOAHUE 3 OYyACT OTHHYEO OT Wy,

Pagnoxum Temepe ofaacts (P} N0 npokamoNy Ha 4ACTH T2K, MTOGH
AnaMeTpel BX OHAR Mexbme 3. Te B3 HHX, KOTODHE 31eBANT KPABYK
(L), meoGxomumo mHenaxom OyAyT Jekate B obmactu (Q), caefosa-
TeAbHO, ofmIas HX IAOHIAAbL MEHhINE e,

Il. Ecaun ozpannsennan yngua  F(x,y) wuweem  paspusw
passe mums H3  KOHELHOM HUCA2 KPUBRX ¢ Hyaesofl Rrowadso,
mo  OMQ  uMmepupyeMa.

3anamumcs npouseonsrun I3
uncion ¢ >0, Ilo mpeano-
JOXEeHH BCe <JIHHHE Das-
puka»  QyRkuma  f(x, ) & N
MOMHO BIKANYHRTE BHy’I'pb
mHOTOYroasHo#l obmacre (Q)
¢ obuell IIOIAABI0 MEeHbILE €.
Ha puc. 22 ora ofinacts (]
NOKPHTA MTPRXOBKOH, I'pa-
HUUEH €¢ CAYMUT KOHEUHOE 7 —ng
yucne aomsHEX (L), KoTo-

PHE, OYEBHAHO, CAMH HMEKT Pre. 22,
TI0MWAAh, PAaBHYD  HyMO,

B samiuytofl ofnacth, noayuaomefics Wz (P) BHEencHHEM BHYTPEH-
noctu obaacra (), dyukumua f(x, y) CmAONL HenpepHEHa, SHAUHT, W
pasHomepHo Henpepuena, Cnefosatesphe, mo safannoMy s >0 Hafl-
bercs Takoe wucao 8 >0, yto BO BeAKOM yacTH sTOR oGnacTm, nua-
MeTp KOTOpoH Mewpme 8, koaeGamue dywkumn f(x,y) Oyaer
MCHBIUE &,

Tenepy, B CHIYy JeMMH, MOXHO Hafitd u Takoe 8 >0, 4ro Beakuhi
pa3, K2k obaacte (P) NpOHBBOALHHMH KPHEHMH pasaraercs Ha 4acTd
¢ AHAMETPaMV, MEHLEIMA YeM 8, CymMa mromagefl Tex H3 HEX,
KOTOpHE SaAEBANT COBOKYNHOCTH JOMSHHX (L) — rpaHAlly BHAEAEHHOR
MHoroyrofeHoft obmacTa (Q), — HarepHO GYAET MEHBILE &.

IMycrs & Oyler Haumenbmmee us ABYX uicen 8, 3. Paznomum
obnacte (P} Ha uactw (Py), (Py)..., (P,), ZGAaMeTpH KOTOPHX
MeHplie 3, ¥ PACCMOTPHM COOTBETCTBYIONLYIO CYMMY

;(ﬂipp
PasolpeM €€ Ha JABE CYMMEL
P nP ‘
gwr :'-l-;m: af

npeAnoaaras, 410 sHadok { oTBevaeT TAKHM o6aacraM (Pp), KoTopue
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DeAMKOM Neat BHe swfeneHHoR ofaacta (Q)), & eHauox " — Boew
npousn. OueHEM KAKIYO ¥3 STHX CYMM B OTAGAbHOCTH,

Tak kak Bee (Pp) aexar B obaacrd, moayucksol s (P) buneae-
nuey (Q), u AzmaMerpH HX < B=3;, 10 Bee wp<e, TaK YTO

;wppp<sﬁpr <8P.

C Bpyrol CTOpOHH, €caR depes £ ofosHaunTh koaclanne (yHKIMK
F(x, y) o pcell obmacrn (F), 10 GyZeM EMeTh (TaKk Kk ;=)

; wjePpr < Q p Py,

3zeck X Py ecTh CyMMa naomageft Tex us oGmacredt (P), KoTOphe:
1) me6o ueauxoM nekar B BHKMoYeHHOR obaacre (Q), 2} imGo same-
pai0T rpansuy (L) orolt oGaactn. Ofmas RAoman: DEPPHX MEHoHIe e,
nbo Q< ¢, TO We MoNHO cKasarh H 06 obmedl naomasM ETOPHX,
NOCKOABKY OGAaCTL PasIOMeHa Ha WACTH C JBANETPasH, MeHbIIEMM
uen 3=z dy. Urax, ¥Pp<2¢, 8K uTO

p minpjrr < 29‘.
Oxomarensio, npa k<8, OKaBHBaETCH:

2‘} w,Py < (P+2Q)e.

Tak Kax npasad 43CTh STORO0 HEPABEHCTSA RPOUAROALHO Mala BMECTe
¢ ¢, To Bunoanserca ycaoene (6), n T. N

841. CpoficTea mEterpupyemux Gpyuxnefl n apofiEnx marerpanos,
1° Ecau npoussoAsHa M o0pa3oM UIMERUMD INaUENUR unmezpupyeMol
8 (P) ¢ynxguu f(x, y) 8doss xaxoi-subo wpusok (L) ¢ Hyaesoit
nAcwade (c meMN My YCAOBUCH, YMOOW 1 UIMENENNGR (QYsE4us
OCMAEANacs O2PaRuKeHnol), Mo 6HOBS ROAVYeRnan PYNNGUS max-
ace unmezpupyesa & (P) n ee uNmezpar  pasen  anmezpasy
om f(x, ).

Iaa mowasaTennCTBa HYXHO COCTaRMTh RHTSTDAMLHEE CYMMH AA%
maMeRehHON 2 HCXOAmOH ¢yHxuuR. OHE MOryT DAsHATHCA JHHID TEMH
CAIraeMEIMH, KOTOPHE OTHOCATCH K oOnacTaM (Fy), BSaRepamuM KpHBYI
(L). Ho, no nemue n° 3840, ofman naowazs s7THX oOmacTeR CrpeMurcs
K Hymo npu A—0, OTKYR32 YyXe JETKO BAKMOWATL, 4TO 00e RHTErpaAb-
HHE CYMMH CTPEMATCR K ofmeMy nmpexeny.

TaxkuM 06pasom, cyusecmsosarue & seAuLuna dsofnozo unmezpasq
He 3QSUCAIM OM SKaverull, NPURUMNGENNX nodrnmezpassnol Eynxguelt
40046 KOHEUHOZ0 SHCAR KPUSHX ¢ KYAc8oh NA0Hadsm,
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2, Ecau ofaacms (P), 8 xonopoli sadana dhynegus f(x, y),
rpugon (L) ¢ nysesoli naowadero passoawcena wa dse obaacmu (P) u
(P"), mo u3 unmezpupyexocmu gynxnuu f(x, y) 8o scell obsacmu
{P) cacdyem ce unmezpupyesmocms & wacmuunnx obawemax (P) n
(P™), u obpamuo — us unmezpupyesocmu dyurxyuy s obeux o6IGCMAX
(P) a (P") sumeraem unmezpupyesocms & ofsacmu (D). pu smos

S Sf(x. y}dpms 1 y)dﬁ+5§f(x, y)ap.
P Py

Pasaowum obazcta (P) u (P") npowssomshus oOpazoM Ra vacTh;
TeM caMuM H (P) pasnouTca Ha MACTH:

Py, (Poo.vs (Pa).

Fcan swaukoMm ' OTMETHTL %uacTd, coAepxawmecs B (P’), 2 SHaUKOM
7 —uacre, comepwantecs & (P), To

Yo Py= SepPyr-- ¥ 0pPps,

Tlycrs dynruna f(x, y) unrerpupyeMa B (F), Tak uro npg A-—>0
CTPEMHTCS K HYAID CYMMA CAEB3, TOMAAa KaxAaad H3 CYMM Chnpasa
NOKABHO CTPEMATCS K HYMO, Tak YTO0 HAma QYHKHAA HHTErpHpyeMa
rakwe 8 () u (P),

OO6parHo, ecAR HMEeT MecTo nocnefpee OOGCTOATEALCTEO, TaK YTO
npa =0 crpeMarcs x Rynio o0e CyMMN CTpaBa, TO K CyMMa <nema
TaKKe CTPeMHTCS K Hymo, ONHAKO HYXHO TOMHHTB, YTO OHA MOCTPOCHA
He AAA BRPOM3BOALHOrO pasbuenna oGAacTH Ha YacTH: Bedb MM WCXO-
IHAR U8 DasIOMEHMs noposub obaacreti (P) u (P,

Yrobu or npoassoabHore pasaowexun obmacti (P) mepeftd x pas-
AOKEHHIO STOF0 YACTHOrO BRAJ, AOCTATOUHO TNPACOCAMHHTS K JIHRUAM
Acnetus Kpupyte (L). Coorsercreyiomue uM CymMw OyayT pasnereca
ARG CA2raeMBMY, OTBEYAIOMUMH TEM OJAEMERTAPHHM OOGNACTAM, KOTO-
pue safepaior xpusywo (L), Ho, no nemme n°340, px ofmas naomanp
CTPeNUTCE K HyxO 71pd A—0, 0 ofe cymmst pasHaTcH Ha GeckomesHo
manyw. Taxum oO6pasoM, yciosue (6) BWROAHNETCH B NMOAHOR O6MIHOCTH,
B $yuruua f{x, y) oxasusaeres HuTerpupyemol s (F).

Haxosen, roKaswpaeMas GopMyNa NMOAYUSETCA NEPEXOAOM K MpEfexy
npa A->0 us paBencTBa

2 G ) Py=2f Cr, ) Pr+ 2F G 1) Pr.
AHMO[‘H'-IHO, H3 PACCMOTDEHHE MHTETDAABHME CYNM ¢ TOMON(bIo
nepeXoAa K APeNeay NOAYYIIOTCA K CASIYIMME TPH CROHCTBA:
3° Ecau ymuowums uxmezpupyesmyno & (P) gyneyuo f(x, 3)
R MOCMORHAYIO R, Mo nosyiennas @yusgus maxpce Cydem unme-
2pupyexe, u npu smoM

.SJ kEf(x, y)dP=k gf(x, ) dp,
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4°, Ecau & oOsacmn (P) unmezpupyesxw gynrgun f(x, ¥) 2 gix, y),
mo unmezpupyess u gvergua f(x, )X g(x, »), npuees

“U(x, N gl NdP= “f(x, DLLES Sjg("' ) ap.
F} P {

8°% Ecau das unmezpupyesnx 8 (P) dynegud fix, ¥) un gix, y)
gunosngemer nepasencmeo f(x, Y= g(x, ¥), 10

spg fx, )P < Lg g%, y)dP.

Haaee,
6°% B cayeae unmezpupyemocmu Hynxyun f(x, y) uwmezpupyexa
u gyargun |f(x, )| u useem mecmo nepasercmoo

[ 5&5 S5, ) dP| < Sps IF e, 5)|dP.
{

Mnrerpupyemocts ¢yHkuan |f| caeayer us DmpoCcTOro 2amesaHus,
yTo KoacGanme w! sToH diynkumu B moGoft obaacrtR (P;) He mnpemocxo-
AUT COOTBETCTBYIOMEro KoneGauna ®; dysxuna f. Helietanremyo,

TOTAla
2ofP =< JoP,

P CTDEMAGHRE K HYymO BTOPOH CyMMu Bieuer sa coGolft cTpemacue
K Hymo nepsof.
Hoxaswpacmoe xe HepareHCTBO NOAYYAETCH NPEASALHHM MEPEXOI0M

B3 HePAReHCTBA
| 2 G ) PI<X1f G ) 2
7°. Ecsu unmezpupyesan 8 (P) dynruna fix, y) ydossemsoprem

Hepasercnsy
m=<f(x, y)=<M,
mo
mP< 5 Sf(x, $)dP<< MP. M
P

D10 noAyyaercd TNpENENbHWM MNEPeX0AOM H3  OYEBHAHOMO  Hepa-
BEHCTBA

mPéZf G W) P=MP.
Ecaa pasfefuTs Bce 4acTH HepaseHctea (7) Ra P

SFS £ 5 5)dP

mé-‘-—-—p—-—— =M
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B uepes p  ODOBHAYNTH CpeiHee OTHOmEHAE, TO NOAYWEHM JDPYTYIO
sanuch HepapencTsa (7)

iﬁf(x, NAP=pP (mep< M), (8)

KOTOpag 8HPAXICT TAK HASHBACMYIO TEOpEeEMYy O CpeAHeM 8Ha-
UYg¢HAA

IMpeanmoncXumM Tenepb, B YacCTHOCTH, 9To ¢yHKHHA f(x, y)} Hedpe-
pupHa 8 (P), ¥ BOABMEM B KavecTse m u M ee HauMeHbllee H Hau-
Gomviuee sHaueHns B obaacra (P)-—no Teopeme Beflepmitpacca [n° 136}
oud cymectaywr! TorZa uo ussectholi Teopeme Boasuaso—HKomu
[n°184] wenpepuemas d¢yrxuss F(x, ), NpHHHMAWILAA SHAYEHHA Mm
B M, moaxxa npodTR R uepe3 KaMAOE MPOMEXYTOUHOE 3HaueHAe,
Takam ofpasom, Bo BcaxoM cayuae g ofaacru (P) AonakHz HaftHcs
Takan Touka (X, §), uto p==F(Z, 7, n dopmysa (8) npuuumaer Bug;

ij(x. NAP=F(%-3)-P. ©)
P

1o — ocolichHHo ynoTpeSnTeapBas GoOPMa TEOPEMN O CPpeAHEM,

TaK Me JETKO NMEPEHOCHTCS HA PACCMATPHBACMER cayuall u oSobmeH-
Has TeopeMa o© cpeaHem sHavehun [n® 182, 10°L npeaocrasnseM sTO
qHTaTe/Mo,

342, Hurerpan kax ampurTusHas yaxmas obaacTH; AndPepen-
ouposande mo ofaacTH. Paccmorpum (3amknyryio) naockyio ofaacis
(P) 1 coagpxampecs 8 et vacrmuHbe (3aMxHyTHe) oGxacth (p). Mu
Oyzem npeanonaraT Bce oOAaCTM KPaApDHPpYyeMuMR (no obcros-
TeALCTEAM OHH MOryT NOAJeHaTh ¥ APYruM  orpaHauenuam), Ecsn
Kawdoli 4acmu (p) obsacmu (P) coROCHMABARENCR HeKOmMOpoe onpe-
Qeaennoe zucao

=12 ()

mo pmus onpedesmemcs «gynxyus om obsacmu (p)» 048 yrasaen-
wux (p). Tpumepon Tako#t GyHKUHA oT 06AACTH MOTYT CAYMUTH! IIOMAAE
o6MacTH, HenpepHBHO pachpelescAHas no Helt Macca, CTATHUECKHE
MOMENTH STOR MaCCH, HENpephLBHO pacnpele]eHHas HATPysKa WAH Boobule
BeACTEYIOMAT HA HEE CHA3, H T. I

Ecau npu npoussossKosx passoscenun obagemit (p) na s3auMuo

He nase2qlOmue 4aCMY
@=0F) 1"

gcezda orasuBaemcs, ©wpo

EN=(EN+ 2D

mo yucguio ©((p)) om ofaacmu nasswsawm eddnmuenol, Bee
dYHKUNA, RPUBCOCHHHE BWIIC B BRUS NpHMepa, O06A3ZANT  HTUM
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CBORCTBOM ZAAWTHBHOCTH, AMAKTHBHEE GYHKIHH OT 00AaCTR NpeACTas-
AA0T 0co0YI0 BAKHOCTL, HOO %ACTG BCTPEYAOTCR NPH HIYUCHUH RBACHHR
NpRPOAH.

[ycrs & Keagpupyemoft oGnacrn (P) samana HHTErpEpyeMas (yHxiuy
troukn f{M)==f(x, y); Torma ona Oyger mATerpapyemMa B moGoft
KBampupyemofi x¢ 4acTH {p) 06AacTH, TaK YTO HHTErpaa

e {p)= Su§ flx »)dpP (10)

Tak¥e ecTb ynkuus or obaacrn (p). Benay n°841,2° n oma Gyzer,
OYEBHAHO, AXAUTHBHOH dYHKIACH.

OfpatuMca temeps K «xuddepenunposarn> ¢yurusn O ((p)) no
obnacras. Ilyere M — dnkcuposannan Touka obzacra (P), a (p)—
moGas CcoAepKamag BTy TOSKY YacTHuHan obnacrb. Howewnud
npedes OMHOIIEHUR o ()

p ]

20e p ecms naowads obsacmB (p), NPy CMPeMAERUR K KyAw Ouc-
Xxempa obaacmu (p), nesusaemca npousdscdnodf om pyuxgun
Q((p)) no obsacmu ¢ moske M., Ecan O ((p)), nanpumep, ects
Macca, HenpepHBHO pacipefeacHHan no naockod durype {p), 10
STOT Npedea eCTb He 9T0 9R0e, Kak MAOTHOCTHL pachpefiefcHHs
macc B Touke M, a ecnn O ((p)) osmavaer cuay, zeNcTeylomyid Ha Qa-
Typy (), —7T0 YAeAbHOE KaBAeHHe B Touke M, n T. I

OcoOrHi uHTEpEC A48 HAC MPEACTABIAET CAydall, KOTA2 (yHKuuf OT
ofnacTe BupaxacTcA aurerpaaom BuAa (10), rne f(x, y)—Henpe-
pHBHad B ofaactn (P) dydxnys. Mu noxawem, uro Hpouzsconod no

ofaacrmu 8 mouke M om unmezpasa Oydem nodunmeapassiag Pyux-
HUA, SHUUCACKRAR UMEHHO 8 Imoi mouxe, m. e.

fM=f(x, y).

JetcrBurensto, Baae o06macTs (p), © KoTOopofi TrOROPHTCR B oOn
ACHUY NMPORSBONHOH, HMEEM DO TeOpeMe ¢ cpedsex [cm. (9)]

EN=/(% H-p

rie (X, 7) ectb HexoTopags Touxa obnactH (p). Ecan mmamerp ofaacta
{p) cTpemaTca K Hymo, 10 T0uKa (X, J) Oearpamuyso cOamxacrca
¢ (X, ¥) u, N0 HenpepHBHOCTH,

2O — 1 (5, )~ 15

4T0 M TpefoBanoce A0KAasaTh.
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3auruanue Bume HaM NPUXOAWNOCHL YHe rOBODHTE 08 aafu-
THBAWX (QYHKOWAX o©T npoMexyrka [n°204] Taxk Kax Taxas QyHKmHa
BCerAad  npeacragaser coCoR  pagtocTs Asyx  sHaueHdH HEKOTOpOH
GysuuEg TOYKM, TO He OHA0 HaZOGHOCTH Aaq <AEHEHOrO» CAyyas
PAaBRBATE TROPHI0 EPOAE HINOMEHHOH BHIE MAA «IAOCKOros CAyYas.
Onuako B Teopeme © AuddepPeHUHPOBAHAN ONMPEACAGHHONO HHTErpana
RO NepEMERHOMY BepxueMy npemeny [n°183, 12°] wwrarens Aerko
YCMOTPHT 2HANOT JAOKA3JHHOA TOMBKO IO TEOPEMH O Aninbeperunpo-
BAHMH ABOHHOrO HMHTETpana o ofAacTi

§ 2 BLIYHCAEHUE ABONHOIO HHTETPAJA

848, Hpusexenne ApoliHOTO MATErpaAd K HNORTOPHOMY B CAYUAe
apaMoyroasuofi o6aacty. C 5THM BONPOCOM B TeOoMeTpRYSCKOfl Tpaw-
TOBKE # TIDH HEKOTODHX YaCTHHX MpPEANCNONEHATX NH YyXe BMedn
Aeno B n°887.

PaccMoTpus 7emepb €ro CpeACTBAMM AHAAMBE ¥ NPHTOM B CaMoR
ofiiefl opME; HAUMEM MB C BPOCTOTO CAYYad, KOrAa OOJaCTL KHTErDH-
poBaHHA TpegcTanaser coGofl npamoyromnuk (P)==[a, b; ¢, d].

Teopema. Ecau 0an dyuxyun f(x, y), onpedesennodl s npaso-
Jroasnure (Py=Ila, b; ¢, d}, cywecmsyem dsolinodl unmezpas

5”5 fix, y)dP m

g—npu KAMBOK NOCMORHHOM SHayeNun x n3 [a, b] — npocmoi
aumezpan

[
1= 5 Nty e<x<?) @

mo cyuecmeyem Mmakwye nosmopnmi HRmezpas

& a
{ex { fin nay )
U BMNOANACINCE paBEHCMBo . a
S,j f pap=\ dx § s, ay . @
( a [

HoxasaTpancTso, PasoGbhew mnpomexyrkn [a, &) u [¢, d]
onpeaeAfmne NPANOYroAsHAK (P), Ha 4acTH, BCTABAAA TOMKH ACACHHSA
Xe=a X <, . K < X <o Xy 2= by
= <o . I <Vt oo < Ym==4.

*) Unrateab SeTRO YCMOTPAT B STOM YTBEPROCHHE BHAOKIMEHEHHE Bipe-
<rHOA TeOpeMW © ABOAROM H NOBTOpHOM DpeAexax [n* 131)
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Toraa npamoyroaphuk (P) pasioXuTcid HA YaCTAMHHE MPAMOYTOXRHHKE
(puc. 23):
Pro=Ixp Xpp Yo Vel
i=01,.,,,,8—1; 2=0, 1, ..., m—1)

OGosnagnm uepes #;, H M;, COOTBEICTBEHHO, TOMHHE HUKHIOL
¥ BepXHIOID TFPAHHIE cw:mmn f (x, ¥) B npanoyroasunke (Py,), Tak
4T0 AR BCEX TOUEK (X, ¥)

i STOTO NMPAMOYTOALHHKA
*} "y éf(x, y)éMj'k-
darcupys X B NMPOMEXYTKE
St [#s X4 nO nponssoay: x =%,
%' W HETErPAPYE RO ¥ OT y, AO
& Yoy Oyler umers [o° 182, 8°]
1
¢ m; 8y, < ? FEp wdy=
g t Zit Lrer @ )
& < M5 Ay
Pnc. 23. TAE Ays==¥3q—Yu HHTETPIA

no ¥y CYWECTBYET, TAK KaK NpeR-

NOJIOKERC  CYDIECTBOBANNE HH-

rerpana {2) no ecemy mpomexyrky [¢, d]. Cymmupys noxoGHme He-
pasenctea no % or 0 mo m — 1, noayyuM

m—1 m—1

2 m A <IE)= Sf(sb Ndy< 2 My Ay

Frm{( Fr 0

Ecan yMHOMUTD BCE WACTH STHX HEPABEHCTE HA Ax;==ux,4 — X
B OpPOCYMMEpORaTh no sHauky i or O mo -1, TO nailmem

a=1 R=1

iZ‘ﬁﬁxt Z my Ay Z I(E:)bx;é‘Z Ax, Z M; 3By

TlocpefiuHe MEl MONYUdTH HHTETPAALHYI0 CyMMY Haa ysxuum I(x).
Yro we KACASTCH A0 XKpallHuX uAeHOB, TO OHR MPEACTABARIOT cofolo He
yro HHOS, Kaxk cymm s u § JlapGy anm asoitmoro muterpanma (1).
HeficTBRTENBHO, Tak Kak Ax; Ay, ecth Naomads F;, NPAMOYroAbHAKA
(P1,»),-TO, HANPHMED, HMEEM

r=1 m=1 n—lm=—1

2 bx, 2 my 5 By, = )Z-:o éomc.k;&x@h_—“g My, 5Py 0 =5.

iwl
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Taxum oGpasoM, OKORYATENBHO
p=1

s Eor(s.) Ax;ezS.

Ecar rtenepes Bce Ax; v Ay, ONHOBPEMEHHO YCTPEMHTS K HYMO, TO,
BBHOY CYymecTBOBaHHA GBOfiHOro uuTerpada (1), ofe cymun s n S Gyayr
CTPEMHTBCS K HeMY, Kak K mpeneny. B Takom cayuae m
=1
lim Y 1¢) Ax;:-s 7% y)dp,

im0

T. € ZApoliHo#t Hurerpax (1) npeacTaBaser coGoft B TO Me BpEMa B
ruterpan or dysunun f{x)
4

{ HS Fi5 ap={ 1) dx= fdxsdf(x, »dy,
{ [ o c

Y10 A TpeboBanoch LOK43ATH.
Mensa po nepeMeHHSIZ X M ¥, Hapapy ¢ (4) MOMHO ZOKasath
u dopuyay

d b
s {ren nap={ay {15 nax, ¢"
F] & o
B EPEANOAOKEHNE, 9TO OpH y=—const CYmMeCTBYET “HTErpan
b
{ e e
a

3ameuankk Bcaw Bmecre ¢ asolHuM unrerpazom (1) cymecTeyior
002 NpoCTHX HHTErpana;

o |4
Sf(x, y)dy (%= const) i S_f(x, y)dx (y= const),
TO MMEIOT MECTO OFHOBPEMEHHO dﬁe dopuyan, (4) u (4%), oTkyna
b a : o b
§ax {76 nay={ay {75 . @)

Mpumenchue opryast (4) nru (4 *) olycaoBreHo cymecTBOBaHHEM
IBOAHOrO uHTErpans ¥ oasoro Hs npocTux. Ecmu ¢ysxupe f(x, y)
HenpepHeH2 (cayyaif, xoropuA OOHMHO BCTPEYAETCH HA TPAKTHKE),
TO CYHIECTBOBEHHE BCEX YNOMAHYTHX HHTCrpanos obiecneueso. B srTom
caydae Aw000H #3  YNOMSHYTHX (ODMYA MOMHO NOAB3OBATECA ANA
hakTHYeCcKOro BHYHUCAeHHA JABOHHONO MHTETPANZ, TAK KK
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BHYRCACHAC TPOCTHX HHTErpaJoB RpeAcTapaseT ropasio Goaee Aerkyio
Bagauy.

l'lgn aowasarencree dopuyan (4) pcero ecrecteenHee OsAo pas-
AOMATE TNPAMOYIOABHEE (F) NpAMHMH, Napanse/uHHMA OCIM, HA TIPAMO-
JTOABHHE IIEMEHTH ¢ mmomagsMe Ax; Ay, Kemas B camoM crnBOAe
JABOHHONO HHTerpana YykKasaTe H3 DpPORCIOXKECHRE €r0 OT JeHCHRA
of/acTH Ha 4acTE ODAMEIME, NaPAAACALHHME OCAM, BMECTO

s fix, y)dpP

4acTo MAWIYT
SSf(x, yydxdy [mm SS fx, ydy de.
] P

Bomeme Toro, uMen B PUAY CaefeHne ABCHHOTO HHTErpada, PACAPOLCTPAHEH-

EOro Ha npaMoyromsHuk (P)=fa, b ¢, d], kx noBrOpHOMY, & cammit

ABOHHOK HETErpan 4aCTo OOGO3HAYANT CHMBOAOM, CXOAHWM ¢ NOBTODHKM:
5 d 4 3

S S /%, y)dydx nan S S £ e, yydxdy.

a ¢

Tipn sToM obosHAaNEHRH APYT APYTY COOTBETCTBYIOT <«BHEUIHRH HHTe-
rpag» # <BHEWHAA AudupepeHuEan», TAK UYTO CTOUT AWIOL NOCTABHTH
© xoOKA, 4TOOH NOZYYATE TOT WiM APYrofi U3 NOBTODHHIX MHTErPalos:

b 4 d b
S {Sf(x,y)dy}dx nan S{Sf(x, yydx}dy.

firnugpu. 1) 1—55 _ydxdy 5+ [pome npegcraeuts / Mo Gop-
(447

el
A+ 247

nyae (4) » same

B0 Cpazy noAyTaem;
L

yoy ___\ 1
5 LTVIAET ya+2’

(142 +5)
TaK MTO
1 -
1= (e L) trmin 2 VL L 2tVE
Y2+l V=+2 A VERR TV
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Ecad npuGerny:s & ApYroMy TOBTOPHOMY HHTErpady, T0 EbaIDATYPW OKa-
WYTCA HECKONBED GOmCe CAORHLIMH:

Pl
a +x'+y'>"

¥ E Y]

dx 1
.,S l+y' Vl+x' TUFH yIss !
Mx,w) T I VIty
P Y 1 Vfiz 1| S VI D YT 1)
AN VIry T+ ¥ +1 7 V3+D(¥Vz—y°

Jlerko DpeoGpazoeath STOT OTBET K MpeXHENY BHOY.
2) Hakta ofnem ¥V Texa, orpal¥yeHHOrc CHEZY NAOCKOCILIO XY, ¢ SOKOR —
naockocTAME x==0, x=g, y=0, y=5, & CBePIy — HAIUNTHAYECKAM Dapa-

Gonouaow z=7--1-%-,
Npewxiie Beero 1o Gopuyae (2)

v=m§;§' , (g-l—g)ap.

Canoe ue nunnc:eﬂne HHTCTpaXa npomeneu no gopuyze (4%

~fof Grgenf(rB)o-2i+D)

844. Dpreenenne neoliaoro
METETPAAA K NOBTODHOMY B d
cxyuse gpunosufefinofi ofaa-
crH. Paccmorpum obaacte {(P),
OFDAHHUCHHYI0O CHAIY H CBEpXY
ABYMS HeRPepPHBHLIMA KPUBHME

y=xx),
y=Y) (esx<gd)

a ¢ GOKOB — ABYMA OPAHHATIME:

x=a U x=b (puc. 24). 7

Toraz, awanorayHo Teopeme

n° 348, HMeeT MecTo cAelyowan
Teopema. Ecan 0sn gyneyuu f{x, y), onpedesenrolt 8 obaacmu

(P), cyumgecmeyem 008K unmeapas

5‘5 f @, y)dp

4

Pre, 24,
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0= np  KaNCOOM NHOCMOARNON sHavesun X us [a, b]— npocmog
uUHMezpar
Yo

Ix)= \ F(x, y)dy,
Ya(x)

mo cymecnsyem marwe HOBMOPHBLL iHmezpan

-4 ¥
gdx fwf(x, )y,
a Felx)

U SRNOAKACINCR PRCEHCME0

b Pis)
5» fx yyap=\ dx § fx 5 dy. ®)
a Fole)

IIoKa3aTensCTBO CTPOMTCH HA CBEACHAM STOrO CAYYas K paccumoTpen-
siomy B n° 348, Hmenno, saxmouns 06aacTh (P} B NpIMOYTOALHEK

R)=la b; ¢, d),

noaaran e== min ¥y (x), d== max Y{x} (puc. 24), m onpenennn
=B

a5

B 5TOM NPAMOYTOAbHHKE q)yumuuo f ¥ (x, v) caeayoman obpasoM:

f(x, ¥), ecnn Touxa (v, y) mpuHaanewur oSmacra (P),
¢ B npounx TOYRax npamoyrojisHeka (R).

P )= :

lMokaxeM, 4T0 5T (YHKIHR YAOBIETBODAET YC/IOBHSM TEOPEMH
n® 343.

Mpewae Bcero, oHa uHTErpupyema B ofaacta (P), ubo agecs oHa
COBMafaeT ¢ HHTErpEpyeMofft no ycxosmio dyuxugelt fF{x, y); ouesuaHo,
NOSTOMY

Spi{ e y)dP_«—_-s Ftx, y)ap.
{

C zpyrofi croporu, F*(x, y}=0 ene (P) B, CACHOBATEABHO, RHTE-
roupyeMa U B oCTadpHoft uacTh (Q) = (R)— (P} npasoyromuuxa (R)*),
TpaYeM

S sj‘(x, $)dQ=0.
{Q]

¥) 3HayeHBA e¢ Ha rpammne Stofl ofIactw Posn He mrpapwe (eM. n® 341, 1)
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Torna, B caay n°341, 2% oyHkups f* aprerpupyeMa BO  ECeM
npamMoyroachuxe (R),

Lgf‘(x, » dR-—=5 f (s, y)dp. @)
Tlpu mocToAnHOM SHageHAn x B [e, D] cymecrsyer uurerpan

a ol Yix) d

{7 e ngy= f foay -+ sf*dy—l-j dy,

¢ ¢ FYES] ¥}
nGo CymecTBYeT KaMawf#t H3 Tpex Hurerpanos cnpaea. JelicrsureabHo,
TAK KAK B MpoMexyTKax [¢, vo(x) u (¥Y'(x), d] wemenenus y (ynxuus
Fe(x, ¥)=0, 10 nepsul W TpeTMH HHTETPaJn CYWMECTBYIOT, Oyayuu
paeuu  Hymo. Bropoli e HHTErpan COBUAAZET C HHTELPEAOM OF
dynkuun f (v, y).

¥ Yix)
S e, ydy= j F(x, yydy,
Yolx) Yalx)
noCKOMKY Jf*(x, y)=F(x, ¥) mas y B [y (%), Y(x)). OxonuareanHo,
d ¥()
Sf" (x, dy= § Jx, y)dy. ®
& Yolx)

B cany ynoMauyTo#fk Teopewmn, AAd dynkupm f* cymecteyer &
NOBTOPHEE HHTErpaj, KOTOPHH papeH Apokuomy [cm. n° 3438, (4)):

jﬁsﬁ(x. MR = fdx fﬁ-  y)dy.
{ & P

Ipunamas xe Bo BHAMaune (7} ® (8), muamM, uro sta dopmyna
paerocuibHa Gopuyae (6).

Ecae obmacts (P} npemcrasaser coGofl KpUBOAMHElHYW TPIRCHHIO
APYroro THNZ H OrPAHHYEHA KPEBKIMH

x=x%0) *=X(¥) (c=<y<d)
U NpAMBENMK y==¢; y=4d, T0 BMecTo (6) npunem k dopuyze

d X(»
ghgf(x, ndar={dy fv Fix s, ©*
¢ xs(¥)

B NPEATIONONMEHAH, YTO, HAPAAY C ABOHWHM HHTErPAanoOM, HpH y = const
cYIlecTsYET NPOCTOR HHTErpar no Xx.

3amEuaHRE Ecam xoHtyp oOnmacrz (P) nepecekaercs aWiin
B ABYX TOYKAX KaK NapaAfensMy oCH ODAWHET, T4K H fapaniensMy OCH
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aficuncc (kak, Banpumep, B cayvae, usoGpaweHHoM ©a puc. 28), 10
NPH BHMOJHEHHA YKA3AHAWX YCEZOBUR npuMenusn ofe ynOMAHYTEHE
7 tdopuynn, Hs conocraeaeHus ux
) nonyqaeTCﬂ PEBEHCTBO

g=Yizs
_ dx f(x. Y dy=
d
=§ if(x, Nix, ©

Sals)
7 r a T KOTOPOE [UPEACTABAAET B CaMo-
Puc. 25. CTOATEALHEH  uWTepec. 310 —

auanor ¢opuyas (5} n® 848.

Ecna dymeuna F{x, ¥) B obaactd (P) HeNpepHBHa, TO HHTErpaas,
Eroiinofl w npocTofl, cywecrsyoT, H Gopuysy (6) waa (6%), cmorpa no
Tany obazcry (P), MOXKHO HCOOALIOBATL EAA EHUYKCAEHHS ABCHHOrO
KHTErpana.

B cayuae Goiee CAOMWROTO KOHTypa obusacts (P) o0HuHO pazna-
TEETCE Ha KOHEYHOE WYHCAO udcTed paccMorpeHHoro Tuna, Hanpamep,
durypa (P) Ha pmc. 26 pacce-
KaeTcd NpaMol0 X ==& Ha TpH 74
Tage wactiw: (Py), (Py) » (Py)
Toraa H wekoMst HHTErpasd, B &)
cuay n° 841, 2° npeacrasasercs
CYMMOF RHTEFPANIOB, PACTIPOCTDA- ®)
HERHHWX B8 OTICAHOCTE HA S5TR
Y3CTH; KOKIHH ©3 HWX BHYKC-
RAETCA, KK YK222HO, £}

B ofmes cayyae Takwe, no-
CROABKY MB CBEAH JERO K Teo-
peme 1n°343, » ocuome ymosa- U Z
KMOveRut  AemuT  pasGreHue Prc. 26,
paccMaTprBaekoR  GRrYpH  Ha
npAMOyroNbHNE saemeHTH, B csagn ¢ gTUM H agech Ana 000SHAYEHNR
ABOHHOre WHTErPaia NOMBSYIOTCA YACTO CHMBOJIOM

7

ng(x,y)dxdx
5]
nponsseieHRe dxdy HANOMMRAET © TNAOHIARA SACMEHTAPHOTO NPAMO-
YronbsuKa,
Camo coBoll NMOHSTHH B O0803HAUCHHR

b Yix) d X
{ § faydx wm § \ raxay.
a yyi%) ¢ Ly}
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Mruueer . 1) Buvncants Asolnoft umrerpas

rie (P) ecrb XPY© Igmyca Re ne oM B Hauaxe woopamear (pme. 27)

Pemenue. Kouryp obaact (P) nMeer ypaphenne x?4-p9 == R, oTHyAa
y=x ¥V B33, Ouepumno, y==— eCTh YpaBHCHRe BepXHed moxy-
OKPYHHOCIR, A § == — — x* aBARETCR ypas- y

HeBHeM guapefl poxyoxpysaocrp, TaxuM ofpa-
30M, IPA MOCTORAHOM X M3 NpoMexyTka [ &, R)
nepexcHNag y msuenaerca or — Y B —F 10
+ V' RE— 27, o popuyne (6)— ¢ yueroM ue -
HOCTH RO y nozaMTerpaabHoft HyHKURH —

i jgdxizy' V= dym 7//////% 7%

VR 4
§ YRE—=xdr 5 Y dy.
-R
Bryncanes BHYTPENHME RHTErpax:

Y= . 3
{ ro=gw—m7.

o

3areM — CHOBA C YYeTOM QETHOCTH —

1_—§(R' x')'dx=—§(k- —aax=2 R,
2R

CopepmenNo AHAROTENHO DPOBORNTCR ¥ Buuucienme no Hopmyae (69)
2) BuvncauTh HHTErpas

= SS Y LT "y dx dy,
pa oCTpaHeHHMA Ha TPEYroAbHEK, ¥OTOPHE ofpasoBan BPAMMME y=0,
y=x
P'n meHAE Mo dopuyne {6)
Ed
.'-=5 dx; ViF—yay

BRYTpeHuAR BHTErpaz paBeH

5 ]/W:?’dy=l ]/m-i-i'x‘aresinﬁr (V‘T )x’,
-
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H OKOHYATENALHO
1 (V3 , =
1=zt +3).

Moo Guso Ou BeCTH BHNACAEHHA B N0 Qopmyxe (6%),Ho B sroM cayyae
MW BATOSKHYIHCL OW Ha Goxee TPyAHHe kBaiApatypo. [logobmoe
OBCTOATEALCTEO RCETAA CHeNYET YWYHTHBATE NMpH BuOOpe NYTH AAA BLIYHCKEHH:.
3} BuwnciHMThs HHTErpax

e 5 S xPiye=1 dx dy,
x=0, y=0
x4+ y=l

B mpegmozomennd, 9ro p =1, g =1%).
Hneen no dopuyae {5}

I—x

] l
1=§ X dx nS y?‘*d.v=~;,—§ x""(l—-x)"dx=%ﬂfﬁ g+ 1)
OxonvaTennno;

[ oo amchQ2 0

=0 y=0
Xyl

Jra opuynma npuHamaexnr dapuxae,

4) ?lpu p=<1 (nme g << 1) MONARTErpanbRan GYERUEA OGpAMAETCA B GECKO-
HeyHoCTs mpA X==0 u O<y=1 (uam, coorTsercreesno, npn y=0 «
0 < x = 1), OSuvdoe onpeaedeHne WHTErpaila 31eCh Y€ HElPHMEHHMO: HHTE-
TPan OKAa3HBAETCA <HECOOCTBEHHBIM» E TPeOyeT IAA CBOCro oNpeAedcHAf X O-
NOGHHTEEbLAOFO NPpefeAbHOrO NEpeXona Mu noacHus 510 HNEBHO
Ha PACCMOTPEHROM NpHMepe, B TMpefnofomeHmH, uie 0<<p<<l B 0<Cg<L
BossMeM cHayala wHTerpan {e >0§-

e

1—¢ |
Sg APy dy = S Pt dx Syrl dy =
X Y= & [
#fy=sl

g%[lg‘xp—:(l__x)eumseli.xp-i dx].

Ecmp ycrpemats Teneps & K O (cwwMas Ty HOAOCKY, S4AMTPHXOBAREYK Ha
PHC. 2@{ C NOMOIBK KOTOPOH MH HIOAHPOBANH «OCOOHE AUHUH, TO B Hpe-

Aene MOAYHHM TOME -lé-B (, g+ 1) Dror mpemes m ecTh HCKOMHE Hecob-

craeHnull BHTErpa.

3aveuvasae W » oSuweM coyyae, xoria noguurTerpanbuas QyHKUHA
ofpamaerca B GeCKOHEYHOCTh B OTHOAbHHZX {<0COGHX>) TOYKAL HAH BIOAL ME~
KoTopux («ocofux»)} AMRAR, HI BEACSRIOT C NOMOMLIC TEX HAH HHWI OMPECT-

%) 310 OrpaHRNERNE MH YCTAHABAMBAEM 3lech JHME OAA TOTO, uTOGH
niferHyTs ofpamenHa NOABHTErPaRbHOR QYHKOHH B GECKOHEYHOCTh; HMEC
B 4), oHO Gyner ocaaGaeHo.
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HoLtell, BUVACIANT MATErpAA NO OGAACTR, BHE ITHX oKpecTHOCTER, 4 3drtem
REPeXORAT K Npeleny, CXHMAA YIOMAHYTHE OKPECTROCTH B TOYKM HAH B AHHMM
Ecam eocHevHH # Dpemea OKA3WBALTCA CYIECTRYHMEM, TO OH M A3eT 3Have-
HHe HecOUCTBEHROT0 HHTErpasa.

TonoBHuwM e oGpasoM CTPOHTCA H NOHATHE cHe-
COGCTEENHOrO» MHTErpaga, PACHPOCTPAREHHOTO Ha Gec.
KOReynym® OOX4CTh: CHAYaNA PACCMATPHBACTCA OG-
CTBEHHEt wuHTerpax no orpaHnuennofft ofmactw, a
3atem o7& obnacTh PACIIKDAETCH, OXBATMBAR NOCTe-
[eHHO BCE TOUKH HeolpaHAVeHROR O0XacTH; C STHM
H CBASHBACTCH ROTIOANHTEABHNHA NpeneabHnft Aepexom

B cayyae moaoBNTEAbHOH NOMMHTErpassHoR qusx—
HH BRG0P CHAMAKLINICA oxpecmocreﬁ 40COOHX >
TOUMEK B AMHEA MIA pacwmpspmlefica orpaHNgeHHOR
ofnacti Geapasanues.

345, Mexamnueckne npeaowenns. Bce reomer-
pUuYeCKHe H MeXaHWYecKHMe BeAMYHHH, CBAIEHHHE Pre. 28,

C MACCKHM HENPEPHBHNM pACHpEleNcHHEM Mace
BIOAE Mekotopofd dECYpw (P) W NpencraEfAMIHE ANAHTHBHNE
pyHKUEH o6AAacCTH, B TPHAOWIE BUPawamTCA ABOHHHMM HHTErPaLAMH,
PCNPOCTPEHEHHEMHA Ha 91y durypy.

lech MH HMeeM B BHAY AaTh KPATEHe YKA3aHHA OTHOCHTEAbRAOG TOTO, XiK
ofuuro noayvanr Qopuyan noxobmoro THma. [lopAmox EaeH saeck TOT ke,
YTO B NPH OPUMEHERHA NPOCTOre CHApeXeNcHHOTo MHTerpaxa [n° 204

Butaenas omementapuyne wacth (dP) durypw (P), Ieaawr ynpomawuee
BHKIAAKE NPEeINosOkEHRe, HANPUMED, YTO MACCA BCEro 3AEMEHTa COCPEROTOMEHA
B OfHOH TOYKE BNH VTG MAOTHOCTL PACHPENEIEHHA MACC B DPENeAax SAELMCHTA
NOCTOANNA, KOTOpUR HOSBONAET JaTh AAA saemelTa dQ HCKOMOl BesnymAus
NpHOARXeNHO: BHNPANEHHE BHAS

dQ =g (M) 4P,

BepHOe no GecwomewHo MatoA mopaaxa, nucwero uwem 4P, Torma Tounoe
sHaveHne  pupasurca dopuyacit

Q= Sds q (M) dP.
{

0G0cHoPATL $T0 MOMHEO, nalrpnne‘?, rax [cp. n* 204} Cymuepya npatmm-
WeHBHe BMpPAKEHHA IAA SAeMEeHTOB 4Q, MOWNG NOAYYATh RPROIEXECHHOE Ne
sHaucAde BeIHYHHB () B BHAe WHTOrPATLHOA CYNMH, a TIEpEXoAa k Hpereny —
TOYHOE 3HaYeNEe (@ yxe B BHOC NpeAent CYMMH, T. € HHTErpaia

Tlycre MACCH HeTPEPWBHHM 0OpasoM pacnopenenens no obnacra {P), npHyeM
(nroBepxHocTHan) naotHocth B Touke M (x, ¥) mycre Gymer

¢ (M)y==2¢({x y)-
Jlerko cooGpastth, YyTo SACMEHT MaccH Toraa Gymer
dm= P de

P
“
7z
z
z

%
7
Z
%
2
Z
%

A AL ASILISL

TEK UTO BCH MACCA BHPASATCA HHTErPAOM

m= S}g pdP. (19
¢
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Haxee, saeMenTapaNe CTATAYECHRE MOMEHTH 3 MOMENTH BHEPUMH OTHOCH-
TenEH0 ocell KoopaMBAT GYAYT

dKy=ydm=yp dP, dKy=xdm=xpdP,
dl, =y dm=y% dP, dl,=x*dm=2x%dP.
O1cioAa 23R CIMBX MOMEHTOB CPasy noaydae:

K= SPSye P, K= SPS xpdP,

= 5‘5 PodP, Iy= s X% dP.
(

Tenepr oCuUHHM 06pasod NOAYYANICA KOOPEHHATH LEHTPA TANECTH

Quryp:
ijde S"ypdp
. S . M-

an

(12)

B cayvae oanopoan o durypd, p=—const, st GoPMyAL YDPOUAWTCA

ggxdf’ sgydP
o a2

B oTACNbHMX BPOCTHX CAYuasX YIAETCA C JNIOMOWLI IBORHHX HHTETPasoe
HC9EpaTh NOZOGHNE XKe BONPOCH DO OTHONTEHHN K T e XA M, HampEMEep K M-
AUHEPRYECKAN (pycaM.

YCTb @MaM Tagofi Opyc, orpauuueRRAMH noeepiHocrb z=2(x, ¥), ee
npocktelt (P) Ha NIOCKOCTE XY H NPOCLHTHPYIIEM UHARRIPON, cbpazyonse
KOTOPOre mapaxaeabis ocE 2. Ecam, RanpuMep, tpedyerca ompenenth CTaTHue-
cxuft moment Ky opRopoanoro Gpyca (a1 mpoctorel npenmoaomas obren-
BYI0 NAOTREOCTD PABHON €AMBNHE), T0 MM mpeacraBaseM cefe sror Spyc cocros-
IHM B3 PHAA IAEMEHTAPRANX CTOAGHKOB C ocHOBERHEM 4P H sucorolt z. Crarnue~
CKHA MOMEHT cTOR(HKE OTHOCHTEADHO MAOCKOCTH XY pPaBeH ero MacCe HaH--
10 B JNaAROM CAYHae TO xe —oObeMy Z 4P, YMHOMEBHOMY Ha PAcCTORHHE €ro

WeHTpa TAMEeCTH of 9Tofl HROCKOCTH, T. €. Ha T Hrak, saemenrapanil craTiye-
CEHit MOMEHT €CTB ]
dey - 5’ z* dP'

OTKYIA, CYMMRDYR N0 BCOM CTOAGHKEN, MONyvaeM

Key= SFS 2 dP. (19
{

AHarorayno KOTYT GHTh FCTaHOBNEHH M OPMYaM

Keg = 5‘5 y2dP, K= SPS xz dP, (148
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Orcipaa 2eFKC DOAYUHTL BLIPENEHWR BAR woopaaHat § 4 { menrpa Tawe-

cra Gpyca
5‘5 xzdP

Touno TaK We BWBOAATCA H QODMYAM Az MoOMeHTOR HEepums Opyce [y
OTHOCHTEEBAO OCH 2 M gy J;p—~ OTHOCATEABHO HNAOCKOCTER KOODAWRAT ¥2Z, 2A%

L= SPS (O 2dP, L= Sj P2dP, L= ‘EPS *zdP, (19)
d X

npuyeM scuo, YI0 fe==tp 41y
Ecrd Ou TpOCTPAaHCTBENHAS WAEQTHOCTh § DACOPEEEREHHS MACC 3ABHCEEA
or 2, IBofilorc RATErpasa yme OO
6u FeOCTATONNO N IPEmEOCs Okt ofpa-
THTBCA K TpoHHEOMY Burerpasy [ow.
o ¥
paNEP o 1) Hafttu newrp rame-
CTH YaCTH OAHOPOAHOTC SNAHMCOHEA

x?

Tih+ial,
conepmeﬁca B nepson OKTAHTE
(pnc. 28),

Priugnis Obxacr (P)orpamacns
KOODAHHATUHINE OCAMA H ayrofl saamtca

y=% V= Pre. 20,

{0=5 % = g); ypanHeHH¢ NOBEPXEOCTH SHNHUCOHEA B aBHOM Buie OyZer

2=t VFI—E;--SF,

Tlo gopuyre (14)

a
=1 ®_»
Keymg ot [ ax (S (1-5—%) o=
. s
=§§(¢'-—x’)—fdx=-l%cw.
Anaxoreuno
Ky,=i%a'bc, K,_,=l—’;a&'c.

B o me BpeMma ofbeu

Vm%-a&c,
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TAK YTO 3 2 3
£="§'a' "I#T&, c=—§-¢'.
2) Halita MOMERTH HHEPUHA ounopon.aoro SANUICOHAR
'+'y’ + aF= 1

OTHOCHTEALHO KOODIMRATHHX BACGCKOCTER.

PEmeH ¥ e MOXAO OrPABATHTECA OANHM OKTANTOM sAmAncomaa (puc. 20)
€ TeM, 2TOSK PE3YALTAT YMHOXHTH HMa 8. B Takom cayyae obaactsio (P) éymer
HBAAPAHT 3AAKNCA

e
o

Hineen

»  Vi-&
!,,—Sjy’zdp Sv'dy s ]/a’l— — Kdx =

[
= oy ¥ 4
2xac Sy (l b’) dy =z mabe.
BHanorauno . s
l_,,-=ﬁ natbe, 1‘3=T5 xabe?,

§ 3. ¢OPMY A TPHHA

846. Buzon dopmyau I'prna. B HacTosniem HOMEPE MLl YCTAHOBAM Bak-
By GOpMyAy, CBESWBAIONYI0 ABOHHOA M KPHBONHHERHHN HHTErpasu.
Paccworpam ofmacte (D) — expapoaunefinyio tpamenmio» (puc. 30),

¥ OFpaHHYEHHYI0O KOHTYpOM (L),
g=Yez) COCTOAIHM M3 KpPHBHX
s - 2 PQ: y=x (%)
H (asx=<<b)
} @ } (SR): y=Y(»)

P P n gsyx orpeskos DS u QR,
Wﬂ NapamienbHHx OCH Y,
Hpennoaoxuw, 4ro B ofna-
7 Z 7% ¢ (D) sagana QyHKums P(x, y),
Pac. 30 RenpepHBHas BMecTe <o <Boef

NIpOUaBOAHOA a—f: .

Buyncaum Teneps AsoiHON uHTErpan

S‘Dsgdxdy
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no dopuyne (6) n®344; Mz noayesm

[§aasar=fa | 2a
[t ¥ 2 Ja (315;

BHayTpeHHll- MWTErpan BA€Ch AEMKO BHYHCARCICA € NOMOMIBID NEPBO-
obpasuofl QyHKIHE P(x, ¥), AMEHHO:

¥ix) P yu=¥Y{y)
| For=Pr 5| =P Yed—Pe nio
Yaix) ¥ yy ()

Takum obpasox, . .
§) G actr={ Pt vonae— [ pes enas

KaWANH W3 STHX JdyX WHTErpajoP MOXeT OHWT 3aMeHeH Tenepsb
KPHEOAMHENH WM uHTerpanoM, B camom JAene, BCUOMHHAA $op-
uyay (7) n° 881, sanum, uro

b
SP(x. Y(x))dx=si P, y)dx,
o (&R

b
§ Ps, su(epar= ‘Lp(x, Sz,
Orcroda ’ ¢

-i,sgﬁdxdy=§ P{x, )dx—\ P(x, y}dx=

i R (

=j Px, yydx+| Px, y)dx.
Sk P

Zlenas BBeCTH B PAaCCMOTPEHME HHTErpal [0 BeeMy Kowtypy (L)
obnacrh (D), rpuGaBsM K NpaBOR YacTA NOJZYYEHHOTO PDABEHCTBA euwle

HHTErpanN
5P(x.y)dx " "L)P(x,y)ax,
[£245]

OYeBaliHo, papHue Hymw, K60 orpeskn (PS) u (RQ) nepmenmaxyaspuu
K oca x [ow n°381] Mm moayunm

‘Sﬁ\: g{dxdy= wgs)de_l_ jmpdx-{- (&?de—[-‘é‘ﬂ Pdx.

Hpapag 9acrb 57070 paseHcTsa NPeACTIBARET coBOd mHTErpan, sasTill
10 BeeMy BAaMKHYTOMY KORYYpy (L), orpamsuusaiomemy obaacte (D),
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HO P OTpALATENbHOM Hanmpasaesun. B coOTeeTcTBAN ¢ COMvMatme-
HHEM, YCTAHOBJACHHWM HAMH Bacyer OG03HAYEHAd KDHBONHHEHHHX uHTe-
rpanoe no SAMKHYTOMY XOHTYpY [n°332], mu wmowem oOKOHWaTEABRO
Nepenmcars NOAYYEHRYI GOpMYyay Tak:

_L[ %dxdy=—- § Py, y)dx. m
}

Xora dopMysa sTa BHECHENA B MPSANCACKEHAH TPAROR ODAGHTALAN
ocelt, Ko, KAK Nerko yGeXAThCH, OHa Coxpanderca Oea RaMeHeHng
A nNpe Acsol OpWENTAUMH (AMUL NONOKHTENBHOS HANpaBreHne oOXoma
KOHTYPa CTaHET EHHN)

MB mpemnosaraau Ao cnX nop, wro ¢mrypa (D) npeacrasaser
cofolf «<KpHBOAMREARYI0 Tpanenuio» THNA, usoGpamesnoro Ba puc. 30,
h copasesausocTs GopMysd (1) AOKas9HA TOABKO ANA TaKRAX ofaacTeh.
Ha neme ®e oHa chpasennnsa ¥ AN oOaacTell, OTDAHAYEHHHX KOHTY-
paMH Gonee CAOKHONO BHES, KOTODHE MOLYT Aake COCTOATh E3 He-
CKONBKAX OTACALHEIX KPHBMX. JIOCTATOUMO TPEANOANOXATB, 4T0 dR-
rypy (D) npssmmu, nN2panneNbetiMA OCH Y, NOWHO PARIOXATD Ha
KOHEUYHOE YHCAO YNOMAHYTHX <«KpUBO/MHEAHHX Tpaneuwhts {(cM,, Ha-
npusep, puc. 26). Hamucas 2ns xamao#l Hu3 HHX 8 OTASALNOCTRE op-
Myay BhAa (1), cROMUM DOuAeHHO BCe TakHe paseHctsa. Caesa noay-
uUTCA JABoHHOR HETErpas, pachpoCcTpaneHHbit Ha B obaacts (D),

2 CNpapa — CYMMA NHISSpaZoB, BI-
yjl THX N0 BCEM 93CTHYHHIM KOHTYDaM.
d < R BTR TnOCAEAHME, OAHAKO, NPHBO-

AaTCH X ORHOMY HBTETpAdy Mo o0
meMy KoHTYpY (L), uSo murerpanst
‘ /7 AR Y N0 KAXAOMY ¥3 BCOOMOraTeNbHSX
OTPE3KOB P2BHM HYAlo, TakaM 06«

pasoM, W B 3TOM cayvae ¢opuyaa
— 7 (1) Hmeer mecro.

© 4 AHANOTHYHO YCTAHABAHBALTCH M
i thopuyna
Pruc. 31. ssggdxdy=ts Qx, n}dy (2)
D )

B Apeanonomenan, wro ¢ynkuus Q Henpepusna B ofaactd (D) smecte
¢0 cpoelf vacTHO# NpoMsBOARON %Qx' TMpu srom cuavana sa oGaacrs (D)

NPEHAMACTCH KPHBOMMHENHAE TPanenus BHAa, u3obpamenHoro Ha puc. 31.
Oma orpanuuena Kpresiva

(PS): x=xs(y)
" (c<<y=d)
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¥ asyus orpeskama (PQ) n» (SR), mapaanempnsimp ocy X. 3arex dop-
Myma oboOmiaeTcs, XaKk W BHINE, Ha caysali oGracTh, Koropai pasaa-
Faerca NpPAMLNG, TAPAMLISTbHHME OCH ¥, Ha KOHEYHOS WMCAO KPHBOAA-
HellHuIX Tpanenul sTOre BUma,

Hakonen, ecmu obaacte (D) OOHOBpeMEANO YROBACTBODSET YCAO-
BiAM OOOMX CNy9aes, T. €. DAsNAraeTCd KaK Ha KOHEYHOE YMCAO Tpa-
Meud nepporc TUNA, TAK M (HE3ABMCHMO OF STOT0) HE KOHEMHOE
YHCAQ Tpanenwll STOpOre THNZ, TO AAA Hee CnpapeAnass ofe GopMyns
(1) u (2), Koneuno, asp n‘%.unoaoxeﬂan HenpepHBHocTH yhrxun# P, Q

# X DPOHSBORHHX o, 5. Buanran ¢opuyay (1) ua (2), moayuaem

{S}de+Qdy= SHS (325 daxay. @)

310 n ecty dopayaz puna®).

3AMBEYAHRE. MoXHO NPHAATL YCAOBHAM, MPH KOTOPHX CNPapeR-
avea  dopuyna (3), OGoaee ofospumyle dGopmy. Vmeino, Hopaxysa
Tpura useem Mecmo 0am awboli obsacmu (D), ozpannsennolt odnuxs
U HeCKOABKUMR KYCONNO-2AGONUMN Kosmypasu, JlOKAsHBATH BT0
MH HE CTaHeM.

847, Bupaienye BROINANH ¢ NOMOMBK KPRBOXRHSHELIX BMETETps~
nom. Hiuwe pan He pas OyAyT BCTpeuarsed DpEMeeHnd dopumyan I'prea
cefluac MH mpuBeleM npocrefiiee K3 HEX -— BHYHCAEHAE RAOLIAMR,

Ecam gmman P r Q B dopuyne (3) nomoSpate 73K, uTOOH BH-
paxense a'f_g: OKa3an0Ch DABHNM eOHHENe, TO NBOMHOA MHTErpax

npusenercs k miomazs D qurypw (D), B MH noayusm BHpaweHne
5T0H TAOBIAAN C MOMOWbI TOre WM HMHOTO KPHBORAHEAHOTO MHTErpana,
B3ATOrG M0 KOHTYPY (L) durypw. Tax, nosaras Q=x, P=<0, nafigem

D=csxdy. @
Mpp Qux=0, P==—y noryunn )
=-—§ ydx. ®
)

Haubonee ymorpeGureqmphol, ofHako, Oymaer <¢opmyna, oTsevaonias
1 1
Q=3% P=—zyr
= %{5 xdy—ydx, ®
)

*) Hwopaz [ pd u (1763—1841) — aurantickn® maresarsx. Ha aene, oanako,
y Tprna aAer dopeyan (3), B ¢ nuened [pHHA €e CBASHBAIT AEWb BRUAY
ananorug ¢ ApyréMn Gopuyranm, BuBeNeHRHMH [pHAOM LA TpexMepHOTO
cayyar. PopMyia (3) mcnosbsosaaace [ayccow W Puwawom, wo B wacTHOM
BRe BCTpeuadach B B paborax mo apammsy eme B XVII sexe.
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NMeuwere 1) Hafith mromaxe saavnca ¢ noayocans ¢ ® b
Bocnonpayencs nahanerpnuecmun YPaBHEHHMAME BANHACA: X == aCof¥,
y=">sin ¢ (0= ¢t=2n). Ilo popuyze (6)

2 =
D=—%~§ acosf-beoat d¢ — bein ¢ (— asin t)dtm%lsdt=sab.

Jias BHUMCACHRS XPHBONHHeSHOrO MHTErpata WL DpUMeRRSH opuyay (6)
n” 831; npn paccTancBKe NPENeAOB WHTErpHPOBAHMA GHAO OPUHATO BO BHAMA-
EHe, 910 GOAOKHTeAbHBH O0XOK KOHTYPa OTBEYAET BOSPACTAHMIN NAPAMETDa.

2) Haire naomane netTax nekaprosa aAmcta {pue 32)

x4y =3axy.
Hxa noayyeuns napauerpmem_}x ypaBheHu#t KOHTYpa nmofoEuM y=={x*)
Oorga
¥ 3at 3o

=rEe ST
W3 reoMeTprYeckHx coolpamennit aAcHO,

Y70 DETAN ONNCHBACTCA NPH HaMEHCNAN Napd~

¥

(34 serpa £ ot Onooo(nﬁo t=?=tge, rae

@ pauensesca ot O no% . Hueen

-2 26—t
dxmaa(]_i_t, dt, dy=3ﬂ(l_l_—‘3),dt

pte { rar 3,
Prc. 32 T VTFap—2 %

O1NeTnNM, STO 3Mech MM HCHONLI0BATH HecoGcTBesnulll WHTerpaa ¢ Gecko-
HeyyHIN NPEAEZOM, B TO BPeMA K3¥ NDH BHBOAe dopuyin {6) n° &lp ML CHETaAW,
yIo npouexyrou HIMEHERAHRA uapauerpa KOHEYEH. NpagxaTh CAEAAHHOE IECKO,
€cIi TpefPaPRTeSbBO BBECTH IpYrofl NapaMerp ¢ KOHCYHHM NPOMERYTNOM

BOMCHCHHA (HanpHMep, yrox 0), a saTeM yxe nepeR1d ¥ napamerpy t—..=% .

§ 4. YCJIOBHS HESABHCHMOCTH KPHBOJMHEAHOIO UHTETPANA
OT N¥TH HHTEFPHPOBAHHS

848, Harerpar no aopocTOMy SAMKHYTOMY NKOHTYpY. ®opmyaa
Fpuita mo3B0AAT HaM JETKO HCYEPMATh TOT BONPOC O KPHBOAMHERNHX
HHTErpanax BTOPOro TANMA, KOTOPHE MH JAKWIL BCKOALSS BATPOHY/M
P § 2 rraew XX [cm., Hampumep, samevuanme B n® 333).

Bycrs 8 sexoropoR!t ceasnoft obaactw (F) safaH HenpepeBHEE
dynxusr Px, ¥) a Q(x, ). Paccuorpum cravaza gonpoc of olpatie-

*) Taxas nomcrancBKa OxAIMBAETCA YROGHOMH, Xak MpABEZO, B TEX CAYUsAX,
XOra2 B YPaBHEHRH afreSpanveckol KpHaofi WNelTcA ABe ONHODOAMMEG IPYIIIN
YACHOD, NOUMEM CTETCHE STAX TPYNO PAIMMYAIOTCA Ha eAMNHNY,
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KULL & HYAb UNMEIPAAG

)’de+ Qdy
)

no ..mfoxy, sexcauesry & (L), npocmonmy samxsymonmy wxormy-
py (D). '

Hxea B BRay ncnoab3opanse d¢opmyad [pAna, M HymAaemcd
B ZOOOAHUTEABHOM NPEANOJOXKEHHE ¢ CYIeCTBoBaHRA B (E) nenpepsis-

aP
HHX NPOHSBOJHHX 3 L2 Ho sroro maxo: HymuHo eme, uSrofu

sxecme ¢ xoumyposk (L} oCsacrmu (E) npunadascowasa ecsxnll pas
u ofaacme (D), o2pannverras uzeHe smux Konmypos. VIHEMA CrAoBaMy,
obaacte (£) He HOMMHA HMETh <AHMPOK», Aaxe TOUCUHHR. Cnazuyio
obnacTs, oON2NAIONIYIO STHM CBOHCTBOM, HaZHEBAIT 00HOCSA3NOH,

Ecaut peur mnier ¢ xoxeusioff ofmacTd, T. e, HE DpocTHpawwelca
B GSCKOHEYHOCTH, TO MOHATHE OMHOCEASHOCTA MOMHO CHOPMYIHpPOBATH
eme mpome: ofiacms Q0AMCHG Cums OPANIYENa eJURCM GEHRW M
samrnymus woumypos. Ha prc. 33 npencrapacisl npeEMepH 0AHO-
CBRSHNX H HEOAHOCBAZHEX 0GJ]acTell, B3 HHX a), r), A) KOHeyns, a 0),
B), €) NPOCTHPAOTCA B GeCKOHEUHOCTD.

Tenepp chopuyanpyed GYHAIMEHTAABHOS YTBEPEACHHE:

Teopesma 1. fTycme & odrocsnsnoi obaaemu (E) dyncgum P(x, y)u
Qix, 55) onpedesenss It HENPEPHENN BMECME CO COOUME NPOUIEOINH AN
ap

& B Jag mozo wmoli UMer0 Mecmo PaseHcImEo

§PM+Q@=Q Q)
}

*) Bce xpnEHe, ¢ KOTOPHI MAET PeYs B HacTosmuiew maparpade, mpegmona-
FawTca KYCOUHO-FNafKHMH.



%66 A, xx1, AROAHHE HHTEFPA/N 3%

Kakos 6w nu Gua npocmoll samenymud wonmyp (L) 8 ofsacmu (E)
neobxoduxo u docmamosno, wmobu moxcdecmeenno a (£) Owao

=, "

Helicrenrenptio, no ¢opmyne I'pasa, pasencrso (1} pasHOCHAEHO
ABEHCTE;

P y LS (gg——gg)dxdy=0. ©

Hocrarounocrr ycuosna (A) HA4 ero BHNOAHEHHA OUEBAAHA
Yrobnt ROKasaTh ¥ HeoGXOAUMOCTb, TAPEANOAONKHM, YTO PpaseHeTRO (2)
sceraa cnpaseaauso. Ilyrem anddepenunposauna AHTerpasz no oSmacT
{n°842], mRHAY HenpepHBHOCTH NOAMHTErPa/ibHON GYHKUHH, NPUXOXHM
K sakmoucHmio, uto B (E) TOMIECTBERHO

0@ oP__ P _3Q
a;'—"a?—o, T. &, 5'-—3:;.
849. Hurerpan po xpusol, coepunsiomedt Nse HPONIBOALHBIE
rouun. OOpaThMca, HaKoHewl, K s0npocy 00 YeAOSHAX, 00eCnesusaouux
HEIABUCUMOCHIS URMIEZPAAG

Pdx+Qdy, (3)
'B)

saamozo no xpusoll (AB), coedunnmmed dse mouxn A u B olsacmu
{E), om gpopmu amokk xpusod, Y smech pemarutys poas GyReT urpalb
ycaoere (A).

Teopema 2. Ipu npexcnux npeonosowenusx, 048 Mmoo wmobu
uRmezpas (3) He 3QBUCEA O RYMB URMESPUPOSANUA, HeobXoduuo u fo-
CIRAIMONKO BNR0ANERTL yea0euR(A)*®).

Hsopxoauunocre. Jlomycram,
9TO KHTErpan (3) He SaBACHT OT MyTR,
R BO3pMeM B (E) npoASBOALHER mMpo-
CToH saMkHyTHE KOHIYp (L) (puc. 34).
Ecaa A n B — aBe ero TOMKH, TO, 0O
AOTYUKEHA,

= ) @
Ao~ o
oTKyAA
7 -7

Prc. 5. §=u§+ =0 ©®
) By {BiLA)

Caeaonaremeno, no Teopexe 1, HeoSxoapmo BunomHaercs (A).

¥y

*} Unratess aerko npoBeprT, uro B NpuMepax 1) & 4) n* 333 ycmosme (A)
BHROMHEHO, & B ApHMEpax 2Z), 3) H 5} —mer.
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BocratoenocTh Ilpeanonomum tenepn, 4TG paBeHcTso (A)
nuMeeTr Mmecro B (E). Hyxmo Aokasate, %10 ecay COeamHETh Awlse
TOuK® A, B 3T0h 00AacTH ARYNA NPOCTHMK kpuseimn (AlB) u (AllB), o sce-
raa GyAer CHpaseAAnBO paBeHcTBo (4). 310 caenzTs aerko, ectu HEsBAHHKE
KpuBHe, kpome A ® B, ofwAx Touek He wuMewr, kbo TOTHAa KOHTYP
{L)==(AIBI{A) Gyaer DpocTuM, TaK uT0, No reopeme 1, Bunoasarca (5),
a u3 uero, obpartho, caenyer (4). 7

Ecan kpusue (AIB) w (AllB) mepe-
CEKATCA B KOHEYHON WACAE TOUEK,

10 XoHryp (L) yxe e Gyaer npocTHM: (1] ¢ I
B YOOMAKYTHX TOYXAX OH can cefs me- e -11)
pecekaer (puc. 35). Hcxoas ua Toukw I

A Wcarellys HEODABAGHUK Kpa-
Bof (L), onmumem eg ¥acTs A0 NMEPBOrO
caMonepeceueHus — 8 touxe €. Or6po- 0
CHB TOAYYHBLIYIOCH 3AMKHYTYIG KpRBYio Puc. 35.

(L;), BPOROAKEM NYTh OO HOBOIO CaMO-

nepeceueHus, YT0 NOSBOAHT BHAGANTD €MI¢ OANY SAMKHYTYX KpHBYI
(Lg), n 1. 5. Tlocne xomeuroro wucAa waros Kpmeas (L) oxamercd
pacmaBmiefica Ha KOHEYHOE WYHCAOG MPOCTHX (MeRepecekaompnx celn)

BAMKHYTHX KDABHX
L) (L oo

BEOAL AO KOTOPHM HHTEFPaA 23BENOMO HYJb. JHauaT, OH PaBeH HYXO
U BROML Beedt kpupo#t (L), a oTCONa CHOBA RMTEKaeT (4)

uf

Ho xpanue (AIB) u (AllB) mooSme MOryr mepecexarhea fawme Geckomey-
EOf YHCEQ D23, ¥ B TAKOM cIy9Ae nNpeluiYiIee PACCYRACHHE RETPHNEHAMO.
Yron wuwpeonoNeT: BCTPETHBUIFINCA TPYAHOCTb, DOKIEENM CAEAYOUIY0 ZeMMY
] npnﬂ;amemn KPRBOAHNeHHOrO HATETPANA ¢ UONOUBK MRTErpaxa, BIATONO N
0O

Jemma, Tycrs dysxuug P(x, ) n Q{x, y) senpepusni B wexoyopoit
oteprrol o6xacti (E), A (L) —HE3AMKRYTAA KYCOYHO-rAaNKAN KPHBAR, COALPMA~
magca B (F). Ecan voncars B (L) xoManyio (A), 10 ApH CrpeMIeHUN K HYXRO
AmHE RanGOARINETC HD £f SBEHLEH MMEeM

nm(s de+0dy=§ Pax+Qdy.
; )

Joctatouno OrpaununTEca MHTerpatzasy | Pdx u ‘Sde; LA AHTEPALOE
A) ¥

Qdy B SQdy paccyEACHHA BRoaNe apazorwwis. TIycrs emucansiza B (L)

1 A)
aouanas (A) AMEET BepUIRHM B TOUKAX

A=Ay Ay ooy Ap Ayt <oy Ag =B,

obosHaynM vepes Xy, P; anayennn x, P B rouke A; Janamutkch MpoHsBORbHEIM
unczoM ¢ > 0, MOKNO NAKAW XopA A;Ay,) DPEACTABNTL cefe RACTONSED MAAMMM,
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yrobm: 1) xoaeSaune wHenpepupHOA QyHKU4H P EBRomb smeEa A;A;, Owao
MeEbl1e ¢ W 2} RHTEFDAALNES CYMMA ¥Pg Ax; OTAHVAMACH OT CBOCro npexeda

‘.de TOHe MEHBIIE YeM Ha s,

§de=2 Pdx
@) T (3,

Epgﬁxg-_—z P;dx,

T Tl
SdemZP;&x;-}-z j (P—Pjldx
@ ] 7 (A

4

Hueew, ovepnaHo,
H, ¢ ApYrolt CTOPOHH,

TAK 41O

Ho neppoe caaraemoe cnpasa PasUMICA 01 BATErpaAd q Pdx wempme uew

{n
Ha ¢ [cm, 2)), 2 Bropoe MO afcoAMTHOR BEIEYMEE He NpEROCIONAT aEA;Am

[cw. 1Y), 1. e. ¥ nogaBko Mewbimie L., rae [ ~— anuua xpusolt {(£). ¢
TaK, OKOHYATENLAO,

|‘S de—‘s Pdx I<=(1+L},
% )

YTO ¥ NOK43uBACT HAlE YTRepRAEHAEL,
Bepuesca Tenept K NpepBAHHOMY MNOHASATCALCTAY ROCTATOUHOCTH. Bmumes
B xpasue (AIB) u (AllB), coorserctsesno, somanre (Ay) B (Ay) oss wory:

NepeCeKaTLER Passe NHIIE B KOHEYHOM YRCKE TOYER, A TOTHNa — Kak yme AoOua-

8&80--6!]18! HMEeTh
4 i

Ocraerca Anms NepeliTH B 9TOM DABEHCIBEG X NpEXeNaM, CY#Tad BOC 3BEHLA
offeHX XOMAHHX CTPEMARVAMECA K HYd®, YT0OL BHOBb YCTAHOBHTL PABENCTEO (4).

850. Caaan ¢ mompocoM o TounoMm guddepennuane, Iuddepen-

RAAALHOE BLIPAMEHUE
Pdx+Qdy (6)

HallONWKAET Bupamenne Zna (Roaxoro) Aandwpepennuana gpyuxuun F{x, 3)
OT ABYX mepemensnx [n° 142]

aF oF
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KOTOPOE OTOMAECTBAZETCR ¢ (B), ecim moAvKATL

E=pr F=a )

Onfako aneko We Kawaoe BHpPakeHRe Bpia (6) ecTb <«TowHEM
nnddepeHnnans, T. € He KaKIOE TIKOE BHPAMEHHE HMEET <Nepeool-
pasuyio  qyHknato» F(x, ¥), A1 KOTODOH HMeHHO 5TO BHpaMeHRe
W ocayiuT (noanuM) Auddepernuanod. TIp pewennn Bompoca o TOM,
Oyner an supaxenne (6) TOUHmM AudrpepeHUMAAOM RIH HET, MBH CHOBA
CTAAKHBAEMCS ¢ TEN Xe ycrosmeM (A):

Teopema 3. [lpn npexcuusx npednosoncenunx, 048 mozo Wmofu
enpaxcentte (6) Owto mosnum dudgepenguason, neobxoduso ¥ docma-
MOLHO BunoAnenue ycaosur (A).

HeoGxoauMoCTs ACHA HEROCPERCTBEHHO: €CAR BRpaxmenne (6)
ecTs (nonnut) nAadipepentuan Hekotopolt dyHknuw F(x, y), Tak 9ro
HMEIOF MecTo pasetictBa (7), To

P _ #F 8Q__ &@F

d ~ oxdy’ Ix— dydx’
¥ OCT2€TCH MMk COCAATBCA Ha TeopeNy n° 147 o cMematAwx Dpoms-
POAHHX (C YYETOM OPSANOAOKEHHOH NX HenpepuBHOCTHI).

[Tepefinem K AOKABATEALCTBY AOCT2TOUHOCTH. Ms ywe sHaeM,
YTO HPY BHOOMHEAMH ycaopud (A) uurerpan (3) OKasHBAETCA He SABHCSK-
IAM OT TYTH KHTerpupoBanua (mo Teopeme 2). B sToM cayuae uarerpan
OAMOBHAYHO ONpeacaserca salaHAeM Touek A(x, v} B Bix, )
B CBA3H C YEM €I0 MONKHO O0GOBHAUHTE CHMBOAOM

] {xn _n)

§de—|— Qdy nm Pdx-+Qdy.
(X0 y0)

3aech yKasaHs TOMLKO Haual0 W KOHEl NYTH WHYETPHPOBAHHS; CAM NYTh
He yKasaH, HO OH GeapasadueH — MOXHO HHIETPHPOBATL NO MKGOMY.
Ecaw Touky A (X ) Duxcaposars, 2 TOYKY 5 8aMEHHT> HPOHSBOAL-
Holt TouroH M (x, y) obazctr (E), T0 noayueHHRH# HHTErpaa mPENCTABHT
cofof HekOTOPYI0 PYHKLHI OT TOYKHA M T. & OT €@ KOOpAMHAY
X, ¥ B obxactu (E)
(xJ ”
Fir, )=\ Pdx+Qdy. ®
(%s: 70)

Tokaken, 410 8Ta nmenHo dyukuna # Oyfer nepsoobpasHolt Amn
supawenng (6), 1 ¢ sTol memo saliweMca BonpocoM 06 e¢ QaCcTHMX
NPOUBBOAHKX KIK WO X, TaK H A0 I

Bsse mpoussoabiylo Touky B(x, ¥ B obaacth (E), npagaamm x,
npupamense Ax W nepefifieM k Touke C(x)--Ax, y,), koTopai npn
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Jocrarouno masom Ax 6ymer Takwe npunapnexams (F) BuecTe €O
Bcem orpeskom BC (pue. 36). Cooreercrayiomne ssauenua dynx-

umH Gyayr

{*ts vo
F(xy y)= Pdx- Qdy,
{¥e: ¥o)
(®+4x, ¥
Pea+ax, = | Partady
(%o Vo)
Tlepeull B2 STUX UHTErPa/OB MH BOSMEM 7O NPOHSBOMLRON KpH-

moR (K), coengumomed rouke A B B, a AAd BTOpOro mMHTErpzAz MyTh
HHTErPUpPOBAHAA COCTAEAM H3 5ToH we

¥ KpRBOH 1 u3 NPAMOAUHEHHOTD OTpesKa
BC. Taxum oGpasom, npapamense PyHk-
nur F Gyzer
Flxy+Ax, y)—F{xy y)=
=LP¢x+Qdy=i P(%, ) d;
)
0

neTerpan, conepwamuft  Qdy, obpa-
Pac. 36. IESTCA B HYAb, TAK KAK OTPesok BC
BEPUEHAAKYASPEH K OCH ¥,
Ocrapwinfica uuTerpan HEROCPEACTBEHHO NMPHBOARTCA K OGLKHOBEH-
HOMY ORpeACACHHOMY HHTETpDaNy: AAR STOrO B NOAMHTErpaasHol hyHk-
HUH HYKHO S3MEHHTL y Ha 3y (H3 ypasHeHus y===y, upsmoll BC)
H B KaUeCTse NPeAeNoB HHISFPHPOBAHUA MO X B3aTh 86CHUCCH TOUCK
8 # C., Oxonvarespko

X5 ix
Fxy+-8x, ) —F(xy y)=(®) f Px, y)dx.

Tpuwenas ¥ MOAyYeHHOMY OGHKHOBEHHOMY HHTErDaxy TEOpEMY
O CpexHeN # Jeya ofie wacTh papeHcTBa Ha Ax, Halmem

Pt 8 S Pl ) — p(x,4-08%, y) (O<b<<1)

Yerpemuw Temeps Ax k Hymo. B cuay nenpepuBHOCTH (yHxu#n
P(x, y) npapad yacrp PaBEHCTRE, 4 C HEl0 H ACBAH, CTPEMATCR K P (%, i)

eAO0BATEABHO, B TOUKE (X, yy) YaCTHad NpowseoAHas QyHKUWE F no x
CYWECTBYET H BHPAMACTCA PABCHCTBOM

OEC 3. Py 3o
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AHamorusHO ycraHapaupzercs n Gopryita

Lo ) — Qry 3

Tar kak Touxa (x; y,) Ouana B8sTa mpomseossko anyTpR obuacta {£),
TO Aag BCRX ToueK sro#t ofaactd GyAYT BHDONRATLCA COOTHOMeHns (7)

oOF _, OF_
r=p F=0

Tlockoapky 3T# wacTHLHE NPoUsBOANNE Henpepusuy, dvawgna F(x, y)
usncem dugfcpepengnes [n° 142):

dﬁ=gdx+§§dy.—_pdx+ Qdy,

Yo B TPeGOBAAOCH AOKASATH.

s conocrapnenns Teoper 1, 2 u 3 NOXHO BLBECTH TEREPh H TaKOE

Caeocmane. [Ipu clesannuy Npednos0MCERUAX, VAR mo20 imods
unmezpas (3) ne sasuces om nymu (G UNMEZPOA N0 SAMERYMOMY
KONIMYRY PASKRACE HYAK), NeoOxoduso u Gocmamonno, Lmols nod-
unmezpassnoe swpancertie (6) ONAO MOYRHN Qniepenynascs.

ITpr mokasarenncrae TeopeMH 3 M YCTAHOBHAN AAR KPREONHHCH-
HOroO muTerpana (8), He saBHCAMEro OT RYTH, pPesyAbTaT, BUOAHES
aHamoruyHut Teopese o AuddpepeHUBpoBaHNE  OOHKHOBCHHOTO ONMpene-
ACHHOTO WHTErpaga MO INEPEMEHHOMY BepXbewy mpefeay [n° 183, 12°%

TipeAnoaoMAN TeHeps, WO HaM H3BECTHA MaXad-AHGo mepsoobpasHan fyng-

uns d (x, y) Zan DORHHTErpaAbLEOrO BEpaxendn (6), TaK 9ro — Rapsny ¢ CoOT-
HOIICRAAME (7), KOTOpHe HMeWT MeCTo Ran dynxonn (8), — GyAer Takke

a9 ;L
ﬁ BPD EEQ;
F(x, y)—@ (x, y)=C=const

{BEXL ee wacTHLWE NPOMSROANME KEK MO X, TAK H N0 ¥ TOXKACCTBEHED DADHLE
nyspl). floasran Xx=ux, Y=Uy, NOSyIAN, 5T0 C=— & (X, ¥,), 18K W0

F(x, )= (x, 3)— & (x0 30)-
Ecan, Hakosetl, BIATL 3ECh X==Xx;, ¥=1,, TO DPHACK K (opuyre
£, N
d‘;.de+Ody=‘D(x;,y;)—°{xa. Fo) =2 (x, y) ] @)
X 0

TOTEA PASHOCTH

KAW, Ropove, s

J de+0dy==0(8)—-‘l'(A)=0(a‘J)l- (%)
B

3ra ug;a BROARE 2HANOIAYHA OCHOBHON Qopwyse nnte;paabnoro HcyucEe-
wia [n' 183), supakammeR OOHKHOBEHARH ODPEACTEHAMA HNTEIDIN  uepes
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neppoofpazny. IlonuepkreM, OXRaKo, eme pas, ¥T0 ORY NPHAOKEMA ANWME
¥ XPEBOAMHEAAHIM HHTETDanaM, He BABHCAIUMM OT MYTH.

3amevanue XapakTepucrHua Towrore audibepernmaza ycaosmem (A)
socxomur k¥ Snepy ® Kaepo (1740 r.)

KpuBoasneARRA nHrerpan (6e3 sToro TepMHHS8) OT ARDGPePEHIHAILHOTO
rupazeEna (6) Takwe poephoie BeTpevaeTta B coumNennn Kaepo «Teopus
durypu semnn...» (1743 r.) *). Tipennonaras, uTo dopua KpupoR zafaHa B BHie
ypapHenHa Mexny X B y, Kaepo mcxnovaer ¢ ero noMomew us (6) y H dy, a
SaTeM HHTErpHpYeT NonyuamuleecAa BhpakeHWe, CONepEaulce AW X B dX.
Tam me Kaepo yrastnaer ycaAobHE He3aBHCHMOCTE RHTErpANa Of BALA KPHBOA:

?ﬁ) wo Oains nosnss Oufdepenyuasom, a 08 51070, B CBOD
ovepellb, JOLNCKHO SHNOARAMLLR Yeaosue (A).

351, Nprnoenss ¥ QHIHMECKAM BajavaM. BepmeMmcs & cpere RANGKEH-

goﬁ TeOpAY K PaHee pacCMoTpelHuiM [n® 335] saxavam u3 o6JacTH MeZaHWEH W
USHKH.

1} Pabome cusosozo noag. Mu Bugesu, 5To pafioTe CHEOBOrO MOZA NPR
NepeMeleAHH MaTepHaabiol ToYRH ¢ Maccoft 1 B3 nollomekna A B noaoxenue B
BHpamactca EpEpoaBHcHAHEM HHTerpaioM [cM. n® 335, (12)]:

A =‘jm Xdx+ Ydy, (10

rie X=X(x, y} 8 ¥=F(x, ¥) CYTs HPOCXUHH HAODAWEHHR TNOMH HA KOOPEH-
HATHEE OCH, & (AB) osHavaer TPaeKTOPHI MATepHaIhHOH TOYKM.

BecbMa ecTCCTBEHHO BaHATHCA BLIACHEHHEM YCHOBHE, MPH KOTOpHX padoTa
¢HZ NOAS IABHCHT NHIIL OT HAYAABROrO M XOHEVHOIC ROLOMEHHA TOUKH, HO HE
0F QOpuK TPaekTopHM. DTOT BONPOC, OYEDRNHO, PABROCHNEH BOMPOCY © HE3aBH-
CBMOCTH 3HAueHHA XpHBOIBHeHHOro mHETErpanma (10) or NyIH HHATeTpHPOBAHHA.
flosToMy BMCKOMLIM YCAOBHEN ABAAEICA DABEHCTBO

F=0 ay

B UpEANCAOEEHHH, KOHEYHO, YTO o0AaCTEh, OXBATHBAEMAR NOASM, OAHOCBAIHA H
NT0 AAf QYHARUHRE X, )Y H HX NpOM3BOAMNI KHTHE He HEZPYHAETCA HeTpe-
PHBBOCTD.,

To ®é YCaOBHMe MOXKHO BHDA3ATE H B TaHOH QopMe: paloma cut nOAR npi
REPEMEHERUL KAMEPUGALROR MOUKY U3 OJRO20 ROAONCERUR 8 Opy20e_Ke 3a8u-
cutt om POpMN mpaeKmopun @ MOM B MOALKO 8 BOM CAyYae, Koa 3 ae-

MERMApKAR paloma
Xdx 4+ ¥dy

eayacam (noanux) dupepenguasor om nexomopok dywwyun U(x, v). 1y
$ymkuno 0SHYAC BASHBAT cRA080f WA nomesguaissof; B CRYYaE ee Cyme-
CTBOBAHWA CaMO Hode MOAYUEET HAANCHOBANHE ROMEALUGALHOZO.

PaGoTa DOTeHUHAALHOIO NOM DPH NEePEMECMERBA TOUKM A3 TOXOMENHA
A(xy y,) B nonoxenne B(x,, ¥,} passa [cu. n° 330, (3)] npocIO COOTBETCTBYIO
BIEMY NPEPRUICHH CEAOBOH (YRKUHH:

Uxy 30)—U (x5 yo)=U(B)—U(A). (12)

B xavecTse mpHMepa PACCMOTPHM MoOXe HBIOTOROBCKOTG mphTawenna Ecau
B HAYaAe KOOPIHMAT NOMECTHTD MAaCCY g, a B Touxy A —maccy I, To sT2

nocRennsA GYAET NPETACHBATLCA K UeHTPY O ¢ ciiofl F, pasHoA No Beapyaue

F =%,
*) Ecro pyccknft mepeson (Raa. Axageman Haye CCCP, 1947); cx. crp. 43,
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rae r= Y L9 ecrn paccroaane Touxy A or mayaxa *). Tak Xak KOCHHYCH
Yraop, COCTABAACMBX 5Tl cEAok C ocaMm, GYNYT, COOTBETCTBEHNO, — % n —% ,
T0 Npoexuuy CHIN F 1a oca BHPA3ATCA TAKS

x=-ti, =t

HeMocpencToenno ACHD, 9TO HEWTOHORCKOE NOXE ABMACTCH MOTEHUMAALABIM,
DOCHOABKY BHpRWEHHE

—t ax— dy 13)

caymer AEddepenugason gag dynkoan
o=
r 1

KOTOpAA W MCPaeT 3Kech POML ROTEHUMSALHOA QYAXUME; €e HAINBANT NOOMO-
HoocxuM nomengucion (tonn Tours ). Hecmotpa Ha wasaume cocoSofir rouxa
E HRYaXe KOODIRHAT — TaM GyakunM X, ¥ TEpOAT paspuwe, HHTErpad oT BHPa-
xenns (13) no 3aMXAYTOMY KONTYPY GYAer uyAem, Xame, eCAH ROETYP OXBAThH-
Baet HawaXo.

Tlpe nepemementt TOWKH W3 hoxowenMa A B noxoxerde B CHAM Doaa
nponsscayT padory [om. (12)]

R

—rs ryg?*

TEE Fy H g CYTHh PACCTORHHA To4eK A H B 0T HeHTpa.

2) Ilaocxoe yemauosusiuiescR mevense Hecoxusmaesmol scudxocmy. Ecnm
9epes ¥, v OGO0UHAMMTD CRATAIONIHE MO OCAM  BEKTOPE-CKODOCTH, 10, KAK Mid
BoidesH B 0° 335, 2), xoaHvecTBO WHMAKOCTH, BreKapulel B COWHELY BpeMeHN
uepes samuuyThit KoHTYp (K) BHYTpDL, panuo

Q=S)udx—udy
!

[ex. n° 335, (14)). TIpe orcyTcTaBH HCTONAHKOB H CTOKOB STOT EETEFPal BCErA
Gyaer uyaeM. OTCIOIA CRERYET, UTO CHATAWIIHE #, ¢ BEKTOPA-CKOPOCTH Meol-
I0AEMO ROXYRHCHH YCIOBHD

da | ov
5 + % =0,

Torna nopWHTerpassHoe BHpamenwe vdx—udy uMeeT Repaoolpa-
ryYo Gysuuno ¢ (My==¢(x, ¥), KOTOPYIO B FHEPOMEXAHHKE HAHBAWT @ynk-
Huel moxa.

Ecas paarTh m%io spEeye (AB), coemunAwMYE> TOYKH A ® B, 70, Kak

nspectHo [n" 335, (1 EOSHYECTEO KHAINOCTH, MPOTCKAMICA vepes Hee B ef¥«
UHIY BpeMEHH B ONPCREACHHYM CTOPOMY, BHPAXAETCR EATErpasoM

Q= Smodx—udy,
{

*) Takono Ke H 2MEKMPOCHIMUNECKOC NOAC KYAONOSCKOZ0 NPUMANCERUS,
COZJARNOE JADANOM @, NOMEmEHMEHM B Hauale (GCAM YUHTWBATh ACACTEHE MOzs
Ha 33pAREHAYO JacTRAY).
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npatdeM wanpaniepye Ba EKpuBoB (AB) mommno SHIL TeHMM, WTOSH HOPMAmD,
RAUDPABACHHAA B YNOMSHYIYIO CTOPOHY, COCTABSAAA ¢ WOJBOMATESHHO Ranpa-
Baguyoll xacarenbhoft yroa +§-. Teneph Mt BHAWM, YTO 5Ta BEARYHHA NONPO-

CTY paBHa PaanocTid 9(B)—¢(A) saavenuft PyHKIMA TOKA Ba ROHUAX kpHeofil

§ 5. SAMEHA TEPEMEHHBIX B JBOHHBIX HHTEI'PAJNAX
362. NpeoGpasoraune B3ocKkux obxacrel. IIpexmonomuM, 9T0 HaM

AaHW  JBE [AOCKOCTH, OTHECEHMHE OAHA — K NPSMOYrOABHEM OCAM
X By, aapyrad-—K TakuM we otoM § u y Paccmorpum B 9rEx

Ji

ANOCKOCTAX ABE OFpPaHHuCHHHE saMkHyTHe obazera: obaacrs (D) Ba nao-
CKOCTH Xy M oBaacts (A) ma naockocrn &,

HOHTYD WAH FpaHRLY Kammoh nme stux ofaactrell MR Oyaew Rpen-
NOAITATE ApOCTOf KYcOMRO-TAaAKo# KpuBof; o0o0BHAUHM ero CHMBO~
aoM (S) maa obmacra (D) u cumeonom (I) nmax  oGnacre ()
{puc. 37).

Ronycrum, yto B ofnactu (A) gana chcTeMa BenpepwBHuX (yHKUEH:

x=xE 1), ;
y=y('é, "B’} M

xotopan kaunof Touke (8, %) ofmacTu (A) OTHOCAT OABY ONPEAGACHAYIO
rouky (%, y) obaactv (D), npavem nu ozna Touka (x, y) w3z (D) me
Oyaer NpONyWeHa, TaKk YTC KaMNad Takad TOMKZ OTHECeH2 XOTb 0.AHOH
rouke (& %) n3 (A).

Ecam pasapannm Touxam (§, %) OTBENAOT pasausHue ke ToUKA (X, ))
(uTO MH Bripefy M Gymem HpPeAnOAarate), Tax YTO Kamuas Touka (X, ¥}
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orHecena ammb onmol Touke (, ), 710 ypasueuns (1) odwosmatmo
paspemnss  omuocumessio £ u ¥ nepemeunue § 1, B CBOX OUYEpeas,
AIBIMIOTCA OAHOBHAUHEIME QYHKUHIMA OT X, y B ofaacta (D)

E=E{x, 1), }

1a
=1 y) 1)
Takam oOpasoM, weway obnacrswa (D) B (4) ycrauasmaszerca
G3GUMRO ODKOSHAYNOE RAH O3KO-00HO3NAYKoe COOTBETCTBRE. [oBOpAT
TaK®e, 9T0 Gopwyau (1) ocymectsamioT npeodpaszosanue obsacmiu (A)
8 ofzacme (D), a dopuyan (la) HaoT ofpamunoe npeoCpasosanue
obzacmyu (D) 8 oCascms (A).
Honuepkses, uT0 npa 9T0M HeoSxommMo mouxaM roxmyps (Z)
OMBENANN UMENND moixt rokmypa (S), M HacGoporT.
INMpesnoaoxun, aanee, 9ro ¢yuxnys (1) He TOALKO HEOPEPHBHH, HO
u AMeT B (A) HeNpepHBHHE YacTHHE NPOESBOAHHE NEPBOro ROPAAKa.
Toraa u pyHxnaonamsHeld onpenesareas

dx dx
Dix,y) | &% @

DG %%

fApaAercA mempepuso gynkmuet o1 £ o » ofmactn (A). Byaewm cum-
TaTh, HTO SMOIM ORpedesumess ece2dq omaudes om Kyaz, a CAGNOBA-

TEAbHO, — N0 BENPEPHEHOCTH — COXPANRENt ROCMORKANYE SRak. I10
npeAnoaOMeHAe B nocaeayiomen Oyder UrpaTh BAXHYI PO/b.

Echa p3nrs B ofxacti (A) TPOCTYI0 KYCOUHO-rAamKyo KpupY® {A),
TO ¢ noMompw RpeoGpazoeanun (1) oHa nmepeflier B nopoGuylo e Kpa-
pyw (L) B obmacry (D).

Beflcrerrensho, nycrs ypaeHeHds kpupoR (A) Oyayr:

=86, =10
(e="t="B BM a=I=p) (&3]
apuueM (eCAM OCPANAYATBCH TAABKHM KYCKOM KDHBOH) MOXEO Cum-
Tath, 4TO dynxaEw §{f), W{f) HMSOT HempepuBHHE NPORBROANME, HE
obpamanwmuecs OAHOBPEMCHHO » HYaA» [loacrasasn sru

dyaxune B Gopuynx npeoGpasosanud (1), MH NOAYHEM NADAMETPHYE-
CKHe YpaBHEHHS COOTBeTCrEywmet kpupoft (L)

x=x () 16)=x{,
y=yE® 1)=y0. 5
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Jlerko Bagers, TG STA QYHKLER Takke HNEIOT HENPEPHBHHE NPOH3«
BOAKBIE:

LO=%tO+E10

®
yO=%roO+Z70

KOTOpPHE TOME HE MOTYT OAHOBDeMEHHo oGpaTHTLCS B HYAb, TaK 910
ocobux Touek Ha Kpusoft (L) Her.

HeflcTouTeAbHO, B DDOTHBHOM CAYYSS, BBUAY HEPABeHCTBA HyMO
onpenerntens gg' ;:;), ug (5) caenosano OH, 4uTG GEHOBPENEHHO
F=0 1 4/=0, 470 npoTUEHO NpeanoAOKEHHIO.

Ecam rouxa (¢, 7} Ma nnockocra & onAcEBaer BAMKHYTHH KOH-
Typ (A) CKawe, B MONOWHTEALHOM RANPABAEHEM, TO COOTBETCIBYIOMAN
TOUKA (X, y) ONMIIET TaKWe HEKOTOPHHA BaMXHYTHH we xoHryp (L) ma
NAOCKOCTH XV, HO NANpaSAenUe 20 MONCEmT OKRIAMSCK KAK Ro40-
NCUMEABRBN, MmaK i OMPULRMEASHUK. Boupoc 70T BABHCHT, X2K MBE
ysamum maxe [n° 864, 1°), or swaka dysKUMOHANLHOrO ONpEAEIMTEAS.

3aganne nmapw sHaueHsH nepemesuuwx £ ® 7 us ofmacre (A) onpo-
BHAYHO ONPEACHAET HEKOTCPYK TOuKy B obaacta (D) Ha na0CKOCTH Xy,
u o0paTHO, 310 A2ET OCHOBaHHE H uMcAa £, 7 HASHBETH Koopdunamansn
monex obaacmu (D).

Kpusywo, cocrapresnyw us touek obnactd (D), y XOTOpPHMX OZHA KB
KOOPUMHAT COXpaRRET NOCTOKHHOC SHAUCHHE, HASHBAWT Koopdunaminod
Aunuell.

Hanpumep, nomaras, B (1) 4==1, MH noayuuM mapaMeTphue-
CKO€e NPeACTAaBAEHUE KOODAMHATHOH JNHHUM;

x=x( ")
y=yE& )

(poas napamerpa saece wrpaer §). Heasnoe ypapuenHue TOH We
ZHHUW ROAYYHM, NOJArafs v==Ty BO BTOPOM u3 ypasHeuaH (2}

(X, Y)=".

B c¢assn ¢ TeM, 9TO KOODIHHATHHE JAWHAH, Boobwe rosopa, Gyxyr
KPHBHMNH, 4icaa § v XapaKTepHSywmHe NONOMEHHE TOUKH Ha NAQ-
CKOCTH Xy, HASHBAIOT KPUSOANCANNMI KOOPOUHAMAME MONKL

HNMpunagas Koopiavrare v pasAmuHHE (BOSMOWHHE AMA HEe) ROCTORH-
HHE BHANERHN, MBH NOJAYYHM HEJ0S CEMEHCTBO KOOPAWHATHMX JHHHAR Ha
RAOCKOCTH Xy, PRKCAPYA BRAYEHWE KOOPARHATH § MW NOAyuaM Apyroe
CeMEHCTBO KoopannatTHux JuHpl, [IpR HaAaYHR B32HMHO OJHOSHIUHOIO
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COOTECICTBHA NEKAY PACcCMATPHBICMHNMH OOAACTAME DAsSAUUHEE JAMHHU
CIHOTO W TOr0 Xe CeMeiCTBA He NMepecekaTca Memay cofol, H depes
moSyw Touky ofmactu (D) npoxomMAT no ofHo# AHHEE H3 KaKAOFO
cemeficTea,

BcS CETKA KOODAMRATHHIX JHHHAL HA MAOCKOCTH Xy sBARercA Waobpa-
WeHAeM CeTKH npamux E==const u m==const ma mnockocte &y
{puc. 37).

Nrumeern. 1} llpocrelimEM ® BawHeNmEM HpEMEPON KDHBOIMECHHEIX
ROOPIMHAT ABIAWTCA ROARPRHE KoOpdusams r, 0. Onp MMewT HarasKhoe rec-
METPHYECROC  HCTOAKOBAHHE, KEaR DOIAPHRI

FC-BEKTOP M MONAPHHA yrox, Mo MoryT GHTh
BBeAeHH H OPMANLHO, ¢ NOMOMBI H3BECTHHI
COOTHOMmEHRH:

(r=0)

Ecan anavenvn r # 0 OTkxagnBath 70 ADYM
B3AMMRO NEPUeHANKYIAPHLM OCAM, CUHTaH, CKa-
weM, r— abcunceolt, a § — opauuarof (zpu npa-
Bofi opEenTanEM ocCef), TO EKamxoft Touxe no-
aynaockoctd r220 ne yxasaueus QopmyisaM
OTBENAET ONLHA ODNpeleNcHHaA TOYKA Ha DAO-
CROCTH XY,

Yuraremo, BaBEDHO, IPHICIHAOCH HMETH Pac. 38,

NENO C OTHOCANIMMMCA K STOMY CAYYA® KOOpIM- "

HATHOIMH XHRBAMH: DPAMSIM r==const oTBEYawT

Xpyrd paiByca r ¢ HEHTpOM B Hadame, a NpAMuM 0:=const orpevanT Ayvd,
HeIoJAmKe ¥3 Hayama nox yraoM & x ocm x (pme, 38).

Onnexe B AagHOM cAyuae dopuyis mpeoSpasosabua poodme me GyRyT
ONHOSHANHO PA3pelUBMK: HIMCHERAC BeXRYANN yra2 § Ha 2kx (rue k—ieaoe)
HE OTDASHTCA Ha 3Havenmai X
H y. Bas toro urolH ROSYYHTH
BECe TOYKHM DEOCROCTH Xy, o=
CTaTOYHO OTPAHEUMTLCA 3Haye-
HHAMH

r=0, 0b<in

X=r cosﬂ,}
==rsint

Yy D

§'\.

iy
{1 M 7
/ /____//////////ﬂ//_’

Kaxno#t touxe (x, ¥), orananoft
OT Havama, OTBEyaeT ONHO 3HA-
venpe r 0.1 onno 2Havedue 9
B yKkasaARRI npegesax. Ho we-
YCTPAAUNOE HaPYIICHHE OJHO-
Puc. 39 BHAYHOCTA COOTIBETCTBHA CBA~
R 3300 ¢ HAYAAOM KOODAMHAT: TOU-
ke x=y==0 oTBeHALT HA
naockoeTH 8 Bea och 6 (MaM, ecam yroAHo, oTpesok ee or O=0 g0 B==2m),
PaccMOTPHN Ha HIOCKOCTH r0 aMeHyTHA mpamoyroseex [0, R; 0, 2x] uan
oefly (pHC. 391),; ACCHC BRAETH, YTO HA NXOCKOCTH XY €My OTBeHaeT SaMkHytult
Xpyr, OMMCAMBHE BOKpyr Hawaxa O paguycom R==0A. Ho pecs kouryp
STOro Kpyra OTBEUAET ONHOH FHIDB CTOPOHE of YNOMAHYTOrO NPAMOYFOABHARE;
croposas oz B fy (oGeuM!) oTsewacT OKHE H TOT We parmyc OA xpyra; HakoHe:,
BCefl CTopOMe o] oTsevaeT aHmb Towka O. 3mech ABHO He coGAomeHn yKa-
33HABE B MpeZnAyIieM HoMepe ycaommal
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QnRako, ecan CABMHYTH CTOPOHY of HMa Malyl0 BENBUHAY p==od', & CTOPORY
YR —Ha s =pf', TO AOBONY NPAMOYTONBHMKY o'af'f’ GYALT OTBEYATH Ha MAOCKO-
cTH Xy Qurypa FPAB'C, moayyes.
Hajg H3 KpPyra YXAAAEHHEM MaZoro
KpyTa PARHYCA p H CEKTOPA C LEHT-
PISLHHK YrIOM & C COOMOXERMEM
¥ke BCex TpeGopaunfl. [Ipr nepe-
MEIREHHA TOMEA Ha NNOCKOCTH 1§
no orpeskas of, P, 1, o'a coor-
BETCTBYIDINAA TOYKE Ra NAOCKOCTA
Xy ORNMIeT mo N ¥: HEROAYD
oRpyEHOCTL AR’ ipmyca R), or-
peaor B'C’, RenoABYID OKPYRHOCTE
C'0O' (panmyea p) n orpesok (FA.
3aMerHM RONYTHO, Y10 AONOKHTENE~
HOMY ofxony Ha ngockoctH 10 or-
BeYJET NONOKRTEALHHA Xe ofzox
HA TAOCKOCTH Xy,

PynxINonATLRRS OApEACAHTEI,
b NERHOM CAYRae paBeH

D{x,y)_ |jeoed—rsnd —=r
D, 0) |sind roost|

Prc. 40. O coXpanser (€CAM WCXADUATE Ha-

H8A0) ROROEMTEABHHA 3HAK.
2) Hnoraa yaofmo manepen SalaThed CeTKOR XOOPAHHATHNX
AHHAN H N0 HEM YCTRHOBHTL CHCTEMY KDPRBORHHEHHMY KOOPIMHAT.
Paccmorpsm, wanpumep, Mua cemelicrsa napatoa (prc. 40)%

y=2x 1 x'=y
KAXAOE H3 HHX B OTEENRHOCTH 32M0JHAET BCIO TIAOCKOLTH Xy (€CAA HCKNKUATDH
OCR XOOPARKAT),

Ecrecreenno spectn §==2p 1 q==2g B KavecTse XPUBOANKERHKT KOODARNAT,
Hz pasercrs 3 ==%x u x?==yy HNeeN

Ty __t _x
x=7Ef y=y P u E=v‘{:-, 1= (% y70)

Onpeaeanteap 3mech papen

| -33 11

3 Sl 3

Ding_|F¢ "% FE N 4

Pew 2 31353 ¥
EL T 1 3

8563. Bupawerue naomazu & kpraoannelipx koopamnarax. Mpex-
NOXOKHM, YTC HA DAGCKOCTH Xy 3agama Hexoropas ofaacte (D), orpa-
HHYEHHA% MPOCTHIM KYCOSHO-rAaikiM KOHTypoM (S). Ilycre dopuyan (1)
YCTAHABNMBART  B3ZHMHO OZROSHAYHOE COOIBETCIBME MeXAy 3T08
obracteio u ofuacrelo (A) Ha wiocKocT §y, OrpaHuueHHON MONOGHMM e
xoutypoM (I).
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MH COXpaHHM BCe NPeAnoAcHsHnA n°352 OTHOCHTEABHO STOMO
npeoGpasosanes obaacTet H, CBEPX TOro, eme MNPeANOACKHM, YTO Cy-
IECTSYT M HempepueHH B ofmacTa (A) cMellaHHHe DPOHSBONENE
BTOPOro HOpAAKa BA KikoH-anGo H3 $ymxuud (1), ckameM:

dy . Oy
L7 LY
(8 cuay HeNpepeBHOCTH, OHH OYAyT ¥VIMETh DaPHHE 3HaueHmd, n° 147)%).
IMpr sTAX NPEANOMOKEHHAX MOCT4BHM cefe saflavell BHpasRTL NAO-
mane D paccmarprBacMolt oBJICTH HA NAOCKOCTH Xy B BHEE HBoOHROro
HETErpaa, PacOpOCTPIHEHHOrO Ha OOAZCT: A Ha DAOCKOCTH §n.
Mu Gymem BcxoaRTL M3 (OpPMyAN, Bupawawmied nmromams D kpH-
BOAMHEHHBM HHTErPaIOM, BIATHMM NO KOHTYPY ($) ofmactw (D).

D=(§'xdy ®

[en. n°347, (4)).

MNnaan aamRefimux npeoGpasopanmit TaxoB: CHAvAZa MH nepefizes,
ROALIYACH MAPAMETPHNCCKUMYE YPABHGHEAMH KORTYpa, OT KPHBOJAHHER-
Horo HHTerpana (6) K OOCHIKHOBGHHOMY ORPCICHCHHOMY HHTErDaNY.
arem npeoGpasyeM STOT NOCAGHAHAN ONATL K KPHBONHNEHHOMY HMTET-
pANY, HO BSHTOMY HA STOT pas ywe no Kourypy (I) oGaacra (4). Ha-
KoHell, mo/Layachk gopuyaoft I'puHa, saMeHuM noayueHHHH xprpoansed-
HiH HHTErpan EBONHEM HuTErpasoM no ofaacra (A).

Bo ucnoasesse sTOr0o MAaHa HaM HYXHH NapaMerpHuECKAe YpasHe-
Hur xontypa (8). Tak kaxk B faapneiltaeM MH MMEeM B BHAY RepefiTH
X KoHTypy (D), T0 & ceilvac MH NPEANOUHTAEM HCXOAUTL WMEHAO
H3 ypasHeruwfA sroro kouryps, [lycre (3) ZAaer napaserpuaveckoe
npeicrapachue kpusoft (E); TorAa (4) AacT, OUEBRAHO, TAKOE WE
npeAcTapneHue AAn KpupoH (S), AOCKoMKY [Kak cCReIyeT H3 HamiMX
npeanoacikennf, n°3852] uMeHHO ©OHA COOTBETCTBYET HA IVIOCKOCTH Xy
xonrypy (Z). Flpeseast o » P moMenenmd ¢ mu eulepeM TaK, uToOW
nps nepexoge or & K P Kpusaa () ONHCHBANAL B NONCKHTCABHOM
HanpaRAEHRH; STO BCETH4 MOWKHO CIEJNETD,

Torxg, cornacHo dopryae (5%) n° 331,

D= fx O Bt
HIK, €CAA NPHHSTH BO smam‘ (4) a (5),

D= fx(ea), 10[Zro+Fv o] G

#) OrueTsN S06CHh Ke, YTO STH NOTOARHTEIEHHE NPENUONOXEHHA Hecyimie-
CTBEHHS AAA CUPABEAIMBOCTH OKOHYATENLHOTO PEIYALTATA M BBEJeHH ARMbL AJA
oSnergenns fOKAIATEABCIBE,
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CONoOCTaBUM STOT AKTErpaid ¢ KPHBOMMHERHHM RHTErPAIOM
5.::(5, »(Fat+Lan), ®
)

BSATHM N0 KoHTYPY (I) B MoaoXMTEnsHOM Hanpapaenns, Ecan
NOWEZITh CBECTH NOCACAHAR no OCHYHOMY nPaBHAY K OCHKHOBEHIIOMY
ONPeReNCHHOMY HHTerpaxy, TO MPAWNOCs O DOACTABAATL CIOAA BMECTO
€ 8 n dynxunn () v 7(f) U3 napamerpuvecknx ypaeHeHmlt kpusoli (E),
A MH BepHy/mMch OH K uHTErpany (7).

BrpoueM, HykHO ®MeTh B BHAY elte OZHo ofcrosredncieo. Iipu
HaMeHeHHH ¢ 0T & 10 [ ODMCHIBAETCH P MOMONHTEARHOM HANPABACHUH
KOHTYP (S} —Tak MH BuGpaam srd nmpefAean. Ho wouryp (I)
NPH 5TOM MOXET OMUCHEBATLCH KK B NONOMHTENHHOM, TaK M B OTDH-
LOTEALHOM HanpaeaeHuy; Taxue oGpasom, uarerpanw (7} r (8) moryr
Ha DeAe DU3ANTHLCE 3HAKAMH. Bo BCAKOM cayuae

p=i{£x%d&+x%m ©)

nprueM (NOAYEPKHEM BSTO €Ule Pas) SHAK HANC UMeem Mecmo, ecan
RoAoNCUmesbHOKY 00x0dy Konmypa (S) omoeesaem nosoxcumessnulé
ace ofx0d wonmypa (L), U 3HAK KUKYC — 8 NPORUBKON cAYRae,
Ocraetcd, Hakowen, npeoCpasopaTs NOJMYYeHHHA KpEBOJMHERNHHA
MHTErpal 8 ABOAHOH, JlAA STOrO HEDAEKHT BOCHOAB3OBATECA (GopMyNOR

I'puna
.S.P(E’ D&+Q6 n)dn=” (G —5) dtan

Fe mojaraem

PG O=+F, Q& d=s%

0Q __dxdv

F=Fntraw

oP_ dxdy dy

=% < %o
2 CMEMIGHHEE NPOHSEOAHKE BTOPOrO NOPAAKE OF ¥ PABHW MeXOy Co-
Gofi, TO

Q_oP__Dixy)

% " D&’
B MH NpAXoauM k dopMyae

— Dix, ¥)
D=zt &SD@ Dty

Taxk Kax
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Mu sagers n°852, uwro npH CEEJIHAMX NPSANOAOKEHAAX Onpe-
JERNTEND _ D {x, y)
I& V=3¢

coxpanser B obaacti (A) onpelereHHHA BHAK, Dror e BHAK AMEeT
R marerpaa. Ho nepen HuM eme cromT ApOHHOH sHak —X; Tak Xak
B PeSYALTATE AO/MKHG MOAYUHTHCH CYMECTBEHHC NOJONKATEAbHOe wicno D,
TO ACHO, YTO 3NaK Reped uxmezpasoMm cospnedaem ¢o IHaKOM onpe-
desumesn. EcAv BBECTH STOT 8HAK B MOAMHTErpaAbHyIo GyHKUHIO, TO
T3M NOJAYYHTCH, QUCBHAHO, a6conOTHaA BEJAAYHHAE onpeAeauTeNn,
TAK 970 OKOHYATEALHOE Belpawenue HAa naowann Oyrer

D= ‘Ls %%’-%)ldi dn= 5:&'5 I/ o) |4t dn. (10)

310 7 ecTh Ta DOPMYHA, KOTOPYIO MH HeNa/H YCTaHOBHTE,
IonarTerpasutoe BHPaXeHAS

|56 |#dr=176 Dldtdn

OOHYHO HASHBAKT SteMeNmon niowady 8 xpusoauneldrux woopduna-
max. MH BHAeAH, HanpHMep, YTO B CAY4ae NePeXoNd K NOAAPHHM KOOp-
HuHaTaM (YHKUMOHAMBHME olupefeanTesb PaBeH 7, CIEAOBATENBHO, 9Ae-
MEHT MAQLIAAA B MONSPHEX KOOPAWHATAX ecte rdrdi.

854, JonoanuTeAbkble sameyanus. 1°. Ecau comocTaBHTs NpaBRAOC,
no KoropoMy EMOEPaACH SHAK, DMOC WAW Munyc, B dopuyne (9), c Tex
¢$aKTOM, 9T0 STOT SHAK HeOOXOAMMO COBNAJAET CO SHAKOM (YHKNHO-
HANBHOTO ONpelesHTeAss, TO NOAYNHTCA HHTEPECHOS CAEOCTOHE: ecsn
smaopt onpedeAumest COXPANTEM NORCHCHMEASRNIL SHAK, MO NOAONCH-
meabKbie Hanpasaenus o0xoda xornmypos (S) u (E) coomsememsyom
dpye dpyay no Hopayaam nNpeolpascBaKus; ecsll e onpedesumeis
uNeent OmpugaMmeAsnul SHaK, Mo NOACKCUMEABHONY KANPASACKUID KA
OOHOM KORMYpPe COOMEBLMCIMEYEN OMPULANIEASNOE RANPABACHNE HA
apyzom.

OuepHAHO, BTC Me HMeeT MecTO R MO OTHOWEHHMI0 K MoboH nape
B3aUMHO COOTBETCTBYIOHIEX TPOCTHX SaMKHYTHX koutypos (L) m (A),
Aexcamnx B obaactax (S) » (E). IMoayuyenusil pesyALTAT JerKo mpo-
BEPAETCH HA MPHMEPAX, NMPHEEAEHHHMX B 1n° B52.

2°, IIpvmenss k ¢opuyae (10) reopemy o cpeanem [n° 341, (9)],

MOAYSHM COOTHOMIEHRE .
D=[JE ]-4 (15

rae (£ %) ecTh HekoTOpas Touka ms obmactz (A), a A — maomans 5ToH
obnactu,
Conocrapud 310 cooTHONleH®e c dopryach Jlarpanxka

fO—f@=rAeE—a <P,
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Ecmn x=Ff () ecTb MOHOTOHHAA (PYHKEHA, TO OHA BSAMUNHO OXHOSHAYHO
CBASHBaeT npoMeXyIok a=si{<IB ¢ npomexytkom f(w)=<x=_f(P)
(ann FP)<<x=<<f(2), ecan F(¥)— yOupawoiag ¢ynxuua). OGosnauun
DAHHH STAX NPOMEXYTKOB uepes 8 u ; TorAa dopmyna Jlarpauxa
OpUBOAHT K PABEHCTBY o

d={f'(¥}3, (12)

CXomHoMy ¢ pasetcThoM (11),

Ecan 8 dopuyse (12) <cxmMars»> npomexyrox [s, §] B Touky §,
TO B pESyAbYaTe NMOMAYYHM COOTHOINCHHE

I/ ®=tim<,

TaK 4TO a0COMOTHAA BEAMINHZ TNPONSBONHON ABAAEICA Kak OW Kosg-
guguenmon pacmsayxcenus npawod £ (B AaHHOW e TOuUKE) IpH Npe-
006pasoBaHuK ee B IPAMYID X,
Toudo tak xe us dopwyaut (11) nyrem ecxaraas obaacta ()
B 109Ky (%, %) noayuaem
/& Bl=tim 7,

TaK uTO aGCOMOTHAA BEAHYMHZ (PYHKUUONAABHOIO ONpeAeAuTeNs Hrpaet
poms woxffiugnenma pacrmaxcenuan nnockocrd & (B AaHHOHR €e TOYKeE)
npH NpeoGpasoBanuyd ee B NACCHOCTh XY,

310 sameyaHue NOAYEPKHBAET emle Pa3 FAYOOKYK AHAJAOTHIO MEXAY
NPOHSBOAHOR @ (YHKIROHAMEHKM onpefemmteres [cp. raasy XIX)

8° ®opuyna (10) nokasueaeT, yTO NpA GESrPAHMIHOM YMEHBUICHWE
#aomamy 4 Takwe O€SrpaHHYHO YMEHBIBAETCS W COQTBETCTBYIOMas eft
naoany D). Orciopa ye 2erko yCTaHROBMIL, Yro IpeoOpazopanme ofaa-
crell, nsyyeHnoe B n° 352, oGnaNaeT H CAGAYIOWMM BAXHWM CBOHCTBON:
xpusyw (A) ¢ naowadsw, pasuoii Hysw, & oSaacmu (A) ono nepesodum
& nexomopyio xpusyw (L) 8 obaacmu (D), maxace nmeryyw nyseeyo
RAOWGOS,

4°, dopuyna (10} BuBeAeH2 B NPERMOAOMEHUH BSAMMHO ORHOBHAM-
HOTC COOTBETCTBH# Mexay obaacramn (D) u (A), HempepBHOCTH (YHK-
uuit (1) B HX YACTHHX NPOMSBOAHWX, @ TIKKe COXPAHEHHA BHAKA ONpE-
Bemureaem (2). Oawako Ha APaKTHKe OGHYHO DNPHXOWTCH CTAAKH-
BATECA CO CAYYAANH, KOrfa STH OPeAROAOKEeHHA HAPYMAWTICE B OTALAb
HEX TOYKEX #AH BAOTL OTAEALHHIX KPUBHEX,

Ecrs ymoManyTHe TOUKH H KPHBHE HA OGEHX INJIOCKOCTAX NOTYT
OHTb 3aKMOYEHH B RNPOMSPOALHO MaJWe ho NaCutain obractu (d) u (),
TO 00 BHACACHHH HX GOpMyAa yke CTAROBHTCA NpEMEHENOH:

D—d= SS |JG )| dEdn. (10a)
8)—®

*) o cyrn aeaa Mw napdepenunpyem nurerpax (10) no obsacrs B TOWKE
¢ n) [n° 342}
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ITycrs dynxnmonamennA ofipefenntens B obaactn (A) coxpsmser orpa-
HHYERHOCY B!

IJ G’ 7]) I‘;M;

TorAa wHrerpaa (10a) paswurcA or mererpana (10) wa pemmuny

5196 Dicar<im,

@)

Tlepexonn B (10a) % npemeny npw d u 8—0, Boccranosum dop-
wyay (10).

Ina wamocTpaunre EcpHemcAd K npawepy 1} B n°352 u x durypaw,
nsofpakensuM Ha pac. 39, HenocpeActsenHo K NpAMOYTOABHHKY
A=[0, B, 0, 2=] u Kk xpyry () pazuyca R (C ReHTpOM B HKauaxe)
dopuyay (10), xoTopesa EAS DYOre CAY9aA MPRHAMAET BRI

D=§§rdrdﬁ,

npRMennTs Heasas., Ho ecaw sHEMOuNTH samTpuxoBaMHme ofaactn {mac-
IlafH KOTOPHX BNECTE C p R ¢ CTPEMATCA K EyAw), TO K Noayyaw-
DIHMCA OONAcTAM STY OpMyAY NPEMEHHTD MOXHO; OCTacTCa nepefita
K TNIpefeAy.

355, leomerpuuecknfi ameon, Popuynsa (10) pumegena mamu ¢ no-
NOMBIO, XOTH ¥ NPOCTHX, HO HE HATAAMHHX paccyxiennit. M mpa-
BefieM Apyrol BHEOA STOH ¥y
QopMyH, COBepWERHO npoe 7 P 3
apavasif ¢ reoMeTpRMECKON s %

CTOPOHE, OH  OPREALICKHT 5
OcTporpanckomy [cM, nume & %
n° 359). 7 di

PaccworpeM  ¢HoBa mpe- 72N ‘S
ofpasoBanre nAOCKOCTR &
B NAOCKOCTH XY, KOTOpoe  ° I3 § &
sagaerca ¢opmynamu (1), Bu- & 4
neanM Ha naockocra 5y Gec- Pue. 4L
KOHEUHO MaAHii DpSMOYroas-
Aok ILILILIY, co cropowamm 4t m dn, napamnempumme ocam § B
(prc. 41, a). HsoGpakendeM STOIO NPAMOYrOJLHHKA B NAOCKOCTH XY
CAYMUT KPRBOAHHeAHHH ueTHpexyrompHuk PP PPy (puc. 41, 6);
ORpefieAAN €10 MJAOMA/b,

Bepmntsl nNpaMOYroAbHEKa Ha MIOCKOCTA §n BMEOT KOODAMMATH

ME» hET& 9, OEd n-Fdy), LG n4-da)

-t

=T
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B TAKOM CAy4ae COOTBETCTEYIODINE BEPIIHHW KPHBOMIHEHRHOrO Yermpex-
yroapiaka OyAYT HMETh TaKie KOODHUMHATHL

PixG n y6 )

P45 v), yG-LdE )
PG4 nt-do, yE-Fdt q4-dy)
PG ntdn, y& n-+dn).

Ecau OrpaHnyATEC WISHAMH NepBOre Mopsaka ornocateavio 45, dy, 10
NPAGAHMKEHHO MOXHO B3ATH TOUKM

P 5) P,(x+-‘?fde, y+%a),
Plst+F o+ Fan y+ % a4 )
Ps+3Ean y+2am),

rae x=x{ ), y=x¢ %) u, s006me, BCC TDOMSBOANHE REIHCICHH
B 1Touke (5, M) Tak Kak npoexuus orpeskch P P; 0 PPy Ha ofe ock
COOTBETCTBEHHO DABHH, TO OTPE3K 3TH PABHbH H NMaPATAENLHH, TAK YTD
€ TOIHOCTHIO A0 MA/HX BHCIIEMO NOPAIKA YETHPEXYTOABHAK PiPyPyP,
eCTh MAPAAASAOCrPaAMM,

Ero miomaze papnz YIBOGHHOM NAOMAAW TPeyroAbEuka P,P,P, Hs
AHAAHTHYECKOR JKe FeOMETPAH M3BECTHO, UYTO YABOEHHAA NAOMAfb Tpe-
YrOABHHKA, BEPUIBHH KOTOPOro HAXODATCA B TOMKax (Xy, ¥), (¥ Vo)
(X3 ¥s» PaBHa aGCOXWTHOR BeANUYHHE ONPEAESAKTENA

Hg=—Xy Xg— 0
»B—Ys Ye—a|

Ipumersa sTY OPMYAy X HAIEMY CAY9ai0, NOAYYGM, 9TO HCKOMas
nAomans (CHOBA— C TOYHOCTHIG [0 MANKX BHICEIEr0 HOPAAKA) pasHi
Aa0CONWTHOR BEAHYNHE ONPEACANTONH

dx o, 0x
& o D(x: .‘v’) & d
dy & dy dn “D@Ew
w®T M
Hrak,

maom. PyPPPi= l%[ﬁ an.

Pagnaran darypy (A) sa naockocTn & NpEMMMNE, MapanAeb-
HHMA OCAM, HA OECKOHEYHO MaAHE NMPAMOYTOMLHAKY (B npexeSperan
<HCNPABHALHEIMHY SACMEHTAMM Y KOKTYPA), Mb OJHOBDEMEHHO Dazfo-
wuM M durypy (D) Ha naocKocT? Xy Ha KPWBOABHeHHHe ue-
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THPEXYroABHHEKHA paccMOTpeHHoro puga. CyMMupys TOayteHHme
BUPa¥EHEn JaR naomlageld MX, BAOBL MpHxozrM K dopuyae (10) ).
[TpaBeaenuoe paccymxaenne OCTpOrpanckoro, TakuM o5pasoM, Ion-
YEPKUBAET BAMHYI0 TEOMETPHURCKYI BHel: cyunocms hopayan (10)
cocmounm 8 mox, wmo daq onpedesenus nmaowiadn guzyps (D) sma
diuzypa passazaemcs ke Ka MPodUBROKKNE NPAMOY2ZOA6KNE HACMERNLY,
€ HOMOWBI) CEMKE NPAMBX, NAPARICALHUX OCAM, & NG KpusonNel-
HNE BACHENMIN, € NOMOWSK Cemkiu
Koopdunamunx sunail. y
B HEKOTOPHX NPOCTHX CAyYadx
MOXHO  HEeROCPEACTBEHHO HaXOIHThb
BHpaWEAHE <9JEMEHTA NAQMAJHs B
KPHBOJAUHEHHHX KOODIHMHATAX MOMTH ar
Ge3 eHUUCACHRE,
Hanpesep, B caydae mnepexoda 2
K HOJAPHHM KOODOHHATAM  MOXKHO a8
PACCYMOATD TAK, DAEMEHTAPHOMY Tips-
MOYIOJBHAKY €O CTOPOHAaMH dr u 49
B IMAGCKOCTH t0 HA MAOCKOCTR Xy OT- Prc. 42,
BewaeT ¢urypa, OrpaHHdeHHam JAyraMmu
OKPYXHOCTEH panuycoB 7 H 7 dr H NBYMA AyYaMp, HCXOAAULEMHM H3
Havaaa mox yraaMu 9§ v 0-+d0 x oce x (puc. 42). IlpunAmas nprGan-
HEHHO 9TY (HIYDY 3a NPAMOYTOULHEK €O cTOpoMamn dr W rdb, cpasy
NOMy4YaeM HCKoMOE BHpameHue rdr d) snemsenra nnomaan,
356. 3amena nepemenmuXx B Apofinwx wHTerpasax. Pacemorpas

ArofiHo#l nHTErpaA
§D§f(x. ) dx dy, (13)
)

<
L)

rae ofaacTe (D) orpaHnuenz NPOCTHM KYCOMHO-TAAMKEM KONTYpoM (S),
a dynxuua f(x, y) Henpepupnz B Stoft 06aacTH,
IlpeanonoxuM femeps, 4re obaacts (D) ceasana dopmyasama (1)

x=xE ) y=y&»

¢ mekotopoft obaactele (A) na mnockoctn B ¢ cobmomeHweM Beex
ycaosuil, npu KoTopHx MH Busofmam B n° 863 dopumyay (10), empa-
waomyw naomass ¢urype (D} B KpuBOMMHeHHHX KoOopAAHaTax **),
Tlocrasem cefe nexplo, saMeHsd Nepemennuie g mHTerpane (13), mpen-
CTaBRTh €0 B BUAE HHTErpana, pACHPOCTPEHCHHOro Ha o6aacTs (A)

Herpynno c¢peaars 3T0T BHBOA M COBEPNIEHHO CTPOTHM.
**) M nipennosaracs, TaknM OoGPadoM, Talke CYHIECTBOBAHHE W Henpee

PHBHOCT: CMEMIAHHWX FRPOHSEOAHWX BTOPOrC TNOPANKa Fm " owE Cp.
cHocKy Ha cTp. 279,
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Oas sroro pasofbeM ofnacte (4) ¢ noMompio HEKOTOPOH CeTKH
KYCOYHO-I/IABKHX KDUBHX #a dacta (A (=1, 2, ..., n} Torza
ofaacte (D) COOTBETCTBYIIBMH (TOME KyCOUHO-TAINKMMM) KPUBEIMH
pasobverca W2 wactu (D)) (puc. 43, @ 0). B kawmoR wuacrm (D)

¥

Puc. 43.

BHOSDEM NPOHSBOALHO RO TOSKE (X, y;); HAKOHER, COCTABHM
HHYErpaspbHyw CyMMy 2aa muterpana (13):

o= é;f(xa o,

KOTOPad AMEET STOT MHTErpan CBOAM NDEUEAOM TPR CTPEMACHHE Han-
Goasiiero ua mHaMeTpoe obaacret (D)) k nymo,
Npuuenae x xaxaoh vacta (D) dopuyny (11) [u°8564), Gyaem
HMETH
Di=[JG» |-

rae (, ;) ecs mexoropas ompenenemnas Touka obmacta (). 3ame-
HiE B CyMMe o Kaxioe [); oThM BHDaXeHHEM, NOAYIHEM

c=§]f(xa. I IGo w4,
B TO BpeMAa Xak TOYKa (E. ;f,) JaeTcs TeopeMoH © cpeAHeM B B ee

peifope ME He BOJbHH, TO9Ka (¥; y;) Geperca B ofmact (D)) comep-
WeHHO NPOHSBOABLHO. Foasay:ach STHM [IPOUBBOJIOM, NOJONKMM

H=xG w H=y& W
T. €. putlepeM B KauecTse Touke (X, y,) Ty TOuKy obmacra (D), ko-
TOpas oOTseuaer Touke (%, ;) ofazctm (A). Toraa cymma o nps-

MeT BUA
o= DG )y Co W) ICo w45
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B OSTOM BHJE OHZ, OYSBHAHO, ABAATCH MHTErpaabhoR cymMolt mas
URTErpana

{ Sf(x(i, B y6 MIE D[ ddn (14)

[T

Cyilectbosaine 9TOT0 HHTErpaAa BWTEKEET HB TOFQ, NTO NOTHHIETPaib-
Had QYHRIHA HenpepusHa.

Ecan sactapuTh Tenepp JAMaMerps Beex oGaacrell (A,)) crpemkTeCa
K HYA0, T0 DO HempepHBROCTH ¢ynxknuft (1) w svaMeTpH Beex obhaa-
cret (D;) rake Oyayr crpemutsca k wymo, Torma cymma o poaxHa
CTPEMUTBCA Hak X Wuwrerpasy (13), Tak m Kk murerpaay (14), n6o nna
000X OAHOBPEMEHHO CAYWMHT mHTerpansiioft cymmolt. Taxum o6pasow,

505)‘(«?. y)dxdy=§§f(x(§, D y6 WG D&dn (1)
(!

Bra dopwyra m pemder NOCTABACHAYO 384Rayy — O SaMeHe nepe-
MEeHARX B ABONHOM unrerpajie, Popmyaa (10), ouepmano, ApARercA ee
YaCTHEM CAYYaeM # ROJAYY4eTCH OTCIOMA Npn fix, VI=1.

HraK, 048 mozo, 4mole OCyecmennts 30.4eny nepeMeRRNX 8 dgol-
Hox unmezpase (13), wyaxcno we moassko nodcmasums & dyuxguio f
suecmo X u ¥ ux ewpaoxenns (1), Mo u 3aMeHUMS ZAcreHm nao-
wadu dxdy ezo swpamcenusM & KPuSOAUReHiRNX Noopdunamax.

C noMomipio coolpawennfl, 2HANOTMUHLY NPHBCACHNEM B u° 364,
4°% W amech AETKO YCTAHOBHTH, ure dopmysa (15) coxpasser cnpaben-
AUBOCTL B PANE CJIY92€B, KOFAA YCAGBUH, HANOMEHHHE Ha npeobpaso-
BaHre (1), HApYMAWTCA B OTREABHHX TOUKAX HAH BUONb OTASALHEX
JHHEH,

357, AHaZOrHE ¢ DpocTeM HATerpaxon. Huterpald wo opHeHTHpOBARNON
o6xrceTh. Popuyaa 3aMenn mepeMeRHHX B NBOREOM HHTErpale BechbMa CIORMA
¢ dopuyaolt saMehd mepemenHoft B NPOCTOM OUpPENCACHHOM HHICTpaNe:

]
Sf(x) dx = f fE@XOE (16)
a [

Onnako » dopuyse (16) orcyrersyer 3HaK AGCONOTHOR BEHUHAN, 4YTO Yyue
HeCKONLKO HApYMAeT AHAMOTHIO. JTO pacTomaenHe obbacAserca mpocro. Tlpo-
CToff onpeneXelHLlt HHTETPAnA GepercA N0 OPHEHNTHPOBAHHOMY Dpo-
MEeXYTEY [n° 180]: meAb & MoXer OHTh M MeRbmie u Goabime §, paBHO KaK
R o womer Ourb n mennme W Gospwe P. B 1o me spema geofipolt wATerpaa
MW A0 CHX ROp paccMaTpHBaid IHML D0 HEOpHEHTHPOBAHHORA 06-
AacTu

MoERO, OIHAKO, B B CAYYae ABOAHOFO RNTErpaxa nepelitu X paccMOTpenro
OpReuTHpOBARHEX ofaacreft. OpHerrauns oGaecTh CO3AZETCA TEM, YTO €€ KOH-
TYPY TNpHASETCS c:geneneuﬂoe BanpagAeHne o6IONA - NOACKHTEALHOE HAM
orpamavessioe [n*832]; oamoBpemermo Takoe e Banpasaeane o6XoRa npH-
JEETCA M BCEM ZAMEHYTHIM TIPOCTRIN KpHBHM B npeneaax ofaactd. Ecam Bu-
GHpaeTca NOZOMHTEALHOE Hanpapaenme ofxoAs, TO TOBOPAT, YT ofAaCTe
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TIGAOKKTEALHO OPEEHTHPOBARA, B NPOTHBHOM Xe CAYYAe — YTO OHA OTPHUATEABHD
OPREHTHPOBEHE.

BctectBeHHO YCIOBMTRCA ad opHeRTHpOBaEHOA ofnsctE (D) B RavecTRe
nxowany OpaTh e¢e OOWEROBERHYW NAOWARE €0 3HAEOM RAPC, eciy 06AacTL
OPHCHTHPOBAAA NOROKHTENLHO, H €O 3HAKOM MEHYC-— B DpoTHBHOM cayvae. [Ipm
pasaomennd 06xactH (D) na vactu (D) 919 YacTH, XX YKAWBANGCH, OPHEHTH-
py®wIca COraaCHO ¢ OpMedTauHefl Brell OOMACTH; COOTBETCTBEHHWM OBpAION
CHAUWANTCA FHAKAME B HX NACUIAAH.

Temeps, o opAeATHpOBARHOK obxactn (D) Moxuo no ofpasuy
n® 338 nocTponTh NONATHE EBOHHOrO MHTEIpaNa

S Sf(x. y)dx dy,
[F4)

PPEYCM STOT HHTEIPAX COBDALACT € ONpeNeNCHHWM paHBINe, ecad ofnacTe
HMEeT NCIOMATEALHYM OPHCHTALMI, B OTAMYAETCA OT Hero 3HAKOM B CAyUYae
OTPHIATEABHOH OPHENTALMH.

Dra HORAA TOUKA 3PeHNS HA ABOUHON HHTEIpal WO3RONAET NMPERNE BCEro
dopuyay (10} n° 353, ewpakaomyio nHOWaAL B KpHBORHHEHHHX KOODAWBATAX,
nepenncath Ge3 sEaka aGcommTHOR BesuwHAsl NPY GYHKOMOHAALHOM OTpPeAR-

ARTCOE: D )
_— Xy ¥ —
D= gj &I gy = SSJ(& Wi dy,

)

€eCAW TONBKO oprHeHTanuw ofxacreft (D n (gg“’nf;onssonnn
corfacoBaHA o0, 310 NPAMO CIEfyeT H3 3aMcusuun n’ %

Tlpu Tom me ycaoeRH dopuyay (11} n°354 momHo HanucaTh Taxwme Ged
adada aG¢coAOTHOA BEARVAHM:

D=JE 74,

¥ B Taxoft dOpMe ORa CAYEHT ecTecTBeHRHM olGolmenweM dopuyaw Jlzrpanaa.
Hakoner, Tenepb ¥ ofmaa dopmyaa (15) momer Oute HanWcawa AAA CoO-
TRACOBAHRO OPHEHTHPOBAHHKHX of0nacTeft (D) u (A) B BHAC

SS fo5, axdy=( {760 56 MIC D &an
(o] (EY]
Taxnm opasom, CTORIO AMWE ROCTABHTE NPOCTHE H ABOAHHE HHTEIPAIN B O X H-
HaXOBHE YCAOBHA, YTOOM aHAAGIMA CTa’a Noaxofy

Bnpoued, B faanhefidles HINOMEHHA NW BCe ke BepHesmcs ¥ ofnymol
TO9Ke 3pEHNA W OyLeM paccMAYpHBATL AsoHENEe BHTErpaiu, PacOPOCTPAMCHHHE
Hi HEODHEHTHDORAHEWE OGaacTH.

Mpanepei. 1) Butdcans niomans QEType, OrPIHHUEHHOR s2Muuckd-

44):
moft (e %0 (31 ) =201 (21 — %)

Hamwyue apyenena x*-f-y® #aTaAKHBAEeT Ha NHlCAb NCHeRTd K NOASpALM
KOOpDRMHATAM, HOMETAA .
x==rcogl, y==rsinb,

H BLYHCAATL HCKOMYH NAOIMAZL 1o (opMyxe

D=S§rdrd3. an
@
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Tax Raw HEWA KPABAR CAMMETPAYHEZ OTHOCHTEALNO KOOPTHHATHHX oceft
{5TO Xerxe YCMOTpeT> H3 YPABHEHHA KPRaofl, 60 OHO HE MeHAST BEEA MpH
SAMEEE X HA -—X NAM Y HA —Y), TC JHOCTATOMHO ONPENEAHTH NACWIAIL
qactt (D) Guarypw, conepmanefica b NEPROM KOOPAHHATHOM Yrae, 4 sareM
FUETREPHTD ee,

ToaspHUM YPABHEHHEM NCMHHCEATH CAYRHUT

r'=2q" cos 20,

fpHieM (eCAH OrpaBAYATBCA FEPENM KOODXEHATEHM yrrom) O Haxaemur wae-
|
fate oawb or 0 go 4 BEHAY T0r0, 10 0820 moaker OuTh NORORHTEAbHHM,

4

N | S
N

Puc. 44,

Taxum ofpasoM, ofxacts (4) wa maockoctH 79, orBevamman ([)), orpamuuena
KpHBOR
r=ac¢y 2co0 2%

(o6pas AeMHECKATH), OTpe3xoM OCH 7 (KOTODMH OTBEY3ST OTPE3RY OCH X) M
orpeskoM ock 0, o7 0==0 po B.—_{- (o0pa3 opHOA AHING HAVEALHOH TOUKH —
¢ HADYHCHHEM B3ANMHOH ONHOIHAYEOCTH COOTBETCTBHA *))

MCEM
®
T oVimdi T
D=§dﬂ S rdr=a'§ws2ﬂdﬂ== <

T4k Wr0 BCA ACKOMAA NAOWARE €CTh 2at.

2) ¥xakeM Teneph npyroit moaxon K awfopy CHCTEMH EPHMBOAHHERHSLIX
KOOPAMHAT, KOTOPHA YacTo OHE3LIBACTCA WONESHHM NDH ONPEACACHHH UAOWIANM
KpHsoAnHeBRoro YeTupexyroabHnxa. Ecan ofe mapu KpHenYX, DpeRcTaansndipx
NPOTHEONIONOKEEE CTOPOHW ITOI0 YETHPEIVIONLEHKR, BXCAAT B COCT&B — XaX-
Haa— cBOEro CceMelcTBA KPHBMX, SANCAHNIDIAY DAOCKOCTh H 3ABHCAINMI 0T

*) Cwu. 1o sToMy nobony saMeuanne 4" B n° 354,
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CABOTO mapaMeTpa, T0 HMEHHO STH Aba ceMeflcTBR eCTECTBeHHO WPHEATH 3&
CETKY XOOPRRRATHNX AHHER. MX mapamerpn oOWYAO H NAWT YROOGHYW DNAN AfHe

HOrG CRYYAA CHCTEMY KPHBOANHEH-
5y HHI ROCPABAAT.

PashAcHEM STOT OpPREM H2 NpR-
Mepe. Tycth TpeSyerca matitw nag-
mazb GHCYPH, orpaHHYeHHOR napa-
Gonamn

Ye=px, Wegx, xt=ay, xt=1by,
rae 0 <\ p << gu O~ a< b(pue. 45),

3nech yA0OHO PACCMOTPETH RBA
cemeficrea napaboan:

Y=t (p<i=y)

x’="w (aé"léb)'

KaMpaoe W3 KOTOPHX 3JaNCOHHET Ha-
my QHrypy, M B3 HUX COCT2BHTH
Puc. 45, CeTHY KOOPWHHATHMX auAud. 3ro

PABHOCRILAO TOMY, YTO TIAPAMETPH

BX € ¥ % MW DPHHEM3eM 32 KpHBONHREEHNe KOOpEHHEITH, Bee 5TO YEe HaM

aua.xouo ro n* 352, 2); B3 HanWCaRHHX YpaBHEHWH HMeeM: x=§/&" H y=
=7} §n, T4k 9T0 PYHENHOHAALHHE ONpexeapTeAD

=21
J=—s3.

g

Orcpna cpasy nonyvaes ]
D=3(—p) 0 —a)

8) Hafita ofbem V texs, supesaddoro naaunapoM xt4-y¥=Rx n3 chepu
x4y R (puc. 46) (9To TERO HBOTHA naausa{rca «rexom Bz
BB & A — N0 KNCHA ETANbAHCKOIO MaTeMa-
Tixa XVI! Bexa, woropwft nnepenie aM agun-
TepecoBaRin

Himeen [no dopmyze (2) n° 596

Vad LS VE—= =P dxdy

r2e P ecth noayepyr B REpBOM KBapaute
HAOCKOCTH XY, OPPRHANCHHLE SHAHAME X == {
o x? |y == Rx.

Henocpencreensoe RoivucAenMe 9TOro
HETerpaza NPelCTABASETCH TPOMOSKKHM; MO
OHO FFAUMTEALHC YMPOILALTCA NPH Hepexome
K NOJAPHHM KOOpPAHMATAM.

Flozaproe ypashenue wourypa (P), 1. e noayoxpywnocrs, 6yzer r==Rcos

opn waweaepnn 0 or 0 g0 -;-. Taxen oGpasom,

T Reosd T
v=45da 5 Vﬁ*:riardrmg-k‘s(l—sh's)do=-§-R’(%-—%).
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4) TloaRpHne KOCDAMHATH %w4cTO OHBADYT NGAESHH YCTaA0BACHRA CY~-
IEeCTBOPAMKA <HECOUCTREHHME> RBORHMX HHTErpanoe n?«; 4) n samenasmel.
JAna mpaMepa YCTAHOBAM YCNOEHMA CYUICTBOBANHA BHTerpaxos (m > 0%

a) dx dy (ocoban TouKa — B Hagaze);
A4 -=:
dx d
6) — (ocoGan amARSK -~ CAHHHYHAK OBPYRHOCIS BO-
=i > KpYr Hawaas)

B} 4&5 = d_':_ = (IPOCTHpaXmaAca B GeckopennocTh 00XacTb)
=i

Hueem, 3 cayuae (2),

J} dxdy 32'5
LY +yi=..=_l

yTo OpH s~—0 CTPEMAICA K KOHEWHOMY npeseay 2x -;%r-:,-, xwEb eCAR

O™y

2m—1<1, 1. ¢. upy m-C L. B cayvae (6}

1= 1
dx dy rdr rdr
SS TPy =2 ST"‘—F“(— )~"2'§(1—~ ”
-yt —
(npr «—0),
ecai m <<}, Harosien, ana muTerpasa (B):
R o0
dxdy = 2x dr on dr
T = Fm=
1= a2 yi-"R*

(mp R - c0),

em2m—1>Ltem>l,

Hc‘mpneme samevyanud. Jeofinie BuTerpaxw bmepBne CHIE BBe-
peHn JftacpoM —e paSore, Aoacwmentofl TlerepSyprexoft axagemun s 1769 r
CHayada OH PACCMATDRBIET CBOEro poja neonpenesenuuﬂ asofnoft BHTe-
rpaa S Zdx dy gax Taxywn QYHXUHO OT X H ¥, HOTOpaR DPHBOAHT K BupaKe-
oA Z dx dy, ecant ee nNoCAeNOBATEALHO NPOANQdEPERUAPOBATE NO STHM nepe-~
MEHHLM B TOM HAH fApyroM nopaaue. Tauum oGpasom, 3T0T ABofiHOf BHTErpax
OTORZECTBEALTCA € C00HNH NOBTCPHHIMH HHTETPAlaMA

fax§zdy u (ay§Zadx,

B ofimee ero BHDAXENH? CONCPEMT B BHIE CRATAGMHY XAK IPOHIBOMEYN
GyHEUMKG TOABKO OT X, TaK H MPOHIBOALHYM (YEKUAK TOALEO OT ¥,
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BateM, B cBasy C saiaved o BHUHCHCHME O0BENA W NOBEPXHOCTH Texa,
Sizep BEOAMT ONpeNeReHHM H ABOMHOR WUTErpad, TPAKTYA ero ofHOBpe-
MCHHO M Kak CYMMY CBOHWX SACMEHTOB, H Eak NOBTOPRAHE HATEIPAA — TOrO WaM
npyroro THOd. Ecan mepenM BuucAzercs, cxakeM, \ Zdy (NpB nocroassoM x),

TO OH PacHpOCTPaAACTCR HA BCE JHAYCHHA ¥ MEEAY RPEACHAMH, KOTODHE 38BH-
caT, pooGme rokopa, oF x. B peaynbrate moayyaercA $YHEUHA OT omHOre X
(a He OT X U ¥, KAK B CAYU3E HEONPENCACHHOI'O HMTETDANA), KOTODAA H HHTe-
IPYPYETCR YHE Memny NOCTOAMALIMHU ApefcAaMy *). Bee npefeast onpeAesamTca
M2 PacCMOTPEHHA CAMOPO <OCHOB&RHAY (Tax DHnep HaswBaer 05 IaCTH HE-
TETPHPOBANHA: OHA W B CAMOM IeAc OSHUHO CAYHHET ¥ HEr0 OCHOBA-
HHeM JAA TOro Texa, ofbheM MM NOBEPIHOCTH KOTOPOro WMUIETCR).

B ymomanyro#t Bume paGore Bfilep 3aHMNACTCA B BONDOCOM O 3aMenAe
DepeMEeHHUI X, ¥ NOK SHAKOM NBOHNOrO WHTErpaNa HOBLIMH TNEPEMEN-
Huma 7, 1. [IpH STOM DMpenmoiaraercs, Y10 X, ¥ KBISNICA PYHKUHAMA ot 2, m,

upRueM
dx=Rdt+8du, dy=Tdt1 Vda, (18)

T2k yT0 R, 8, T, V' 03HAY4I0T COOTBETCTIBEHHNE YACTHHE NPOMABORHH €.
MNpeacan, MeXAY KOTOPHIMH HIMCHAMICS HOBME llepeMeHHbE, ONpeNelAlTCs
NpeMHNM <ocHosanuem». [loche MOXCTAHOBKH B MONBHTETPAALNYID QYHRIAN,
BMECTO X B ¥, X BHIpawennii wepes f ¥ # OCTAETCH OTKPHTHM AHINL BOOPOCT
YeM SAMERUME dresmenm naowedy dx dy?

Difigep cpasy Xe OTBEPraeT MHCID O TOM, YTOSM NONPOCTY HMOACTAaBHTL
BMecTo dx A dy a1 supameRra (18), On cnpasentuBo 3amevaer nagee, wro
BOOOIIE <HEM HUKAKOZO PUSYMNOZO OIHOSORHR, ROYENY OW SHpaMenie, s80-
dumoe 8 susucaenue oxecmo dx dy, 00axcre Gums eMy paswo»: BAMHO IHNIH,
uTofB COBTAAAAA CKOHTUATENbHME€ DeayIbTaTH HHTErpapobinni. Bumecre
€ TEM 9T0 BHpPAMEHHE NOMMHO COACPEATL MHOKHTeNcM df du, T. €. HMETh BHA
Z dt du, pas Toro yToSM HETErpan NO HOBHM HePeNCHHNM MOWHO GHAC TaKke
TPAETOBATL KSK lIOBTOpHHﬂ.

Jas pasuckanns Mroxatean Z Siitep mpuferaer &k TOCAEMOBATE kb
BOMY BBENEMHIC HOBWX REPEMEHHLY, TAK WTO NpPH KaWAOM JLare eMy OpHXO~
ANTCA BAMIL 3AMEHATH OJAY NePeMeHHy B MP O CT O M HHICrpase (BO BRYTDCH-
HeN). B pesyaprare OH NPHIOAHT ¥ BHPAXCHRIO

Z=8T — RV,

B XOTOPOM YHTaTEAb NErKO Yahaer HPYHKUNHOHAALHHI onpeneanTenh
Ca#ako ¥ JfAepa BCe We BOUHKICT STANKOE COMHEHNHEY, B CBASH C TEM, TO,
nepecTasyB X H y, MOMHO O6ui0 OH coBeplieHHO AHANOTHYHO MOAYYHTh M BH-

palenne
Z=RV—ST

¢ ofpatHuM sHaxoMm! OOBACHACTCA 9TO TeM, ¥fo Dfilep sAech KNTAE He BuEH-
CWB2ET BPefesoR WHTErpana H He yNeAseT BHHMAWHA WX paccranoBke, Jatpym-
HEHBe paspeinaeTcd ¢ NOMOIMLI cOOGpamenns, 9ro NACIANE NOAMHA BCErmd
noaynathea NOBORHTEALHON, & Spawur B Z HaznemMT 6paTh MOXOMATERBHEIM.
Taknu 06pa3oM, OKOHYaTeAbHO, BMecCTO dx dy CHEAYEeT MONCTABINTL BHPAKEHHE

|ST— RV dt du. 9

210 supamenne Dfiaep noayyseT ¢ NOMOMbBIO YHCTO GOPMAALHHI ONEpa-
upit, OTHIONL He NPUPABHUBAA eT0 BICMEHTY Raomamy dvx dy, HO H Boofule ke
BWACHAS ETO TEOMETPHUECKOro CMHCHA.

*) B stofi paGore BlAzep elle He CTABKT APLALSOB NPH WHTELPAAAL
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Hecxonpkumn rofanp nosme Sftacpa k ToMy e BONPOCY O 3@MeHE Mepe-
MeHHHWEX, HO YReé B TpoliHOM mHTerpane, ofpatuaca Jlarpank. Ecma nepedpasm-
PoBaTh €ro CooGpaxeHMs Ba CAY4aR nNBoHHOrO HMTerpags, TO MOMMO CEA3ATh,
uTo Jlarposs MK T aeTCA MOKASATL, OYATO SAeMeRTApHAA DAO-
wmaxs dxdy ;la%ocro pan Ha BupakenHw {19).

Jrms 5 1 I. B coobmenkd IlerepGyprekoft axaleMul, 03arRABIEHHOM
«[Ipeoipasopanne NepeMEHRHX B KPATHMX RETErpanaxs, OCTPOrpaAckHi BHEC
B BONPOC NOMAYI AcHocTh. [lpewae Brero — ma MPOCTOM NpEMEpe NPe0Gpasc-
BAMEA NEPEMEHHEY K NOIAPHHM KOODJHNATAM —— O YCTAHOBHA REMPABHALHOCTH
coofpaennft Jlarpamka, 3arew OH Aa0 OPETHHAAbHOE NIZOKERHE BOMPOCE,
B CYUECTEEAHOM BOCTIDOM3BEACHHOE bume, B 0" 355, Bupaxenve (19) nomyymao
OTYCTIHEOE TCOMETPHUCCHOE HCTOAKOBAHHE, 8K NAOIMALL 3AeMEHTAPHOTO KpH-
BONBRACHNOTO JETHpeXyroAsHHKa ¥), IpHYEM BHepane YOLAUTEALHO MOTREHMDYETCA
M HeOGXO/AMOCTE DACCMATDMBANHA HMEHHO AGCOXNIOTHOH PBEeNHUHMHH
ONpEREAHTEAR.

*) Koropaa poBce e 06a2ana OwTh pasHa MACMIGAM SACMCNTAPHORO NpAMO-
yrofbHuKa,



TIABA IBAINATH BTOPAA

INOIANL TOBEPXHOCTH. NIOBEPXHOCTHHE
HHTErPAND

§ 1. IBYCTOPOHHHE NOBEPXHOCTH

960. NMapamerpuueckoe NMpeACTABZCHHE NOBEPXHOCTE. Mut nepHencs
¥ BOMpOCY OO SHAARTHYECKOM NPEACTSBACHAW NOBEPXHOCTH B APOCTPak-
cree [cp. n°213], OCTAHOBHBUINCH HA — HESHAKOMOM €Hi€ “BTATENI0 —
OUEHb BIKHOM TANEG TAKOrO NPSACTABACHAR, HA3HBAIEMOM RApAMEMmpl-
HECKILM,

B n°212 yie Guna peus 0 DapAMETPHYSCKOM MPEICTARJCHBH KpHBOR
B npocrpancree [cu. Tam (16)]

x=¢(), y=¢0) z=x0@ O

TAK YTO NMONOMEHEE TOUKH Ha Hell ONDSAEAANOCh 3FHAYCHHEM OXHOrO
Rapamerpa #, H3MEHSIOWIETOCS B HEKOTOpOM npomexyrke. Ilpu onpeae-
AEHHH TOJOXEHHS TOYKHW Ha MOREPXHOCTH, BANAHHON SBHHM YpasHeHHEM

claen, =[5 ) &)

ML BMeAR DEeAC YMe C ZBYyMA MapaMeTpaMmy, podb KOTODHX 31¢Ch HrpaiOT
gbcumacca x W opmunata y. B oOmem cayuae » KauecTBe RapameTpoB
NOSEATIOTCS ABRE NPpOHABOAPHHEC BEPEMEHANES U R T, H nepaxemnpi-
HECKOoE NPeOCMABACHIE NOSEPXHOCHN OCYIIECTBARETCH € HOMOMIBID TPEX
ypaeHe#HAN

x=¢u v), y=¢@ v), 2=y v)*), 3)

rie GYHKORH ¢, ¢, ¥ ONpEAEAEHH A REMpPepHBAH B HeKoTopoH ofia-
cTA (&) Ha <DAOCKOCTH NMApPAMETPOBY ND.

OcHoBEEM 2aa Hac Oymer cayvalh, KOMAa Kaxpad TOYKR NOBEpX-
HOCTH NOAMYY4eTCH JNAWb fApu OAHOR nape snavennll MApAMETPOB, TaK
ure ypapkeHH® (3) yCTAHABANBAKOT BB3EAHMEO-0LHOBHAY-

*) 3ananne norepXROCTefl ¢ MOMOBILID IBYX RAPAMETPOS, BIICPRHE BREHERROS
Shiaepom, ocolenno WHPOKO A RIOLOTEOPHG OWA0 BCNOALIUDANO B AAgepepen-
nHaXbMOR I¢omeTppd Tayccon,
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HO® COOTBETCTIBRE MNMEMHUY TOUKAMH HOBEPRXHOCTH H
ToYkan# naockofl obaacru (A); Takyw nHoBepXHOCTH OyAeM
HaswiBath npocmod. Fipn oTOoM Mu Gylem npeanoxarats, wro d oG-
nacts (A) B nOBEPEHOCT: OrPAMHYEHH TIPOCTHMA SAMKHYTHMU KOHTY-
panmé3 )?“' HeoGXONHMO, COCTBETCTEYRT OAMH APYroMy no opyy-
AaM

TMapamerp & M © HOLAT HIsBAHHE XPHSOARREHMNX Koopdunam:
cooTBercTEyiomed ToukA. Ecan & ypasweunax (3) duKkcmpoBaTe SHauenue
OfHOM W3 KPUBONNHSHHHX KOODAHHAT, KaNpPAMED, MOAOWHTE H==1, 70,
OYERRAAHO, TOAYYATCA YPABHEHUS HEKOTOPOR KpHBOH

Xx==g, v), y=9(@, 1), z=y(a, V)
KD‘.I'Opﬂll BCEMH TOUYKAIMHE JCXKHT Ha ﬂOBpruOCTII. HSHEH!HI SHaYeHHe ﬂ'

noAyuRM UENoe CEeMeHCTBO TAKHX <KpPRBWX (2)». AMaNOrAYHO, PBK-
CHDYS SHAauCHHe T==7,, NOAYUHM TaKKE KPHBYI0 HA Hamed MOBEPXHOCTH

rx=q( v) y=¢(@ % z=x(4 )

A3 TAKAX <KpREHX (T)» TAKME COCTABEAETCR Dedoe ceMef#crro. Bee
nopoGHie AHHEM HASHBAKT KOOPAMHATHHMHA JAHHRAMA HO-
sepxHocTH Ecan nobepxnocTs sRAfeTcd mpocTofl, To uepes mobyw
€e TOYRY DpPOXOAAT 00 OAHOE KOODAMHATHOH JHHME M3 KaWKIOro ce-
meficTea.

Bce 5T0 yKe SHAKOMO YMTATENI0, HO ABINL AAS TOTG CAysas, KOTAa
nopepxHocTs nacckas! {Cu. n°3852)

[peznonoxaM Temeps, uro Qynkund (3) He TOABKO HempepHBhN,
HO A HEMenT B O0AacTH (A) HenpepHBHHE YACTHHE NPOHSBOAHLE TiEp-
BOIO MOPAZKA, H DACCMOTPHAM (YHKUHOHIABHYD MaTpDHILY

Pe u xé)

(?; ¥ 2o @
Ilycts Axs  sHaueHu#t napaMeTpoB (Hy, ©)), ONPERSTARMINX TOUKY
My Xy Yo Z) 00BEPXHOCTH, OTAMMEH OT HYAA XOTb OAWH M3 Onpenc-
anrencll BTODOFG MOPAAXA MaTpAnH (4), Ranpumep, mycTs

v b o

P2 P2

Torma, nepenucap Tnepewe Asa A3 ypasueun#t (3) B sune
¢, )—x=0, ¢ 9)—y=0,

Ha OCHOBaHMH Teopemu 3 n°817, MoMeM YTBEPNKEETb, 910 5TO# CH-
cTeMofi ABPYX YpasHeHA# ¢ He THPHMA TNEPENCHHHMA &, ©, X, y
{ecnr OrpAHHYATECA SHAYCEMAMH NX, GAHSKAMA K HHTEPECYOMEM HaC:
Uy, Uy Yo Yo) TCPEMEHRHE &, T ORPEJGARIOTCH KAK ONMO3HAUHSIG
dynkuuw oT X, y. #=u{x, y), v="0v(X, ¥), HENpepHBHHE CO CBOUMH
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NPOH3BOAHKMA. HaKoHew, NOACTZRANE STH BHDAXEHES 4, T B TPETHE
B8 ypaedenafl (3), npuzeM X NpeNcTABACHHW YACTH HOBEpPX-
ROCTH, OKPYWaomeh# TOUKY M, ADHHM ypPpasHeHHeNM

z=y@x ok M=r(x 3
N2 (2), npuden QYHKIHA f TaKKe HENPePHMEHA W HMEET HENPEPHBHLE
NPORZBOMHHE,

Jianis TOrAa, KOrAa RCe TPH ONPeAeaRTens MatTpunu (4) omHoBpe-
MerHo ofpamalorca B ¢ (coorsercrsyomas Touka M, NOBEPXHOCTH
B BTOM cCAyuae HISHBAETCA 0C0O60H), TaKoe NPeaCTaBACHAE MONET
OKABATHCA HEHOCTHIHMEIM,

BosnMen wa mpocroli mosepxHocTH (3) Kaxyw-Hnlyap He oco6yw0
Touky M(x, y, z). Torma, Kik MH TONBKO YTO BHASAR, B HEKOTODOH
€e OKPeCTHOCTH NOBEPXHOCTh NPEACTABHMA ABHHM YpapHeHBEM TOFD
HAY Apyroro Buaa », cnenopateabo [n°212), 8 Touke M umeer Ka-
CATEABHYK OAGCKOCTH YpasHeHue nocaeanel moxer Owrs mang-
Cano B BANE

AX—2)18(Y—y)+C(Z—2)=0%), ®
rae KoaddaunentH A, B, C enle noAaemar onpelencHnio.

Bean B ypasHeHHAX MOBEPXHOCTH SAKPENHTL 83 ¥ 3HAUCHHE, OTBe-
gaiomee BulpaHHOR TOWKe M, TO NMOJAYYATca ypaBHEHuS <KpHEBOH (1),
npoxoAmmedt vepes STy Touky. KacareanHas x 5Tof Kpusoft B Touke M
BHDE3nTCA ypaeneHusmu [n° 212, (16)]

X—x Y-y Z—z

— ==
Xy

Yo T
Ananorauio, QUKCHDYA 4, NOJNYUHM ADYIYIO KOOPAUHATHYIO JHHUI, HPOXO-
aayo yepes TOURY M («kpuBYIO (#)2) H HMEOmMY®0 B Hell KacaTesLMYD
Xe—x Y—y _ 2Z—2z
*3 ¥ %
Tak Xak ofe 5TH KacareibHHE ZOMKHH JIeXaTh B NAockocTH (D),
TO BHOOCAHAOTCA YCHOBHA

Axy~t+ Byy+ Czy=0,
AXo+Byo+ Czo=0.

B rakce cayvae koshdunmentd A, B, C Aoaxus Oure npomopunc-
HaNpHE ONPENEAATENAM MATPHILN

(x;, Yu z;) )

Xo Yo 2o,

(43)

*) Kax oBuwvno, vepes X, ¥, Z of03Ha%eRd TeKyiMe EOOPAHHATH, B OTEN-
yfe OT KCOPAMBAT X, ¥, Z (PHECHDOBAHHON TOUKM Ha NOBEPXHOCTA.

*%) D1a Marpuna aumb coaRaNeHHAMH OTARTaeTcs or Marpmnu (4). Hanow-
AHN, YTO B paccMarpusaemofl TOUKE OTPENeARTEAR ee— He BCE HYIM.
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OGHKHOBEHRO HX TOJNAralnT NPOCTO PABHHIME STHM ONPECHCAHTENANM, Tak
4TO BOPEAL Mbt BCerga OYACM CHHTATH

A____].Vé 2y B=|';' Xl Xu Yu
Yy 23| 20 X Xo Yo

QIMeTaM eme, YTo HANPABJANIOMAE KOCHHYCH HOpMafa GyayT

» C= . (6)

A B
) W . B S - S
€0s VAT TG COS b o o
— c
€08 v= VATE .

Mu orpaEvYRBaANCL A0 CHX MOP PaccMOTPEHHeM NMPOCTHX noO-
sepxuoctell. B ofmem cayuae Mu GyAeM IpeanoyaraTb XKak noBepy-
HOCTH, OFpPaHUYEHHME KOHTYPAMH, TAK M BAMKHYTME NOBEPXNOCTH CO-
CTABACHHHMH H3 KOHEUYHOTr O YHCAZ NPOCTHX KYCKOE, HPHMHK alo-
mWEX ONHH K APYroMy, Ho He nepecekawwmuxcs Ecaa
T4KY10 MOBEPXHOCTh <00WETO BHAA>» M YAAETCR NPENCTABHTL MapaMerpu-
yecKMMH YpasHeHusMH (3), TO — SABENONO ¢ HapYIICHHEM BIaHWHON
ONHOBHAYHOCTH COOTBETCTBHS MEXAY €e TOYKAMH M TOUKAMH RAGCKOR
obaascta (A).

NMeensrw. 1) Paccwmorpnm chepy pamyca KB ¢ ReHTpOM B Havaxe
(prc. 47 x* 3 22==R5. Wenar noayurtb €e o6HUROE NAPAMETpPHUECKOE
DPEACTABACHHE, HPOBEAEM <SKBATO-
pHansRoes cevene AKA', a uepea
«00XIOCH> P, P 1 paccMaTpRBIEMYIO
Toury M— «uepupran» PMKP.
TNoaoxenye ToukH M na cdepe mo-
%eT GHTH ONpefeselo YrAaMH ¢ ==
e POM # 0=<xADK. Hueen
2= NM==Rcosg. 3arem, ON=
= R &in ¢, 2 uepes ON roopnanatu
x ny {te we Nas M, uro W naa
ewpaintca  Taki X =ONcosl,
y==0Nsin 0, Ouonvareartio, napa-
MEMPUNCCKBE YPASHERUA cihepit no-
Aydus ¢ sude:

X=~Rgnyeosd, y=Rengsind,
3=R¢08?,

NpHYEM Yroa § 20CTaTOMAO WaMepats o O Xo x, a yroa 8—or 0 3o 2=

ORWAKO COOTBETCTEHE MENAY TOUKAMA chepuveckoli DORePIHOCTH K TOUKAMH
npasoyrorbuuka [0, =7 0, 2x] A2 Agockoctd ¢0 He Gyner BAAHMAO OAROIHATHHIM:
He ToIbEO 3Ravepds =0 U 0=2% NPHBOZAT K OIHHM ¥ TEM We TOYKAM IO~
BepxHocTH, RO NpH ¢=0(x), Xaxopo Ou BA OWAO 3HiUCHEHE 8§ — Noaywaerca
OAHA AKME TOYKA - TOAKE P (F).

Jlerko BUAETb, YTO ONHO CeMeffCTBO ROOPANRATHMI mmui# Ha cdepe cocra-
BHTCA B2 MCPHEHAHOB (§==const), & ¥IPYIoe—H3 NAPANFERPANI
Epyros {y=const).
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2) Momno o600RTE APCTHIYLIER TPENEp cacKy UM oipason. [lyers B nag-
CROCTH.XZ 341863 KPEEAA («06pasyDIaAs } CBORXH NaPAMETPHYECKAMH ¥ PABHCHHAMN

k=g ) z2=¢ () (e u=p),
npaves ¢ é&;};—‘aﬂ. CraHeM BpamiaTh ee, Kax TBEpAOE Teno, BOXPYT OCH 2

(pnc. 48) A vepea ¢ of0BHAYHTE YTOX MOBOPOT, TO YPABHEHHA ROAYHaEMOR
z ROSEPXHOCIIL BPGIGERIA HAMWINYTCA B BENE

x=¢(g)ooer, y=¢(w)sne, z=4(u)
(asuh OS 0 20)
Ecam B naockocTs X7 33aTe NOAYOR-
PYEHOCTS
x=Rsing, z=Reosu
P=su<n)
H BpaniaTh €¢ BOXPYT OCH 2, TO Mapa-
NeTpHYCCKOE TpexcTaBnenne olpasyesmoft
TAKHM AYTEM cfiept Mu 0OAYYEM {C TO%-
HOCTME A0 OUO3HAUCHAN) B IpekHeM BHIE.
KoOpAMBATHHME JAHBRAMA B 3]ech

CAYEAT pasanuNbie noxoxenns ofpasym-
wel (MEPBARAHK) K NapafseAbuHE KPYra.

361. Cropona DOBEepXHOCTH. ¥¢-

TAHOBHM BakHOC JAAH JarpbHeHmiero

» HAMIOWEHAA TIOHATHE CTOPOHW ROPEepx-

Puc. 48, HocTH, B psize cayuaep 10 nonstae

HHTIYKTHBHO ACHO. BCXn mnosepxHoCcT®

BajeTCR MBHMM YDaBHeHMeM BHAA Z==F(x, y), MOMHO TOBOPHTH O

BepXHeH CTOPOHE HAH 0 HUXHEH CTOpoHe ROBepxHocTH *). Ecaam

DOBEPXHOCTL OIPAHHGHBAET HEKOTOPOE TENO, TO TAKKE AETKO NPEACTa-

BATb cele ee ABE CTOPORM —BHYTPEHHO W, OOGPANEHHYHD K Teay,
BHEM K00, OOPAMECHHYIO K OKPYHAIOMEMY TENC NPOCTPAHCTBY.

Micxomra H3 970TO HRTYUTHBHOrO NPEACTABACHMS, HOCTEDAEMCH Te-
NEpb AATH TOUHOE ONpEme]esue NOHATHS CTOPOHH TNOBEPXHOCTH,

Paccuorprn nopepxHOCTs (S), 3BMKHYTYI0 UM HET, M OPEANOAO-
HAM, YTO B KaXACGH TOUYKE NOBEPXHOCTH WMEercs ONpesencHRas Kaca-
TeAbHAA MAOCKOCTb, HOAOMEHAE KOTOPOft HeNMpepHBHO HIMEHAETCH
BMECTE ¢ TOYKOH KacaHus,

Bafe Ha NOBEPXHOCTY ONpEAEAcHHYO TOYKY JM, nposexem B el
HOPMANL, KOTOPOA NpHNUINEN ONPEACACHHOE HANP3BACHHE — OAHO W3
ABYX EOSMOXHHX (OHH OTAHGJOTCA OAHO OT APYIOICG GBHAKAMM HARpa-
BARRMEX KocAHycoB). [IpopejeM 1O NOBEPXHOCTH SAMKHYTHH KOHTYD,
ucxogsmiult 2 M, H Bosspammamouuiica B M, npENeM NpPEANONONHM,
YT0 OH HEe HEePECEKAaEeT CPaHHIM HOBEPXHOCTH (&CAM  TaKoBas
uMeerca). 3acrapnM Touxy M OCOHTH STOT KOHTYP ¥ B KAKIOM 13 10-
CHEROBATENbHHX €€ nonomeHntl GyAeM APHNHCHBATL HOPMAIM TO HS JBYX

*) Mo uacro Gysem noab3oBATRCA TOXOOHHM BHPANEHREM (HOLpA3YMEBAR
UpE 9T0M, YTO CaMa OCh Z HAMPABACHA BEPTHKAABHO BB ¢ P IX).
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HanpaBaenull, B KOTOPOE HEMDEPHBHO NePexXOAUT HANPABJEHNE, Bit-
OpaHHOe HAMH B HAY3AbHON MOXOWeHWH M, TIpn STOM MONET CAYUHTHBCA
OAHO M3 ABYX: ArO0 mocse OOXOA2 KOHTYpA Mu BEpHEMCR B TOUKY M,
C TEM Me HAUPABACHHEM HOPMAAH, AA00 e -—¢ HanpaBAeHHeM, NPOTH-
BOMOAOMHHEM HCXOZHOMY,

Ecan and xakof-nubo rTouxe M, # xaxoro-auGo TNPOXOAALIErO Mepes
Hee KOHTYp2 MyAM, BmMeer MeCTO nocaemHee OGCTOATEABCTEO, TO ¥ BAL
moGofl ApYrodl Toukn M; Aerxo ROCTPORTL SaMKHYTHR KOHTYp, KOTO-
pul, BNXONd WS M; u BOSBpamtanch B Hee e, NPBBENCT HAC B Ty
TOUKY C HalDABNCHHEM ROPMAAM, HPOTABONONONHBIN HCXOAHOMY. Taxm,
Hanpumep, Oyaer koutyp MM,AMM, ecam non MM, pasywern Ka-
Kyw-HAGyAb NpOXOASWYI 1O
TIOBEPXHOCTA KPEBYIO, coeauna- &
myw M; ¢ M, %0 ne nepece- #

_ 1
KAIOMYI0 TPAHRLHN NOBEPXHOCTH, e
a mop MyM;—1y Xe xpueyio -
B OOPATHOM HampABIeHHH, N
£

B s10M cayuae NMOBEPXHOCTS
HASHBAWT odNecmoponNed. Knac- Puc, 49,
CHYECKAN NpAMepoM TakoBt no-
BEPXHOCTH 9BAYETCS TaX HasHaaeMH# Auct Me6wyca (pac. 49), Mo-
ACAL €€ MOXHO NMONYYHTH, SC/TH RPIMOYTOABEER KycoK GyMarn ABCD,
KPYTHB OAMH pas, CKAERTH T2K, wrolu Touka A coenaxa ¢ C,a B¢ D. Ecan
NOAYYEHHOE HEPEKPYYEHHO KOABIIO HAYATh KPACHTh B KakoH-anGo mseT, To
MOXHO, He MEPEXOfA Yeped €ro CPausili, MOKPACHTE BCE KOABLUO STHM
upeToM. M Bhpeab NofoSANE NOBEPXHOCTH ECKNIOYMM HS DPACCMOTDEHRS,

ITpeanonoxum Teneps, ¥To KakoBa OH H4 6Gwaa Touka M, u
KaKoE GH HH GHJA 3aMKHYTHH -KOHTYD, NpOXOMAKIHA Yepes M, n He
nepecexawiall rpaHHLE NOBEPXHOCTH, NOCAE OGXOAA €r0 MH HEHMBMEHHO
BOJBpAINAEMC B HCXOAHY!0 TOMKY M, ¢ HCXOMHHIM Xe HanpapacHHeM
Hopxaam. IIpa STAX YCAOBRAX HOBEPXHOCTH HASHWBACTCH Davemoponneil.

Nycrs xe §-—ABYCTOPOHHAS NOBEPXHOCT. BossMem Ha mell mo-
6yw TOuRy M, H HOpMaix & ST0# TOUKe RNpPANUIIEM ORpeNEAeHHOS
nanpasnesue. Base Kaxyw-mGo Zpyryio rouky M; mosepxwocts, coenm-
HEM M, n M, nponseoasupiM mytem (K), AexamyM H2 NOBEPXHOCTH M
Me TIEpeceKaIMM €e I'DaHHlH, B B8acTasEM TouKy M mepetn mz M,
B M; no stomy nyTR. EciR NpH STOM HERPepHlBHO KIMEHATL HETpanAe-
HUE HOpMaAW, TO TOuKa M nmpugeT a nojoxesse M, ¢ anoase onpe-
AeReHEHM RANPABACHHEM HOPMANN, HE BaBHCAMAM OT BHOOp2
nyrn (K). DeticTeutensno, ecad Ou, Npuxoza B Touky M; u3 toukm M,
no apyM pasamasnM myTaM (K)) v (Kg), Mu noayuama 8 Touke M; pas-
TMuHEHE HAMPIBACHHA HOPMAAH, TO BAMKHYTHH nyTh M, (K)) M, (K39)M %)

* Non (K 'hluu ﬁaayueeu kpepyw (K), Wo omHcanmyo B 06paTHoM Ra~
IOpaBAeARn — OT E M,
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NpHBROAWA 6H B TOMKY M, C HampapieHseM HODPMANH, OTARUHLHM OT HCXOA-
HOFO, YTO MPOTHBOPEUANO GH ONpeleneHud ABYCTOPOHHER IOBEPXHOCTH.

TaxkuM oGpasoM, HA NBYCTOPOHAEH NOBEPXHOCTH BHOOP HANPABACHHA
HOpMAJH B OZHOR TOUKe OAHOSHASHO oOApeAenseT BHOOp Hanmpapaesnd
HOPMANE BO BCEX TOUKAX NOBEPXHOCTH. COSOKYNROCMS ECeX MOWER
ROBEPXROCHIN € NPURHCONHNMN HODMGARM 8 HUX RO YKA3GHROMY
RPASUAY HANPAsAcHUAME 0 Ka3Wsaemcs onpedessnnoli cmoponof
nosepxuocmu,

Nesuern. 1) Npocrefimum v Eanbosee BAXHHM IpAMEPOM ABYCTOpOMBe
NOBEPIHOCTH ABARETCA HAOBEPIBOCTD, PHPANAEMAS ABHHM YDABHCHHEM 2 ==
=2z &. ), B NPERNONOXEHAR, 4T0 $YHRUMA Zz HeUpepuBHA B HEKOTOpOA MWAO-
ckolt o0aacts (D) m aonycEaer B Hefl HenpepHBHLE YACTHHE UPOHIBOHHNE

psg% H q.——%.

B sToM cayuae HanpaBaARmMe KOCHHYCH MaNA K DOBENXHOCTH HMepT
supaxende (n° 219, (24)]: yor nop pas

—4

—_—L | cepm——— .,
e T VAT
Y VT @

Bufpae nepen pazuxafioM OBpeAcEEHHNN SHAK, ME TeM CAMEM YCTABABREBAEM
BO BCEX TONMAX NOBCDIHOCTH ONPeNCACHRO: Hanpashene mopuaxn. Tak xaw
HanpABZAMNIGHE KOCHHYCH, B CHAY CREASAHWI OPeADOAGHKEHHHt, OYXYT Henpepus-
HHMH QYHKIAAMA KOODABAAT TOYKH, TO ¥ YCTAHOBAERHO® HAMPARACHHE HOPMAIH
Syner Taxwe HENDEPHBHC 32BHCETH OT JONOXEHNA TOYKH. OTCHOAA ACHO, W0
sni00p anaxa neped paduxason ¢ Hopaysax A4 coa X, coap, C08 v onpedessem
CMOPONRY ROBEPXROLME B TOM HMEHHO CMHCAE, KaKOH BHIIe BpPRIACAH
sroug NOHATHI,

CAH BHOEpeM TepeRk PpaEHEAsOM SHAK NARC, TO BO BCEX TOYKAX WO~
BEPIHOCTH

o8 h=

g Y=

1

Vitr+e
GYRET MONOKBTENbULM, T. €, YIOX, COCTAZNCHHHE ¢ OChI 2 HOPMAALXY, COOT-
BercreyRilell pubpannoft cropone, Oydet ocrpu M. Taxum ofpazom, CTOpoRA
* NOBEPEHOCTA, ONpEALASEMAd YKASAHHBIN BHOOPOM SFARA, OKA3MBASTCA BepX-
wefi croposoit. Hanporms, BnGop 3Haka MHEYC B BHpPAXeRHAX HANPABAANIIHX
EOCHHYCOB HOPMSDW XapekTepHiyet HH X £ 1010 CTOPOHY HOBepPIHOCTH: HODMAXE
COCTABASIOT € OCHI Z TYNWE Yraw.

2) PaccMoTpHM Teneps Gosee om0 NPOMSBONLHY® APOCTY W WOBEDX-
HoCTh {S), 9allaHHY30 DAPAMETPHYECKAMN YDaBHEHHAMH

rxe=x{,v), y=y(g o), z=z(s v) (3a)

NpATEN HADAMEYDH ¥, U HSMEHSTCA B HCKOTODOR orpannuentol ofsacrm (A)
Ha N30CKOCTH no. Mu mpeanoxsosmM MOBEpIHOCTS 2260K0f: 970 O3HANALT, 4TO
dyskuny (32) HenpepunHu B (4) BMecTe CO CBOMME YACTHHMHA
ODPOHIBOANHMHE A YTO HA NOBEPIHOCTH HET 0COONY TOYER,
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Jlaa BanpabaSOINHX KOCHMYCOB MGPMaam K IOREPXHOCTA MW HMead Gopwy-
au (7). U nstoM cayuae subop 3maxa neped poduKosomn xapoxmepusyem
cmoxaogy ROSEPXHOCINY, TAK YTO MOBEPIHOCTL OKASHBALTCA L BY CTO-
poHRe

ReitcreaTeasno, pas sHax sulpaw, Gopuyan (7) xakhof ToUKe MOBEPXHOCTH
(tak Kax eff OTBEYART OAH A AMmb NAPA 3HANCHHA &, 71} COBOCTABAAKT ORHO
OnpefileAcAHOR HANPABACHHE HOPMANH, KOTOpOE TPH MepeaBHMMEHME TOUXH HIMe-
HECTCS HETPEPHBHNM 05pasoM.

Tipu EapyIueMMB OpeNnoACHeHds ¢ MPOCTOT e MOBEPXHOCTH YHe HeAbsn
Gesoroaopoyno YyTbEpiiaTh, H10 OHA IBYCTOpOHHsA. B sroM cayvae nafizerca
To9Kd M, NOBEPIHOCTH, EOTOPOR OTBEUAWT fOBe PASANYHEE NapH #N, H ¥,0,
SHAYEHEN APAMETPOR, M MOMET CAYUHTRCH, UTO NPH STAX SHAUCHHAX (HOPMYIH f? s
IaXe ecAB 3HAK Nepen paiMEaAoM BRGPAH OAMAAKOBO, OTPEHeN T IPOTHEB O
NoIOXRHe HANPABYEHHS HOpMaaR 3 Towue M, Ecan 970 nelicTENTEIRHO Tak,
1o RoBepxEocTh OYNeT GZHOCTOpPOHRER.

3aupyanus Ecm none%om. (5) oxaswBaeTcA JaMEHYTOR H OrpANR-
YHBaeT HexoTopoe Teno, To [n® J60), TOTA OHA W MOWET BHPAKATLCA YPaBHEHM-
AME (3a), Ho A 9TOT pas MPEANORONEHHE © BIAHMHO OAHORHAMHOM COOTBET-
CTBHH ME#RAY TOUKAMH NOBEPXHOCTH H TOWMAME MA0CEOR ofmacrty (4) He Gcy-
mecTsANo B noadol mepe. Tex He MeHee, TAK KK HaAHuHe Y NOBEPXHOCTH
BBYI CTOpOR—EBHEMIHERl ¥ BHYTpeHHEd—ACHO HENOCPEACTBEHHO, H B
oT0M Cayude sulop 3naka e fopsysax (T) sce e Onpedessem cmopoRy
rogepxunocmy,

362, OpeeHTanBA LOBEPXROCTH H Bubop ee cropomu. ITycts ()
6yfleT mpocTad TAMAKAA NOBEPXHOCTh, OTPAHNHUEHHAA NPOCTHIM KONTY-
pom (L), BHOGepeM ORpPEACACHHYKR CTOpOHY 3STOH mo-
pepxuocTy. [lpammuen Temeps kontypy (L) onpenenessoe Hanpa-
paeHRe O0XON3 B KayecTEE NOAOXKHTEABHOTF O MO CASAYIONEMY Npa-
BUAY: OOXOX ROMKEH KazaThCA TPOHCXOAAIINM HPOTHER 9acoBoil
cTpeaxn Hada0AaTeNo, ABMKYUIEMYCA B 9TOM HANPABJCHAH MO KOH-
TYPY T4K, NT0 HODMalh K TOBEDXHOCTH, OTBERAWMAN BROpan-
KOH CTOpOHE HPOHHSHBAET €ro OT HOF K rozose. Caoma <npoTHs
GACOBOH CTPEAKW» O3HAYAIOT, TOUHEE rOBOPS, YTC HalawRATENnd AOKEH
BHAETE HEMOCPSACTBEHHO [PUNETAOMYI0 K HeMy 4acTh NOBEPXHOCTH
caepa or cefa. Ilo Tony Me mpasuny GUHOBDEMEHHO YCTaHABAABEETCH
NONOXHTeABNOE HaNpasncHHe ofxofla AAs Kakdoro npocToro
BAMKHYTOTO KOHTYpa, A€Maulero Ha NOBEPXHOCTH ¥ OTPAHHSHBANIIETO
rexoTOpy® ee uacTs *). ManparneHue ofxons, ofparsoe NOAOMHTENB-
HOMY, HAa30B€M OTPHLUATENbHHMM.

B COBOKYNHOCTH BCE STO H COCTABARET CONEPWANWE NOHATHY OpAEcH-
TAEHH NOBEPXHOLTI

Eciu MCcXoauTh n3 Apyrofl cTOpoHH NOBEPXAOCTH, TO HOPMaAH H3-
MEHAT CBOE Banpapjcpde Ha OOparTHCe, USMEHWTCH Noaoxenns HaGawona-
Tens, B CBASH C YEM NO HamleMy NPaBRIY TPALETCA NepPECcTARHTL HOAO-
KATSMbHOE M OTPHNATEABHOS HanpaeneHud ofxoza xoutypa (L} u apyrux
KOHTYpOB, JEKAMANX HA MOBEPXHOCTH: NOBEPXHOCTH M3NCHAT CHOW O P H-
enTaunw. Takud obGpazom, ecAd BCErZa HEPXATHCH YCTAHOBAECHHOIO

*) Toasko C 3TOH YacTh W HAANCHUT CUATATHCH MPH ONPEACACHUH NOXO-
WNTEILHOTO HANPABACHNA HA KOHTYDPE.
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Npapuna, sufop CMOPORN NOBEPXHOLME Onpedersiem ee opueHmMauuio
H, o6paTHO, SNOOP NOAOMCUMEABHOS0 HANPRBACRUR 00X008 KORmMYpS
ROEEPXHOCME OINOINAUKO ORPEDCAREM ee CIOPONY.

3ameqaanns B ocHose sTOre npapHAa ASKMT BpalleHHe
MPOTKB HacoBOM CTpPeAKn, B 80 u3dlexwanne NYyMannuw Me
scezda OydeN U3 ne20 ucxodums.

C sreM Mu GyldeM CBABHBATE H CAMOE PACTIONOMEHHE KOODIMHATHEX
ocell B mpocTpancTee. Vimenno, BO BCeX BOmpOCAx, AJH KOTODHX ST0
HMEET BHAYEHHE, M SydeN nOALI08AMSCR Maw Ra3wsaeNod npasoil

2 z Koopounamuol cucmemold
(pec. 50, a) B Hell ocu pacno-
AAraOTCA TAK, YTO BpAMIEHHE OT

OCH X K OCH (ua yron—]--’zi),
€CAH HA HErO CMOTDETH CO CTO-

A
/(__/ J'/(_./ POHH  NOAOKHTEABHOR  YacTH
ar ] OCH 2, KaWETCA NPOHCXOAAMUN
z ¥

NPpOTAE 42C0BOA CTpes-

xu*). (Ha puc. 50,6 usofpa-

Puc. 50, HKeHa cucTeMa ocelf, Ans KoTo-

poll yRONAMyTOe BpatlleHHe npo-

HCXOZAT No Yacosof crpeane *): TAKam CHCTEMAZ HasuMBaerch Aepoh)

Celiuac MW AaAAM DPHAOKEHNE HINOMEHBOH BHIlE MASH O CBN3H
Mekay BHOODOM CTODORH TNOBEPXHOCTH H COBNAHWEM Ha Hel onpene-
AEHHOA OpHEHTAHMHK K eoapocy o pubope aHaka B dopmyaax (7) ana
HaNp3BARIOMAX KOCHHYCOB HOPMa/M K NOBEPXHOCTH.

BepueMcs K PRCCMOTPEHHOR B Hauajle HOMepa TOBEPXHOCTH (S),
cauTar, yro Ha HeH BubpaHa onmpelesenHas CTOPOHE, & C HEW—
H opRedTanka KoHuryp (L) HameRi nOBEPXHOCTH COOTBETCTRYET
routypy (A) obmacrn (A) Ha <«iAockocTH napaMerpoe» v, Jlonycrns
(310 BCerza Jerko OCYIIECTBHTB), 9T0 NOAOMHBTEALHOMY obXoay
Korypa (A) orBevaer nonOXKUTEABHHE ke 06X0h Kon-
Typa (L) TorAa m aaa MoGHX COOTBETCTRYIIME LY ApPYTY KOHTYpOB
(X) B obaacta (A) m (/) Ha nmoBepXHOCTH (S) HMEST MECTO TO Ke CAMOC
ROMONATENbHES 08xon (A) Baeder sa coboft HonoRATEAbHLR 06x0A, () **),

flpu smux YerosuAx 0AR Xapaxmepucmuiky 8SROpansoll cmopons
nogepxrocmn ¢ gopuysax (T) QAR KanpasasOLiy KOCIRYCO8 NOPXoAAY
neped padurKasos HYNHCHO B3IRMG INOK BADC.

Iaq noKa3aTeAbCTBA STOM0 AOCTATOUHO YCTAHOBWTB, ¥I0 XOTEB B
0OAHOf TOYKE HENpapjeHHe, onpeleasemoe STMu QOpMYZaMM co

*} 1o toxpauActCa K RPH KPYroBHY NCPECTRHOBKAX GYKB XYz

*%) Tak KaKk 0 HANpABNCHHE O0XONa HORTYPH MORHO CYARTb NIC HANPARIE-
HED, B KOTOPOM GIHCWEBAeTCA N0G2a er0 YacTh, TO BLICKA3IAHHOE YIBEPRACHHE
OULBHARG AAR KoHTYpa (M), MMenmero oSmyw 9icTh ¢ (A), a4 3areM AErzo ne-
PEHOCHTCA H Ma oBmmf cayvall.
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BHAKOM fMIOC, COBMARAET € HYXMNM HanpapacHues Hopmand. Bossues
H2 MOBEPXHOCTH Kakyw-nuGyAb BHYTpEHHIONO Touky M, et oTBewaer
TOUKA 71y (tty, ¥y) 8 OOn2cTA (A). Tlycre B 5708 TOMKe OoTAMUEH OT RAYy4s,
CKAXKEM, ONPEIEANTEND

c=|"” “I
Xz Yo
Torma Halizercs CT04b MaAad OKPECTHOCTH TOMKH M, HA MAOCCKOCTH WY,
OTp2HHYEHRAS KOHTYpOM (L), 4TO COOTBEICIBYWINAA eff OKPECTHOCTH
ToukE M, Ha nopepxuocrH (§), orpannueHsas XOHTYpoM ([), mpeaCT2-
PENA REHMM YpabHewHeM BHAa 2=jf(x, y) [n® 860] », caemoBaremo,
OpOEKTHPYETCE HA  NaoC-

KOCTh Xy BBAHMHO 2 v ol
ogHosHauHo. (6o3Ha- @
YN KORTYP 9T0f npoex-
UMH H2 TIOCKOCTh X) ue- "
pes (®) (puc. 51).

Ecan B paccwarpusae-
MOH TOUKE H B ee OKpe- ’

L‘:"s

CTHOCTH ORpeAeANTED
C™>0, T0O NOAGKATSIBHO-
My obxozy koHTYpa (A)
OTBEYEET NOAGKHTEALHHRA
we obxos (. e -—mpu Pue. 51,
BROPAHHOM PACTIOAOKERAA
ocel —ofxoa npotrue vacoBok cTpeakw) xonrypa (%) [cm.
n° 354, 1)} Kak prawo a3 ueprexa, AMM TOro 4ToOM COOTREICIEYIOMINH
aToMy OOXOL KOHTYpa (/) Ha DOBEPXHOCTH TOXE Ka3aacs NPOHCXOAd-
meM MPOTWE YACOBOH CTPEAKH, HI HEro HYMAC CMOTpETH
CRepXy, T4k YTO HOPMaas B TouKe M, B 5TOM cayuae AOMKHA OuTh
HATIpaBJEHa BREPYX, T. € [NOAKHA COCTABAATD € OCBIO Z OCTPHE
BT0 HAMEHHO W BMEET MecTo ne opaysaM (7), eCAm B HNX BSATH
guax mmoc, n6o npu € >0 torza u cos v > 0. Haobopor, npu €< 0 Hop-
Maab AQMMHE COCTABAATR € OCHIO 2 TYNOH YroA, 9T0 TaKXEe OCYIECT-
BA9ETCA HA HeXe MpH Yxa3aHsoM rHGOpe sHaka, Abo opy C< 0 u cosv <0,
$83. Cayuali kycouno-ragnxoli mosepxmoctn. Paseurue B n° 362
HeH JAOT TaKWe YZoGHOE CPeRCTBO AAd DacTPOCTPAHEHHA NOHATHA
CTODOHH NOBEPXHOCTH Ha OOIM@H caywall NOBEPXHOCTH, COCTOMmNeH B
HECKOMKHX RPOCTHX ¥ FAARAKHAX KYCKOB, TaKYW NOBEPXHOCTE AAd
KpaTkoCTR Wil OymeM HasulRaTh Kycowno-zaadvofi. Coobpawesnus, usno-
wmennsie B 1° 361, B sTOM CAyvae HENOCPEACTBEHHO MEMPHMOMUMER,
TaK Kax BAOAD «Pebep>, COEAMHAILINX HASBEHHHE KYCKE MOBEPXHOCTH,
onpencneHnol XKACATEABHON nAOCKOCTH BOOOINE He CYMECTBYeT, M OpH
nepexone Yepes HHX O HENDCPHBHOM HSMEHCHH# HANDABASHHR HOPMAAH
rOROPUTL He NPRIOAHTCA.
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flycte Aana uOBEPXROCTE (§), COCTOAMAA HS TNPOCTHX TIAAKNHX
kycxos (S (Si) ..., TNpHMHXAOWEX omuE K ApYroMy no pelpy -—
ofmeRt yacTH AX KouTypoB. [Ipeanonoxun, npesae BCero, 410 Kewoxd uz
SMUX KYCKOS & OmIeAbROCHIE REAALMCA DBYCMOPONKEl NOBEPIROCITSI,
Ho s10ro, pasyMeercd, HENOCTATOUHO AA4 TOFO, 4TOOH BCIO NOBEpX-
#HocTh (S) MOMHO OHAO pPACCMATPHBATS, KaK JBYCTODOHHIONW, Belb M

noeepxuocTs MeGuyca aerxo cocras-
AMeTCE W3 JBYX MPOCTHX TAaaKax
ABYCTOPOHHMX KYCKOB.

Ha xoutype (K;) Kammoro Kycka
() (=1, 2, ..) suGepeM B Kave-
CTBE TONOXATEABHOTO OZHO 8 JABYX
HiNpapacHAR; OSTHM, KaKk MK BHICAH,
(HKCApYeTCA CTOPOHA TOBEPXHOCTH
(S;). Ecaa storT BHOGOpP MOWHO NpoO-

Pac. 52, M3BECTH TAK, YTOOH BCerma obuax

wacms KoRmypos *) 08yx RPUNNKEIO-

HIEX KYCKOS ONUCHBAAACE OAR IMUX KYCKOE 8 MPOMUBONOLON-
Huex senpasaerugx (puc. 52), T amnm torza mopepxHOcTh (S) sB-
Amercn ABycTopoHHefi, Cropowa noeepxaroctan (8) oORpeaeaurc,
KaK COBOKYMHOCTh CTOPOH ee uacredl, BHOPEHHHX YKasaHHHM OOpazoM.

Ecan %oTe B OAHOM CAY43¢ Hanpaefewre o6XOJa KOHTYPA BAMEHHTH
HA MPOTHBOTIONOXHOE, TO HAY coGmoNeHmMa Hawlero YCAOBHA NpHAETcs
TO e CHeNATH M CO BCEMH XOHTYpaMA. Torga A BHOPAHHHE CTOPOHH
BCEX KYCHOB (S;) 32MEHATCA DPOTHBOMOJOMHEMM UN; HX COBOKYIMHOCTE
COCTABKT BTOPYN CTODOHY NOBEPXHOCTH

Coofpawerns n° 362 OTROCATEABHO CEA3H CTODOHH NOBEPXHOCTA M eg
OpBEHTALHA OCT2IOTCA B cule W B o6meM cayuae NOBEPXHOCTH, MMenmeh

XOHTYP.

§ 2 MNOWIALL KPHBOH MOBEPXHOCTH

864, MNpuamep Llepapna, [Tonarse DAOWARK XpPHBOH NOBEPXHOCTH
KMEET HISCCTHYO AHANOTHIO C TMOHSTAEM AARHH KpusoH smuun. Jasny
(nesaMKHYTOR) LYrH MH ONPENEAdAM KaK NPEAGA HEPAMETPAa BNHCAHHON
B AyTY ROM2HOH — NMPH YCROBHM, WTO AJMHHH BCEX €¢ CTOPOH CTPeMSTCA
K Hymo. B cayuag e XpEBOR NOBEPXHOCTY (TOME, CKAMEM, HEBAMKUY-
Toft) ecrecTBerno OHA0 OW paccMaTpPHRATH BNHCAHHYIC B HEE MMOTO-
TPAHHYK NOBEPXHOCTE H ONPEAERAT:> NACINALL KPHROH MOBEPXHOCTH KaK
npeden NACWAAR STOH MHOMOFPaHHOR NOBepXHOCTH — NPH YCAOBRAK, YTO
AnAMETPH BCEX rpadell CrpemMsrcs K Hymo.

B rouge npomao20 cmosemus, 0AHako, Guaa ofnapywena Renpu-
200 Koo m b smozo onpedesenus, Umenno, Llleapy B 1883 r. nokasan, uro
YROMAHYTHHA NPEAEA He CYMECTBYCT JaWe JUIA NpOCTOTO CAYiad ROBEPXHOCTH
NPSMOro KPyToBoro nuauuapa! My npaseses STOT DOYUHTSALHNHA NpuMep.

*) 31a 9aCTh MOWET COCTOATh H K3 OLNCABHHX KYCKOB.
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fyers man takofi nEIHMGP panmyca R n swcotut H, Bnumiem B Hero Muo-
rorpaliym NoBEPXROCTS CICEYWINHM o0pasom. Pasnefns BHCOTY UHIHHADE Ha m
DPABHLX 9acTed, NPOBESEM YEPES TOYKH ACACHHN MAOCKOCTH, NEPRCHAHKYIAPHHE
K OCH ANGENpA, TEK 910 Ha ero MOBEPIHOCTH NORYyWHICA M- 1 oxpyEHOCTER
(BEROYAR COE2 H OKPYRHOCTH OGOMX OCROBANNH uwapunpa). Kamnymw H3 sTAX
ORpYXHOCTER pasjieaHM Ma 7 pABHMX vacrell TagK, YTOO0M TOUEEK Aé-
AeHHA BHIIeAeWEMeA OKpY®-
MOCTH HSIONMAHCDL HAX Cepe-
ARHAMM Lyr HMHEXeZemamed
OEDYEKHOCTH
abMeM, NafAee, TPEYroabauky, obpa-
30BaHALIE TOPAAMH BCCX STHX YT H OTpe3~
HAMM, COCEHHANMINME KOHUK XOPR ¢ TeMH
TOUKAMH TENEHHA BLile- H HUXENEWRANNT

Pac. 53,

OXPYERHOCTEN, KOTOPHE PACAOXONKENH IK Pa3 BaX HAW NOA CEPENHHAMH COOT-
BeTCTBYmEAY s.yrozmc. 53). B ceoelt COBORYNHOCTR STH 2@ DABHBIX TPEyTOI6-
HEZOB M 06DPasyRT HYREYID HAN MHOCOTPAHHYID NOBEPXHOCTE (L, 4); MOBCEDL
ce MpeACTABACHEA Ba pHC. 54

OZCUHTAEM TEMEeph MAOMANL ¢ XAKAOre H3 TPEYrOALHWKCB. Ja OCHOBaHHe
ODpHMEM XODAY, AAHHE KOTOpoH pasia

*
szn _u-l

JAxd paxowrenua BuCoTH AB TpeyroEpRHEHA {CM. YepTex) JaMerHM, 90 AR =
=¥ AC - BC*, e

AC=0C—0A=R(1— o), se=14,

Tagen o6pasow, AACMAZE OANOLO TPEYroNbHMEA pasHAa
o= Rsin -;i V R’(l - 003%)"“"(%).'

2 maomans Bcefi Muororpausiofi HoBepxHOCTH OyEET

I, n == 2mne=2R - nsif - - ]/R'm’(l-— w0 L) 4o,

Korma # H # HCOrpPARHUSHHO BOSPACTANT, TC AMAMETDH BCEX TPEYrofh-
HHEOB CTREMATCA K HYNIO, B0 NACIEEEL Lm, o TPeAedd Be uueer, B cauoM acae,
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mcmu, 410 M H 2 POIDRCIANT TaM, 4I¢G QTHONIeHHE % CIPEMATCR K ofipe~
leaeauouy npeneay q
tim 73 =g.
Hueen
Tim 7 sin 1;- =,

a ¢ Apyrofl cTOpPOHM, B CHAY CACAAHHOIO AONYLIEHHR

Ijmm(l — o8 %)mlimm-2sin’-2::-‘-=um%'%=§q,

Coefonateabao,
i Ty, = 2R ) ZR g 41,

R MY BANHM, YT Mpexex §T0T CYMECTREHHO 32BHCHT OT SeAMNAAM g, T. €. OT
cnocofa OLHOBBEMEHHOTO Boapactanns m W K. [py ¢==0, ¥ T0ALK0 B sTOM
cayuae, HaspaHENF OpeAex peeeH 2xRH (BexmunHe NNIOmAAN, BMBENsRHON B
HIXOALHOM KYPCte FeOMeTpHE), HO BMECTE C 4 OH MOXET paBEATLCH [Nake Sec-
KONEYHOCTH. TaknM ofpusoM, TpH He3aaMcHMOM APYT OT HUpPYra BOIPRCTARAE
YACEX M H 2t B0 GECKOHEYROCTH XAa niomaZe Ln, , ONpeAeteHHOro mpexesa,
AeACTERTEAbHO, Be CYLIECTBYET, H NOBEPXMOCTh HHABEAPA, £CAB CTOATH HA TOUKE
SpEHER YOOMRHYTOr¢ ONpeReNeHHA, OXAILBAETCA NHIIEHRON MEOMANH,

Bamno flath cefe OT9eT B TOM, YEM OTAHYAETCA TOAOWENHe Eemell B cAy-
Yae aOMSACH, BiECAEROf B KPHBYW, B B CIYYa€ MHOTOTPAHHOR NOBEPXHOCTH,
BUNCARHOH B KpHBYIO NOBepIROCTh. DyAeM IAa NPOCTOTR CUHTATL KPHAYC K
EPABYE} MOBEPXHOCTE, © KOTOPHX HAeT peus, raaAxAMp. Toria, AHplb TOALKG
IOPHY, COCTARXANMHE AOMARYM, BOCTATOVHO MaAH, PANpABACHUE HaMOCH w3
HHMX CHOAb YroAMO Maxo TCA OT BRNPSBTEHHA KacaTesbuoit B aploft To4Ke
cootBercraywmeli Ayry. Tl1oSTOMY Takef $eCKOMEUHO MAAgs XOpNA H MOXer Co
ace BO3PACTaONER TOYROCTHID CAYWHTL SaMeHcl COOTBEICTBYWINErO SREMeATa
ayrd. Hamportes, cxoab YroARO MaAas MHOrOYIONbHEA NAOLISARA, BepIIHRH KO-
Topolt EeXaT Ha XPHBOH DOBEDIHOCTH, MOXET OHE33TLCA BOBCE He Oxuskolt no
CROEMY PACHOACHEHUWIO B OPOCTPAHCTEE K KAaCaTeAbHOH WAOCKOCTH B HOBEpPIAO-
CTH; B TAKOM COYWde SAMEHATh JUCMEHT IOBEDXHOCTH OHA, NOHATHO, HE MOXeT.
2710 00CTOATEILCTBG TPEKPACHO MIMOCTPHPYETCH YOABLRD UTO PACCNOTPERELEM
IPAMEPON: X2CaTEABHEE MACCKOCTH K NAAHHEPHYECKOR NOBEPIHOLTA Bee Be P TH~
X4abHBH, & TPEYroasHNe TPAHH RNUCAREOHA NOBEPIHOCTH MPH GOMLLIOM ¢ CTa-
HORATCA MOVTH TOPASOBTAALRE MH, opasyd MeakHe CRAsfkn.

868, Maomaxs DOREPXHOCTH, 3ANAHHON UBHLIM yparnenweM. Benxy
YKAS3HHOIO B NPEAHAYIEM HOMEpe OOCTOATCMBCTE, NPEXOARTCA HCKATS
ApYTEX TyTeH nAnd OOOCHOBARMA NMOHATHR NAOLANE KPUBOH TOBERXHOCTH.
Mu yxameM OHAH M3 TaKAX RYTeHd, XOTH NpPOCTOH, HO HE JRMIEHHKH
ACKYCCTBEHHOCTH, NPHYEN HauHeM €O caysad nmosepxnoctr (S), saganHofl

SPHEM YpEBHeHHEM
z2=f(x, y) (1)

Ilycre x, y wenensorca B KBAADEpyeMOd OGaacTn (D) na naoCcKOCTH XY,
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K Z B 5TOHt OBJACTH MMEET HERPEPHBHME YaCTHbe TPOUIBOMHLE
_o %
P~z B Q—Ej.

Pasnowum obnacts ([) ¢ nomMommbwo cetks KpesEX (€ NAOIAABE,
pasHol HYJI0) HA SACMEHTH

(D (D) ... (D)

R paccCMOTPHM OABH M3 STHX suemenrtom, (D). Ecm nocrpoRte Ha koH-
Type sTofl wacTiMHOA O0MacTH (KaKk H2 Hanpasasmoued) LWAEZRHAPUYLCKYIO
NOREPXAOCTE C 0GDASYIOUtMH, NAPANACALHBINM OCH 2, TO OHE BRPERET
Ha mnopepxHocTs (S) saemert (S;). Boss
mobyie Touky Py{x, y;) B npemenax z
(D,), npoaesem B COOTBETCTBYIOMEH TOU-
ke M;(xp yp %), rae
=1 (%p Y

nosepxHocTH (§) KacCaTeALHY®
RADCKOCThL  YNOMAHYTaR  BHIUE
HRARSAPEYECKAT NOBEPXHOCTL H HE STOR
MAOCKOCTH BSHPERET IEMEHTapHYY ¢H-
rypy (T) (pac. 55), naowage KoTo-

/

poit 7; kax OH cayxeT npnGamscennes
K nrouann saementa (S;). Takim obpa-
S0M, CYMMY BCEX TAKRX nAOmanch

6=‘$1 T‘

MOXHO cuaTarh npul/mmenvem K naomazw nosepxuoctd (8). Mu oppe-
deann psowads 8 smoll nosepxrocmu Rax npedes

S=1lim c=lim‘iI 7
npU YCAOBUN, MO CIMPENAMICR K KYAI0 DUGMEmPK 6CeX SAMENNIO8

{S) BAR —uTO TO e~ AWAMETPH BCEX MAOCKUX Saemextor (D).
Jlerko noOKkasaTh Temeph, IO § BHPAXEETCS JABOHHHM NHTErpaNOM

S= SA reee 4% &, @

TS, KK BCETA4, ¥V 0SHAYAET YroA EOPMANH K MOBEPXHOCTH ¢ OCHI0 z ¥).

*) Opauaed BHUMAHHE YETATEAS HA HOAHYI AHANOMHI STOM0 BHpAXEHHA
() A nAOMANY KPAROR DOREPINOCTH, SEAIHHON ABH M M ypasRe-
ruen (1), v supawmerna (7) n° 328 Ans NAKHH LYrH Kpasof HHERN—
TOME B CAYYAS € APROrC JaXauud FPaBHEHHEN ¥ ==f(x},
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JeficTarTeapno, €CAR ¥; €CTh 3HAVEHHE v, OTREYIIONICe HMEHHO TOY-
ke M, 1o am naowaneh naockux duryp (7)) u (D)), u3 xoropux
ATOpas CAYKUT OPTOroHanbHOM nmpoexnmed nmepeol, OyleM BMETh COOT-

HOLIGH
eame Dy=T;-|cos v |,

OTKYNa :
T‘ _— W " D‘o
F) n 1

J== z T‘=‘§l W-D‘

il

Cyuma

ABASEYCS HHTEIPANLHOR CYMMOH Jaa Asoitnoro muurerpana (2) m, caeno-
BATENbHO, CTPEMUTCA K HEMY KAK K HpPSHeSy NpH YKaSaAHOM HpeReb-
AGM TepexoAe, uTo B TpeBOBANOCH HOKAIATh.

Ecan scnomuuts gopuyan (8) n° 361, uMmeHHO TpeTbo H3 HHX,
70 NOAYHEHHHH PesyABTAT MOMHO NECPENNCATh TaK:

S= sﬂs VITrTadrdy, ©3)

camoe cymecTeopanme uurerpana (2) wam (2a) eHTekaer k3 BpeAnoao-
WeNHOH HENPepHBHOCTH YACTHMX MDORSBOANHX p H ¢.

3ameuyanne CymecTseHHSIMH HEAOCTATKAMH STOTO NPOCTOLe ONpe-
ZeleHNA NAOMARH S SBAMOTCH, BO-NEpBHX, NPHAOKHMOCTE €10 TOAbLKO
K NOBEDXHOCTAN, [PSICTABHMHM RBHHME YDAaBRCHAAMH, H, BO-BYODHX,
KaKymascAd BABACAMOCTE €rc OT BHOOPA KOODAMHATHOH CHCTEME.
Mu BepHEMCH K 9TOMY B CAGAYWOINEM HOMepe,

866, Iaomane noBepYROCTH B ofmeM caydae. PaccsoTpam tenepn
APOCTYI TAAKYRY NOBEPXHOCTh (S), 34A2RHYI NapaMeTpHYCCKH,

Tlycte M — moGaa ee Touxa, ¥ B HeM, ckamem, C £ (. Toraa, omm-
pasce Ha CKasanHoe B n° 360, WoXHO YTBEpHAATL CAGEYIOmEE: Cyme-
CTBYET 4acTt (8) mopepxHocTd (S), oKkpykawwas Touky M # obxanao-
mag CBOHCTBAME:

1°, nosepxHoCTL (S) MOKer OHTb RPEACTABACHA SKBHLIM YPaBHEHHEM
sapa (1)

2°. ecan uepes (3) 060IHAYATL COOTBETCTBYIOUIYIO HacTb 0642CTH (A)
Ha NACCKOCTH uw, To B (8) onpeneauteas T30,

310 cnpaBeAnEBO AA4 KawaoH TOukH M MOBSPXHOCTH C TeM AHm,
yrG oTAHIHEM O 0 B Helf MOMET OK23aTheA H Kakol-arGo ApyroH us
onpeaeauteach, A wan B, Torma W sdsHoe ypasnenue guaa (1) 3ame-
HHTCH, COOTBETCIBEHHO, ABUEIM XE YpaBHCHHEM ApYTOro THOA

x=h(y, 2) wm y=g(z, X)

Orciopa caenyer (Ha QOKAasaTeNbCTBE NEFO OCTAHABAHBATHCH He Gyacm),
uT0 B A NOBEPXHOCTH (S) pasaaraeTcd H2Z KOHEYHOE HHCAO KYCKOR
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ppofe (8). OCTaHOBHMCH H2Z BLHMACAEHHH NAOMAgl Kycka (5) B coraacud

C ONpeXenenHeM NPeAMAYMEro HOMepa.
Ecad (d) ects npoexnus () HA MAOCKOCTH Xy, TO, KaK MH SHaeM

[eM. (2)) ee nromiamm dxd
s= 3;5 . 3)

Tax xax Touka ofnactn (d) ceasanm ¢ TourRamu ofnacra (3) BaauMHO
ONHOSHAYHWM COOTBETCTBHEM, H BHOCAHCHH Apyrwe Tpebopasas n° 352
u 3566, 70 MounO mepeliTH B murerpase (3), mo dopuyae (15) n° 356,
K NEPEMEHHMM #, U, YUHTHBAS, uT0 GyHKIMOHANLHEE onpelesureib

Di{x,»)
Do O
: IC]
sy =y mrrra

[cm. u° 860, (T)], » pesymTaTe HOAYUHM

3=§§vmmm @)
¢

SameyarenbHo, UTO STO BLHpPANEHHE OKA32A0Ch CHMMETPHUHHM OTHO-
cRTeasHe A, B, C, 1 Ha HeM HHKAK He OTp2sUAGCh TO OOCTOATEALCTSO,
YTC MH NPEAROAOXHAA HMCHHO ohpefennrenr € OTAMGHWM OT HyJAS
B (3), 2 nopepxHOCTs () — NpeAcTaBAcHHOR MBHHM YpaBHeHmeM Buma (1)
TOT M€ PesyibTaT ROAYUNTCA H OpH APYTHX BOSMOMHMX NPRANOAC-
wenuax!

Onpedeusrs meneps naowads S scell nosepxrocm (8) xaw ¢y xu uy
naomedeld 2 omdessnux ee wacmef (s). Cxnanmeas sce papeHcTBa
suna (4), npufeM K oxonuaremHoit dopuyne

S= s g VEAF BT C dud, ®)
4)

OUEBHEHO, He 8aBHCAMIER OT TOrO, HA KAKAG YaCTH pas/ararzacs HOBEpX-
#ocre (8)

Jameqanue lNoramew, uto sesuvuna (3) naowodi na dese ne sasacam
om mt{gia RAPAMEMPUNECKOZ0 NPEOCMASAERUR paccuampuesesoli  nosepx-
ROCIRG

{iycrs of mapamerpoB &, v, O0AACTHID H3MEHSHHA ROTOPHMX cAyEHT (4), Mul
MlepexoZnM K RapaMeTpaM &, ¥ c o6aacThio MaMerenus (8), mo Gopuyazm

e=U@ 9) v=V(a o)

CTAHABANBEDIAN MEXEY STHMH OGAACTAMH B3aHMHO ONHOSHAUHGE COOTBETCIBHE
dyuxups U B V OPLENORArawTCH HENPEPHBHEME €O CBOHMA RPOH3BONHAMH).
Orf4 MOBEPZHOCTh BLPASHTCR HOBHMMH YDAaBHEHHAMH

Xm0 0, y=9(%0), r=2(@, Oy
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OYCTs M B STOM NPEACTABACHEM OHE Hé HMeer ocofennocrell. flomaran
D o)
Jﬂsb—z—a' 7
A=AJ, B=BJ, CT=CJ
[n® 325). Orciona, MexAy NPOYHM, acHO, wte J B (A) OTAMMHO Ot Hyad, ®6o

HEave NOBEPIHOCTL B HOBON Npencrapaenun kMexd 6w ocobenmnocrs. Teneps no
dopayRe 3aMeRH MEPEeMEHHWX CpP2sy NoayyaeM

s=—.SS mu]aadv=sg V&+ 5 4T aadn,
]

[1)

axeem *)

YTo H TPeGORaROCH ROEAIATE.

Jeaasn nprzate gopuyae (D) apyroff sur (B XoTopoM oHa olHuHo
# ynorpeGasercs), BOSBESEM 8 KBAApaT MarpHRY
(5 % %)
Xv Vo To
M COCT4BHM ONpeleAwTenh
x3+-yi+23 Xpkp—+ Yayo -} 2a2s |,
XXyt Yayo -t 2o o R S
no wuspecTHoR Teopeme aareGpu [cp. n® 926] om oxawerca papnuM
uxenno Ad- B*-|- C). O6uuno noaaraor
X3 t-yit2l=5 Xyx%o~yuyet2uta=F,
x5 +)’a’ + 23=G
— 370 T3K HASHBACMHE 20YLCOSN Kosiuyguenmu DOBEPXHOCTA, Brpa-
OWAE BAKHYI0 PoAb B AndipepennmaapHolt reomerpud, B srax obosha-

YEHHAX
A LBl A=FQ— P,
Tak 9T0 dopuyxz (6) mosmer OHTL HABACAHA ¥ Tak:

S= S 5 VEG=PFdudv. (a)

(13
Bupawenne

VAR dudv=y EG— F*du dv (6)
HasHBAKT SALMERMOM RAOWadN 8 Kpusoluxelnux xoopdunamax.

Jamegyanne. C aomompbw Dopuyan (52), npustexas sneMeATapHuEe Co-
O0pawenHa K3 OGXaCTH BEeKTOPHOTO 4MAJH3R, ACTEO NOKAIATH, YTO SupaIeeNue
043 naowedn S se sasucum oM o800pd KOOPOUNAMROR cUCMENH, TAK KAK Bl
paxesna E, F, G cotparswT CEOX BeAlfIHHY NpPH NPeoGpalodaBaNE KOOpAMHAT.

*) ObosnaveRan ACHN camMm coGodf,
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Mu OrpanNyEBaARCL A0 CHX 0Op cayuaeM mnpocrod raaakod no-
sepxHocTi. ECAR MOBEpXMOCTD He NOAXOAMT NOA STOT Ccayyafl, Ho
PASAAFAETCH HA KOHEYHOS WYHCAO NPOCTHX TAAAKAX KYyCKOB, 10 ¢e
TNOMASLY HEZBOBEM CYMMY IOmaje# oTAeAsHHX Kyckos. Tlpr sToM
AETKO HOKABATH, YTO TAK ONPOAEACHHAS DAOIAAL WA Jene He 3aBUCHT
OT TOI'0, Kak AAHHAA MOBEPXHOLTH PASAOMEHA H8 KYCKM HYXHOI'O THOA,
Ecim 8¢9 NaHH2A FOREPXHOCTD XAPAKTEPHIYETCH [ApPaMETPHUECKAMH
ypagHeHuRN", X078 OH H C HAPymeHBEM BSauNHON OAHOSHAUHOCTH
COOTBETCTEHA B OTAEABHHX TOYKAX RAM BIOAL OLNSAbHMX JAsHal, TO
naomans ee ¥ B ofiNeN cayvae NO-NpeKAeNy Bupamaerca dqopuyaof (5)
man (Ga) [cp. 864, 4°)

Horepxrocrs, yMeloman NAOKIaAL, HASHBAETCA Keadpupyesovil.

3657, Npumwepn. 1) Haftte naowans wacreft cepunecrof noeepIRoCTH X <+
4-y*f 2% = RS, prpeseHAENY H3 Hee NuAnHEIpoM X' y*=Rx (sepxmero
HH%REErc ocHoBaHndt <reaa Basuanm», cn. n* 3); wepr. 46).

Pemenae Mueew fan BEPXHEro OCHOBAHNA

2= YW‘;—: P=_%r q=_§:
R

H, Caenopateabho,
dx dy

smzks;bs e

.r‘rgf;eu oG;ac-rw HETeIPAROBANHA CAYXHT KPYI, OTPaHRVenNAul ORPYENOCTAD
= Rx.
epeXOnA K MOJAPHHN KOOpHARATAM, moAyuHM [cp. n* 338, 3)]
% Reowd d
rdr
S=4R | ¥ —_——.
j VR—P

BunoAnan HRTETPHPOBANAC, OKOHIATCALHO Hefiten S=47* (%— 1)_

Tag xax naomans DoBepIRocTy Aoaycdepu pasgs 2xR*, 10 nxomans nosepz-
ROCTH TOR uaCTH Noaychepu, KOTOPas OCTAETCH NO BHICAENAH <TeAs BHBHamH»,
dyaer papHa 4R3 ©, caeNoBATEALHO, aaépametca uepes pagayc R 6es npuereyes
HAR xakHx-ambo o nonanbhocTeft. C s1HM  00CTOATEARCTROM, EOTOpPOE IpH-
BIEYNO BHEMaHRe BHEMAKR, DOCIEANNT ¥ CDAIAR 34KAYY, MPEAROKEHAYI HM CEOHM
coepeueanduaM, JamernM, 470 ofben YNOMAHYTOH 9acTs moayopeph TEEEE BH-

pakaerca Sea Appaumonaxnpocrefi: OB pasen - R® [u’ 358, MM
3ansvanne [IpopeseHHas BUENINXA Ha Aex¢ TpelyeT HEEOTOPHX OFC-
BOPOK B CBASH € Tew, uTo B Touxe (R, 0, 0) npomasoxuue p A g, 4 € HHMH ¥
NOMHMYErpaabHOE BHpaEeHMe TepnaAT Paspus; cM. 2)
2) Pemnty sapauy 1), ucooAbdys NapaMeTpHueckoe npelcraBieHHe opepu-
ueckol DOBEPIHOCTH:
x==Rsingcosf, y=R engsind, z=Rcosy
Cspxcx, 0ss0s2n)
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Mo MarpHue MPOH3BOAHLI
( Reospoosd Roosgsin —Rsinq)
— Rsingsind Rengoshd i)
Aerko HANTH rayccons kosdipannentd cpepu; E=F3, F==0, G=R'sin%¢, rax

yro VEG— F=R*sin ¢
OrpanAvHMCA PACCNOTPEHHEM YETHEPTH M3yYaeMofl NOBEpXROCTH, Aemamed
B DepRON OkTaHTe. Jlaa tovex <kpmEacH Busmaums, T. e. KpHEof nepecevenna

chepet B mEAMHAPA (B MpeAEAIT HePROro OKTaHta), Symer qw+—0=1,

DeftcreaTebNO, NMONCTABIAA BUPAKEHHA X H ¥ vepes ¢ | 0 B YypasMewwe
naanunpa x% 4 y8 = Rx, moayunm sing=cosb,  TAX KaK AOH PACCMATPHBAE-

NHX TOURH, OMEBHAHO, ﬂéﬂs;%, Osrpg%, 10 OTCOIA H caegyer, wIO

0 =2.
Ycranosas, FA OCHOBAHAH CKA33HHOrO, Dpellens MIMEHCEHA NApaMerpop ¢
H 0, noayunn no dopuyre (Sa)

i ¥
smmtsaﬂ .5 tngdy =47 (3—1),

Mu mpEmIAH X TOMY ¥e pesyarTary, HO W3GEWaB HA STOT Pa3 PaapueoB
DOAHHTerpansHolt GyHKIAN.
3) Hafirn supaxenne 2aA n40i4adu NOSSPINOCINY SPAIERUR

x=gp(u)cosv, y=g¢(U)siny, z={ (4}
eSn<p O=5o0=2n)
© [n®* 360, 2}]. Tlo Marpuue YACIHWT DPOUIBOXHHX
( ¢ (@Mcewo ¢ (w)sine ‘P‘(u))
— g {msine eujose O
COCTABAAEM BLIPANEHNE

VEG—FP=3@) Viy @F + ¥ @F »

12K UTO MAOCIAUL MOEEPXHOCTH MPEACTABRICA HOPMYIOA
S=2s SP? ®) Vie @+ @) de.

[Cp. ¢ dopmyaot (Ba) n* 205.]
§ 3. TOBEPXHOCTHBIE HHTEMPAJIIR NEPBOT0O THHA

868. Onpelesenne DOBePXHOCTHONO HHTEIPANA NEPBOTO THRA.
TTorepxHOCTHRE MHTErPaAN NEpBOre THOA NPEACTABASIOT colofft Takoe
We ecrecTBenHoe oOofumieHHE ABOHHHX HHTErpamoB, KAKHM KpuBOAHHel-
Hee RHTETPSAH NEPBOr0 THOZ ABAAITCH 70 OTHOLICHHIO X NpPOCTHM
ONPEAC/CHHNN HETErpaam.
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Crpontea sto ofoOmenne rak, Ilycrs B Touxax HEKOTOpOH ABy-
croponuedt raamkol (Wi Kycouno-rAagxo#) nosepxnocTh (S), orpanm-
YesHOR  KYCOMHO-TMAUKWM KOHTYPONM, ompenesena ¢ymxnus f{M)=
=f{x, y, 2). PasoGoeM noBepxsocTs (S) ¢ NOMOUILIO CETH TIPORSBOABHO
NPOBEAEHHEE KYCOYRO-TAAAKHX KpuBHX Ba uwacra (8, (S, ..., (So)»
Base B kampoft wacts (S) ({=1, 2, ..., #) 70 nNpONSEOAY TYOUKY
Mi(x, i 2;), BRURCNANM B STOH TOMKE sHaueHKe GQYHKUUR

f(My=flx, ¥, 2)

H, YNHOXHB €r0 Ha NAOmAAL Sg COOTBETCIBYIOMEA WacTH NOBEPXHOCTH,
COCTABEM CYMMY BCEX T3KWX NpoHspemcHutl:

o= ‘EI F (M) 8= :glf x5 ¥o 2) S

KOTODYID MK OyZeM HASHBATE —10 CXOACIBY CO MHOMMMH paHee pac-
CMOTPEHHHMHA CYMMaMN —HHTEerpanbvHoOR cywMotl

Honeurwii npedea smofi cyMMN npu cmpessexun Oduosempos
scex wacmell (S;) K HYA0 HAIHEGEMCR ROBEPXROCMNNM HKMe-
2pasox (nepaozo muna*)) om dynwyuu f(M)=f(x, v, 2) no
nogepxnocmu (S) W 0008HavaeTCA CHMBONOM

s raas={ (s v 2ds, M

[£]

rae dS nanompuaeT o6 SAEMEMTAPHWX nmAomaasx S

369. Cneménue x oOnxnoBeHHOMY ABO#BOMY #ATerpaay, Orpa-
HHYEMCH CAYYaeM NpOCTOH rramkol mosepxHoctit (S).

Kzkopa 6w HE Gwaa ¢ynkous F(x, ¥, 2), HEDpepHBHAE B TOUKAX
nosepxHocTH {S), BHTerpan (1} CyMECTBYET, # HMCET MECTO DAIREHCTBO

G
=(R) S§f{x(": %), y(, v), z(z, 7)) VEG—Fdudo. @
@

TakaAM OOpasoM, OAS CEEDENNR NOSEPXNOCHIHOZO HHIME2PAAR NEPEOR0
MUNA K OCNKKOBERKONMY G80UKOMY HYMHO MUING SAMERUME Koopdu-
Hams X, ¥, 2 UX OWPANCHUANMU Yepe3 napaMempu, a SAeMEN nao-
uadn 45— e20 SNpUNCERUEM & KPUBOAUREHNNX Koopdunamax,

Obparanca K AOK23aTEALCTBY BHCKZ3aRHOrO YTBEPKACHHS.

*) B orauyRe Of MOBCPIROCTHLX HMTETPANOB BIOPOre THHA, pacCMATpREA-
eMHT HREXe.
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Kak ywe oTMeuanoCh, pasnoikenuio jnosepxsocra (S) Ha 4acTd ¢ no-
MOINBIO KYCOUHO-THANKHX KPHBHX OTBEY3eT NOAOOHOE e pPABAOWEHHE
ofaactu (), 8 ofpatno. TouHO Tak e, ecAM K MYMO CEpeMATCH AHa-
MeTpu vactedl (S), TO STO (NPaBeANMMBO H DO OTHOMIGHHIO K JHaMerT-
pam uacreft (), u obparso.

PagnomuN #e COOTBOTCTBEHHHM OOGpasoN NoBepxNocTh (S) Ha gacTa

(S, (S9), ..., (Sy), a obmacte (A)—mna uacrw (&) (&) ..., (A u
sufepenm B kaxno#t vacra (S;) no Touke (X, yp 2;), 2 B uacTH (A)—
no To4Kke (H; ©;), KOTODHE TaKke OTBEY2Id O OANa ApYro#l, TIK uro

Xpe=x(y, 0), yis=y@, v 2=z, v). @

CoCTaBHM TEMEpb MHTEIDAABHYIO CyMMy Ead mnrerpana (1)
L
°=i§lf(-% Yo &) S,

To ofimett dopuyne (5a) n° 366 Gyzer

§= 55 VEO— P dudv.
4
1]

TlpaMennn e Teopemy O cpefHer, TOAYUAN

Si= lmh—@; Ay

Q—w'

rEe (@, ©,) ectb nexoropan Touka obmacty (A)).
C nomompio BTOre BHpawennd Aas (S;) 1 Bcnomnsas (3), MH MOwen
NEPETHICATh CYMMY © Tak:

0=’Z.‘\lf(x(":’ %) Y ) 2@ 9NV EO-—-F‘],,_%.A,.

ﬂ-’i

B 310M BAIC OHA HANCMAHACT HMHTErPATLHYI0 CYMMY AAd BTOPOro 3
auTerpanos (2

o* *-_"-*Zf x @ o) Yy 0), 20w "1))[“30 ——-FEI,_,,-A,.
o= 5‘
Pasniqre MeROY CYMMAMH ¢ H o” BaKAIONEETCA B TOM, YT0 B MOCAeR-

refl W croxkHaq ¢ynxnus £(..) B kopews y/.,, BeAaxER pas BRYHC-
AFOTCA WA OfHO# W TOff e NPORSBUABHO BaATOH TONKR (i, ), 4
B. mepeofl — ynknug f(..) Gepercs B Touke (&, vy, a BHpaxenue

...—8 T0u9xe (@; ¥;} (KOTOpaA HaBABHBACICA TEOpeMOH O cpesueM H
HE NPDORSBBONbHA)L
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PaccuoTpEmM pasHOCTh Mexay ofenmu CymmamH:
o—a*=31/(.) VEGT=Pluwis, — [VEG—Flliwu} A
L \'r‘ Tun ”‘

Ilycrs & >0 — nporasoanno maxoe uncao. B cuay (pasmomepnoi) ne-

TIPEPHBHOCTH GYHKIIAN VEG—F', npu ZocTaTouHO Maamx ABaMeTpaX
obaacrent (A)), Gyaer

VBT Pl [V BT Pl | <

‘-v‘ 'a—v‘

Yuurupag OrpaRHUEHHOCTD HempepweHofi ¢ynkupa f:

o 3 <L,
AEIKO TIPHXOANM K ONEHKe
Jo—o*[<TeLA,
TAK YTO
lint {g — a%)=0,

OTCI0fla %CHO, YTO H3 CYBIECTBOBAHWA NpEAEAd NMAA BTOpOH H3 BTIAX

CyMM ChefyeT CYINSCTBOBAHAE DABHONO €My Npeliela W JAs ApYrod.
DTEM B AOKA33IHO HAME YTBEpKEEHHE,
Ecar nobepXHOCTE (S) BafaHa ABHHM YDaBHEHKeM:

z=z(x, ¥)
10 Qopuyna (2) NpuRAMaET BUA
SJ fe5 3, z)d8=(n)§DSf(x, » 206 WVTFP T Pdrdy, (4)

rae (D) osHauaer Npoekumw nosepxHoCTH (S) Ha naockocTh Xy

Tak kax
VTP P=r

(ciie v, KaK OfHUYNO, €CTh YrOA MEXAY HOPMAZBLIO K NOBEPXHOCTA H
ochI0 Z), To QopMyay (4) NMOXHO HAOMCATL H TaK:

{ :5 I,y 2)dS=® sﬁsf(x, 9 206 I oy ®)
(4

Mu npesmonarams Xo CHX noj MoBepXHoCTh (S), Ha koropyio Gua
pachRpocTpaneH WHTerpan, mpocroft @ raaakolt. Haww pesyabrare Jserxo
nepesocarca B Bg oOmull cayyall NOBEPXHOCTH, CocTomuell ma KoHEuHOre
YHCAA TAKUX KYCKOB,
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370. MexannNecKkHO NPHXOREHHA MOBEPXAOCTHHIX HHTETPAROB NEPBOro
Tana. 1°. C noMOMLI HAIBAHMHX MHTErPANOR MOXHO ODDPCAENATE MECCH, MO-
MeHTH, KOOPAHHATH UEeHTPOR TANECTH B T. Il BEMAYAHL XA2 MATEDHAALHHX
nosepiroctell, BAOAb KOTOPHI PACHpeleNeRH Maccsl ¢ OnpeRensHnofl B KaEnoft
TOUKE NOBEPIEGCCIHOA MAOTHOCTBLIO.

Ha gpene sgech Her HHYEr0 HOBOro MO CPABHEHHI CO CAYYAeM DAOCKOPO
PACTIpEIEACHHA MACC, PACCNOTPEBEHM EBHIGE,

. fpumasicenue npocmozo c40n. NoBepXHocTHME WHTErpAAK MEPBOro THRA
€CTECTREHHO BXONAT B PACCMOTPEHHE NPH M3YYEHMH MPHTAMERRA MACC, pactipe-
JeleHANX HA TOBEPIHOCTH.

Tycrs no mosepxHocty (S) senpepeBHHM ofpasoM PacnpelcfeHtl MACCH
¢ sanamiolt B kamnoft touxe M{x, y, 2) AOBEPIAOCTE DAOTHOCTBID p (M) =
==p(x, », 2) *) Ilycte, nanee, B TOuKe A(§, v, {} (8 H e NOBEPIHOCTN) MaXOAKTCR
enArAua MaccH. TpeGyercs onpeneants, ¢ Kakof mO BeIAuHHE B MO HAllpaBAe-
BHIO cH10ft F nputArHEacTcH TouKa A nopepxHocts®d (S), ecau B OCHOBY IlORO~
XeH HHITOHOB 33KOH NPHTA¥EHAS (SAKOH BCEMHDHOTO TATOFEHHA).

Econ 6w r1ovEA NPATATEBANACE OXHOE numb MarepHaabhHOR troukol
M{x, v, £) ¢ cocpenoToueHHOf B Heli MacCOH M, TO BeAHYHHA CHAM IlipRTANE-
Hia Cmna 68 pasHa

m

IRe r eCTh DACCTORHHE m, T. €.
r=YE—F -+~ ®

P Tax xak s1a cnaa wanpasmena ot A x M, To ee HADPABAAWMINE KOCHHYCH
yayr

X—§& y—1n z—i
r* r ’ r

M, CIEN0BATENBHO, MDOEKIBA CHIN DPHTAXEHHA I Ha OCH XOODAMHAT BHpa-
3ATCA TAK: ‘ .
x— — z—
Fe=m——, Fy=ﬂ"vr.—1l, Fr=m—0. @

B cayuae cHCTe M b APETATHBADUIHI MATEPHAALHKE TOULK STH BRPLKCHHS
SIMEHHAUCH O CYMMANH HOAOOHWX BHPAREHRH; HAKOHEN, IPH HempepuEHOM
pACOPENCACHHE MACC N0 NOBEPIHOCTH MOABATCA BMECTO CYMM HMHTETPAaAM.

puMenan OGHYHLA NPHEM HINOWERHA, MOXHO GHAC OH PaccMoTpeTh 5 Ae-
MeunT d3 NOBEePIROCTH C Maccofl p &S, KeK 6w cocpeoTOueHHOR B OAHOK M3
ero rouex M (x, y, 2). Oxazpipaemoe HM HE TOUKY A DpHTAKECHHe GYReT HMETH
Bpoekunn Ha ock [cp. (7))

2—L

Etas, dry=otlas, aF,=pitas,

=005

*) B o70M ciyvae TOBOPAT © NPOCTOMN CXoe (B OTAHYHE OT ARo 8-
HOT O CAOH, HOTODOTC MH HE PACCNATPRBAEM).

**) Kak ofibiyo, «ROCTOAHBY® TAOTEHAA», T. €. MHORETEAd NPONOPLHO-
paabHocTR B dopuyae Helerona (sapmcampf or eniGopa eNBHAI), ML IaMeHAeM
exapauefl, 4T00K YNpoCTHTE SALACH,
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TAe r oagauaer paccrostmne AM, pupamaemoe dopuynofl (6). Teneph ocraercs
FHOTS «MPOCYMMMPORATR> STH BHpaXeHHd, 9TO MPHBEXET K CHCAYOUIAM GOpMY-
2aM x4 APocRUEA cAAK F TPHTARCHRA NPOCTOrc CAOA HA OCH:

P,=S§pig-5ds, F,=L§pg—ﬂd& P,asssp-’%‘-ds. ®)
! } [¢

Srau cuaa F onpemeaena NOIEOCTHI KAK MO BEIHUHHE, TAK M 1O Halpa-
BACHRN.

Ecan 6u DpuTArMBaeMag TOYKA A M camua aekana Ha noaeprHoctH (8), TO
NPOCKINN APHTAHCARA HA OCH NMO-NpewbeMy BHPAKAARCH OW HHTerparamy (8),
N0 HE 3TOT PAs HHTerpaan STH Gnian 6 HecoGCTBeHHMN MH, TOCKOAbKY
BOIH3E TOYRR A NOmMHTerpambHMe (YREUHH Bce MEPECTAOT OWTh OrPaHi-
YEHHLMY.

3* flomenguas npocmoee caos, B cayvae opeoft nprrsruearomelt Touyxs
M(x, , 2), KAK MM BHEeAM, NpPOCKURA TNPHTATHBAIOMER CHAN Ha OCH HMEWT
supawenus (7). Jlerxo yCMOTPeTh, UTO STH HPOEEUMH ABARITCA YACTHWME OpO-~
H2BOAHLME N¢ § 4 B T or dyHkaAn

W, O="7,

KOTOPAA HAINBALTCA HHOMONOESKUN ROMERHUAAOM BA TOUXY A Tnoan roukn M.
|Cp. n® 351, 1}].
B cayyae HOAA, COSKARAONO CHCTEMOR METEPHATLMKX TOYER, MOTEHIAAN BH-
asnaca Ow cywMoft apoeft sToro Buxa, OpHuYeM NMPOH3IBOEHHE NOTEHUMAAZ NG
E. 7 § mo-mpexHeMy ZapaAH G MPOCHLMA CHOM NPHTAXEHHA HA OCH.
Orcioae €CTECTBEHHO NPHXOEEM K TAKOMY BHIPAKEHHN [AR NOMENGLEAG
RPOCMOZO CA0R, DACHONGKEHNOTC NO MOBepXHOcTH (S), ¢ MAOYHOCTHIO p, MA

TouRy A: &S
LACR t)=5$ 05 . [0)
53

BOSHHKAET IMUIL BOUPOC, COTPARACTCA AB ANE 97010 NOTEHUMANA (BYHAAMEHA
TaAbHOe CBOHCTBO:
ow v ow

‘&'=Fxs ﬁ=Fyn Tz’=F:: (10}

rae Fy Fp, Fp cyTs NpOSKHUE CHAN Fa NPATAKEHUA MPOCIOTC CAOR B2 OCH B
onpeneualog::a dopuyramu (8).

Ecia Touka A HEé NCEHT Hd DOBEPIHOCTH, TAK YTO HHEKAWMI HADYHICHHR Re-
DPEPHBHOCTH HeT, TO Jerko MOKasaTh, YTO K rmrerﬂany (9) npn mnddepenunpo-
pauuy ero 0o € v HAM { npAMeHuMo Apappao JedGHnus (nas sroro no-
HaRofHAOCh Ol AHMINL MOBTOpEHHE Yime 3HAKOMHIX HaM paccymaennft), Taxwm
AYTEN ONPABAWBAWICR R IAA DACCMATPUBAEMOre CAYYAA pacOpeAcieHHs MACC
cooTHomerHA (19).

MNeuueru. 1) Hatitn cuay npuTamesms TOUKH ONHOPOUMHM (p = const)
chepHISCKHM CcAOEM,

Pemeune HycTs uvedarp chepH AexHT B HayaZe KOOPIMHAT, & NPUTATH-
paeMad TOYKA A (Macch 1} RAXOANTCR HA MOAGEATEALHOA OCH Z HA PACCTORHMM
a or newrpa. Tpoesuna F, # F, cuAW DPETAREHHA B4 OCH X H ¥, OYeBHLHO,
pasin Hyaw. fazee, umeen
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(r— gacctounne Mexay TONHOR A B npoussoxbAof touxof M chepu). Ecxw
aepehitd Kk cdepnIecKiN ROOPAMHATAM:

x=Rgnypcoed, y=Rsanypsinh z= Rcmqy
T0

dS=RVsingdedd, r—=yY R+ o* —2Racsyp

2Rty || R 89— 0) tin g dy
Fe=2 R’P§ (R* 4 0* — 2Ra cos g)*/2

TMoncraroskoft R} o —2Ra cos g=—=¢* npec6pasyem 910 BHpamenue

F,=%§p:—§: (BF=—1) at= — 22y 2k — B — [R—al).

PaccuoTpM Teleph NBA HPENUOAGEEHHA,
(1) Nycts o << R; B Takom caynae | R— a| =R — &, B ckofiKaX cTORT HYAb H

Fy=10,

Hrax, mouxe, naxodsmoencs Ry mpu ODROPOONOZD CPepuiEecKO20 CAOR,
NE UCREUMNAGEI CO CIOPONE ROCAEONEZD HUKQKO20 NPUIMANCERUR.
(2) Ecan me 2> R, 10 | R— 0| ==— (R —-a), T2k 910

Fg=_T.

TlosTOMY MOYKE, RAXOGAULEREA 8HE OBHOPOOROZO CiepuNeci020 CAOR, HINK-
muieaem O CMOPORS NOCIEONE20 MAKOE HE NPUMANCERUE, KAKOC UCBHMNITL
Gol, ecatt cocpedomosums 600 Morcy mo—=4xRp==8p o208 8 €20 Hewmpe,

a 2) HafAite notredunax oAHOPORHOre chepuueckoro ¢iod B NPOHIBOLLHO B3R~
r0l TOUKE.

Pemease Tpn npexnnx ofosHayeHHsL dueem

®
- as _ —cnedy ___ _
vo={fir = | e
R4-8
2z
=22 | a=2F,Ria—(R—0).

|IR—a|
Ecae a<< R, 10
W (a) = 4= Ry,

TAK YTO 8 NY I P I OOHOPOOROZD CPEPUYEcKO20 CAOT £EO NOMERYBGSE ROCMORHLR.
Hanporks, npn ¢ > R 6yner

(s =——““{‘:“’,

1. &. nOomMENBUGA, COBOGRANE CPepuuecKBM CAQEM 60 BREUIRE M RPOCMPaN-

CIiE, HE USMERUMCA, ECAl BLI0 MACCY £20 COCPEGOMONUMD & HENMPE.
3anevaBEgR B cayyae a—R B ofenx 3agavax mnpHMACCh On HMeTh

9840 € TAK HA3WBACMEM HE COGCTE € HH K M NOBEPIHOCTHEM HHTErPAIOM, 1o~

CHOABKY DONBRTErpalbHan QYHKUES O0fpamacTcs 8 GECKONEIHOCTh.
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§ 4. NOBEPXHOCTHLIE HHTETPAJIN BTOPOTQ THIA

371. Onpepescane NOBEPXROCTHMX NHTETPAZOB BTOPOTO THEA, 310
HOROE uuTerpa’bHoe o0pasoBanne CTPOHTCE no ofpasty KpasoanHeHuoro
HETErpajNa BTOPOrO THNA

Tan Ml HCXORRAH ¥3 HANDABACHHOR (OpHGHTHPOBAHHOA) KpH-
BOH W, pasHOMHB €€ HA DACMENTH, KamAul TaiwoH BSJAEMERT, COOTEET-
CTBEHHO HANPaABASHHHH, NPOSKIRPOBANE HA KOOPAMHATHYIO OCh.
Ipoexaiga noayvanach TOXe Hanpasaenuoffl, u MW Opann ee HAnKYy €O
BHAKOM DAKC HAH NEHYC B B2BACHMOCTR 0T TOr0, COPNAAanc AN €€
HANpEBACHHS C HaNDIBICHEEM OCH HAH NeT.

AHzOTHUHHM 00pas0M pAcCMOTPHM Teneps ABYCTOPOHHBOB
nosepxHocTs (S), MMaAKY0 BAM KYCOUHO-TAIAKYD, I (AKCHPYEM KaKyw-
Anbo H3 ABYX ee cropoH; Kax M BRmean [n° 362), smo pasnocussno
endopy Ko nosepxsocmu onpedesetnoll opuernmayguil

Ias onpeszeAeHHOCTA NPEANONONHM CHAYAA3, 4TO RNOBEPXHOCTD 3a-
JaHa ABEHM YDaBHCHHEM

z=2z(x, )

npaeM Touka £, V) Hamensercs B ofbnacrmn ([) na naockocTw Xy,
OpaHRYeRROA  KYCOUHO-TAGAKAM KONTYpoM. Torma suGop BosMOWeH
MEXAY BepXHEH W HHMHEA Croporamu RosepxHocTR *). B neprom cay-
yag BAMKHYTOH KpHBOR Ha NOBCPXHOCTH NPANMCHBACTCA RaNpaBacHAe
RpOTHE Yaconof CTPEAKR, €M CMOTDETL CBEPXY, BO BIO-
pou — obpaTHoe HanpaeaeHAe.

Ecau ROBEPXHOCT: pastira HA SACMEHTH U KAMAWA TakoH, COOT-
BETCTBEHHO OPHEHTHDOBABHHH, SJEMEHT CHPOEKTAPOEATH Ha NAOCKOCTD
Xy, T0 HanpaeieHue ofXoAa KOHTYPA TNpoeKTApyeMoft ¢arypu onpelie-
MuT W Hanpasrenue o6GXOJa KORTYpa Mpoexnpn. Sto nanpasaeHne Cyaer
COBMANATH ¢ BPAGICHHEM MPOTHB YaCOBOH CTPEAKH, T. € OTBEYATH OpiieH-
Tan®wd CcaMoH TAOCKOCTH Xy, ecau dukchpoBana Ouna BepXAAA CTO-
posa HoBEpXHOCTH (S); B STOM CAydae MN HAONIAAL GpOeKNHA OyAex
Gpatb €O SHAKON nmoc, B cayvae nnxHel croposnm mpamenne Oymer
ofpaTHEM, H [ACWIAAR RpoeKuHM Oyles Opate €O SHAKOM MHHYC
[cp. o° 3587}

fyers renepw B TouKax RanHofl mopepxHoctd (S) onpefeaenRa Hexo-
ropan dynxnad F(M)y=F(x, v, 2). Pasnoxnp nNOBEPXHOCTL CETHIO
KYCOYHO-TAIXNX KPHBHX N3 SACHEHTH

S (Sahooes (S

sulepem B KaxsoM sremedre (8) mo Touxe M;(xp ¥y» z) arem
puyacauM swavenne dyuxpan F(M)=7F(x, Vi, 2;) B yuHoummM ero
Ba naomaxes D; npoexnud Ha NAOCKOCT: Xy SaemenTa (),

*) Cm, chocky Fa crp. 298,
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CHaGHEHHYIO BHAKOM N0 YK23AHHOMY Bhuie mpasuay. Cocrasuu, HakoHes,
CyMMy (TOM(e, CBOSrO POA2, HHTETPAABLHY IO CYNMY)

o= gl ! (M) D;= iglf {xs v 2) D, )

Koneunnlf npedes smoll cyMMu npu cmpessenun & wyao oua-
Hempos ecex wacmell (S)), HaSNOQIM NOECPXROCHHNNM UKM e
zpasox (smopozo munag) om

f(M) dxdy‘:f(x! A z)dxdy,

PACRPOCIIPAKCRENN HE CHOPAKKY IO CMOopoRy nosepxrocmu (S),
# 0003HAYANT CHBMBOJOM

I= Lg‘fw) dxdy= 555 Fx », Ddredy @
{

(snech dx dy WanoMMHzeT O MNOMAZM NMPOEKNHH DAEMEHTAa NOBEpX-
HOCTH Ha MAOCKOCTh XY

Bopouem, B STOM CHMBONE He COAGPKHTCA KaK pa3 YKaSaHHA Ha

70, KAKYI0 HMEHHO CTOPOHY NOBEPXHOCTH UMEKWT B BUAY, TAK TO YKa-

2 BaHAe OPEXONMTCA Zenate BCAKnlt pas oco-

G6o. Us camoro onperencHus CAAYET, 4To

npH 3aMeHe pAccMATpuBaeMo#t CTOPOHW mo-

BEePXHOCTH  DPOTHROMOAONHOH  CTOpOHOR
UHTETPan MEHACT BHAK,

Ecan noBepYHOCTh He WMeeT YKazas-
HOMO CHENHATLAOTO BHAA, TO MH BCErAa
i Bupeab OyAeM RNpeAnoOAarath, HTO OHa CoO-
il CTOMY HS KCHEYHOr0 4HC/A4 KYCKOB, Orpa-
T j BUUSHHWX KYCOUHO-TAAIKUMH KOHTYpauu H
i auGo uMerompnx sT1oT BHA, JuGo npeAcra-

pagomyx co6oft 4acTh MHAUHAPHYECKOR NO-
. 4 BEPXHOCTA ¢ OOpasyIomuMH, NaParne HHMA

OoCH Z (HanpapARIOman KOTOPOH Ha TAOCKO-

Prc, 56, CId Xy EMECT HYJepyi0 Maowans). B cayvae
3MeMeHTa, JeHARIEr0 Ra KyCKe Nepsoro

THO3, M YHE SH3EM, KaK TNPHOHCHBATL SHAK NNOCHIAAA €ro NpPOCKIHL;
STH SHAKM MOFYT OKA%aTbCA H PaSAHNHGLIME A4 PasHHX SJEMEHTOB, €CAu
OIHH INEMEATH HOBEPXHOCTH OKASHBAIOTCA JICHAUIHMA CBeDXY, a4 APYTHE
cHusy (puc, 56). Yro %e KacaeTca SAeMeHTa, ASKAMETO HA YNOMIHYTOH
HHAMHADPHYECKOR TIOBEDXHOCTH, TO MPOEKUHA €r0, CTATUBAOINAACE B JA-
HAR, HMEeT HYACBY® IOINAAR, H O SHaKe €e rOBOPUTH HE NDAXOAATCA ¥).

@f
Gk
1

*) «HempapnapHuxy sAeMEHTOB, DPRHANICKAMAX PASAAYHEIM EYCKAM, HI KO-
TOPHY COCTONT MOBEPIHOCTL, Mul Oyacu BIGerars (4 MOEAQ Guia0 G EMH Ho-
HpoCTy BpeneSpens)
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B ocTaspHOM OmpenescHue TNOBREPXHOCTHOTQ HHTEIpAAd CTPORTCA W AAR
ofuIero cAySad TAK ke, KaK B Bhlle,

Hawenss po/m ocelt (COOTBETCTBEHHO UENMY HBMEHAWOTCH
4 HALK TpeOOBaHHA K NOBEDXHKOCTH), MOXKHO GuaC OH f1po-
EKTHPOBATh HAEMEHTH NOBEPXHOCTH, BMECTO HNACCKOCTH Xy, HA WIOCKOCTH
yz aan zx. Tak moayuawTcs APYTHE ABA DOBEpPXHOCTAME HHTErpa’a
BTOPOro ThOA:

{§r0 5 adydz S§f(x,y, 2 dzdz. @
$) [¢
B npanoieAnsx yaie BCEro BCTPEUJIOTCA COCAWHOHHS WHICTPANOE BCEX

3THX RHIOB:
Sﬁs Pdydz-+ Qdedx -+ Rdx dy,
&

rae P, Q R ¢y dyHkoer or (X, y, 2), onpeZeacHHHe B TOYKaxX 1o-
pepxHOCTH (S).

Ewe paz monuepkses, 410 £0 scex cayiasx nogepxnocms (S) nped-
noaazaemcR VEYCMOPORNEN U wMO URMEPAA PACHPOCMIPARREMCR
HQ OnpeOeAsHNYI0 €2 CTIOPOKY.

872. Cpentude k¥ OGHKAOBEHEOMY ABOHHOMY HHTerpany. Mm Gy-
JeM  npennosararts ¢yHiuEo f HenpepeBHOMR B TOUKAX MNOBEPX-
pocra {S).

1° PaccMOTpHM CHayana OCHOBHOH cayualt, Koriia nosepxHocTs (§)
8aflaHa ABHHIM YpaBHEHUWEM

z2=z(% ¥) {(x, ¥) s (D),

NpuyeM (YHKUAS Z HENPEPHEHA BMECTE CO CBOHMHM YACTHHIME NpOH3-
BOJIHEIMA R s
'z z
P =ik’ q—$°
Ecasm wuurerpan (2) Gepercd no BepxHeR CTOPOHE NOBEPXHOCTH, TO

B BHTErpansHo#t cymme (1) eEce D, monoxureashul. Iloacrasasa B 5TY
CYMMY BMECTO Z; €I0 sHauemme 2 (X, V;), NDHBEAeM €€ K BHEY

»
°m‘z Jxp Yo 2(x0 Y1) Dy
=14
B KOTODOM JeIKO YSHaTb WHTEFDAALHYI CYMMY A/ OGLIKHOBEHHOTO

ABOfiHOre HATErpana
® _uf . 3 2(x y))dxdy.
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Ilepexoms x npemeay, YCTanOBUM B CyumlecTBOBAHRE HHTerpar: (2)
# paBeHcTEo

{ § f 5, Ydzdy=@) S;_gf(x. 9 205 Ndedy. @)
&

Ecan PANPOCTPAHATL MHIErPANn Ha HHXHKIO IO CTOPOHY HOBEPXEHO-
¢18 (S), To OyAeM uMeTh, OUEBHAHO,

5!5 S5 Adsty=—0) [{ 05 20 Maxts. 6
¢ [t

Jlerko Tenephr YCTAHOBHTS (ANMA PACCMATPHBAEMOFO Cay-
9aA) CER36 MENDY MOBEPXHOCMHMML UNMezpasaMl o0odx munos,
Tiycrs cqauaaa peus mAeT (LAR EHTErpasa BTOPOre TWN3) O BepXHEN
cropone nosepxnocru, Ecam B dopmyne (5) n° 869, cuurtas yroa
¥ OCTPHN, 2AMEHATH (bymmmf%x, ¥, 2) vepea f(x, ¥ Dcosy, 10
NOXHO GYAEr HAnuCaTsH!

® Lsf(x: P 2(x, y)dx dy= Ssg_f(x, ¥, 2)cos vdS.
(

Orcona —- ¢ yuerou (3) — moayugercs nckomas Qopuyas:
gmsm, ¥ 2) dedy= _Lff(x- 3, D) cosvds. @

3aMennt PEPIHIOW CTOPOHY TOBEPYHOCTH HEMKHEN, MW TeM CANHM
MeHseM 8siak aceoff vacTA papencTsa (4), Ecam OXHOBpEMEEHO ¢ TeM
NOB, ¥ pasymeTh HA STOT P48 TyYNOH YroA C OCHK Z HOPMAMM, HAmps-
BACHHON BHHB ME TO KOCHHYC, 3 C HEM ¥ HNTETDad, TaKme WEMEHHT

- BHAK, TAK 49T0 DanNEHCTBO COXPaHMTCH,

2°, Ecnu (S) ecrs uacte neadEnpuueckoll NOBEpXHocTH ¢ obpasymo-
HIMMH, RADANAEABHHIMH OCH 2, TO BCE €f DJEMENTH KNMENT HyJeBNE
RPOCKNMH, T3K YTO B STOM Caydae

SA"’" ¥, 2)dxdy==0. @)

Ouesno guech 7akie nyeer mecto GopMyaa (4) Tak Kak cos v==0,
TC H Npapas YacTs 5TOM dopuynu Gylder HyseM,

3° Haxonem, ecan nosepXHocTs (S) COCTOMT U3 KOHEYHOrO WYHCAA
KYCKOB, DaCCMOTPEHHHX B 1° uaa 2° To, ckaafmsas dopuyse Baja (4),
OTHOCAINECH K OTAGALHHIM Kyckam, yOeZuMcs B ToM, 4re dopnyaa (4)
CHpaReazEBa H B oOMieM cAyYae.

4° Ananormunsie GOPMYAH MOryT GHTL NOAYSEHH B QA% TOBEPXHO-
CTHHX mETErpascp (2%). Cxnaameas Bce TPR GOPMYRM, HaHCAHWHE, CO-
OTBETCTBEHHO, AAS NpOHSBOABHHX HenpepueHHX ¢ymamnit P, Q R,
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apemeM K ofwefi dopuyte, CBasHBMOmER NOPEPXHOCTHHE UHISrpaAm
BTOpPOTO H MEpBOr0 THMa:

gpam+edzdx+ndxdy=
=s (Pcosh Qeosp--R cosv)dS. (6)

Honuepknen, 4T0 cnpasa 3decs PuzypupyOm HARPASARIWUTE KOCHNYES
HopuMaad, coomsemcmeyoued moli cmopone Rosepxrocma, no Komo-
PO B3RmM unmezpas cAeea,

5% Ecam nosepxsocts {S) saflaHa NapameTPHICCKH, TO MOXHO CBe-
CTH WHTErpan B Dpasolt vacTa Qopuyan (6)-—a C HMM | HBHTErpan
B nesolt HaCTA — K OOHKHOBCHHOMY ABOHHOMY HRTEIpaNy, pacnpocTpa-
HeHHOMY #Ha ofaacrs (A) wsmesenas napawerpos. lpeanonomnn cxa-
43Aa MOBEPXHOCTh NPOCTOH W CA3IKOH; WYCTh OHa OTPaHHYeHa KycoyHo-
rRAJKHM KOHTYpoM (L).

BuGepen onpeleactuy CTOPOHY NOBEPXHOCTH H TEM CAMEIM
ycTanopuM Ha hell onpeAeAcHAyl opHeHTauuww. Ecauw nmoaoxae-
TeABHOMY 006x0ay Kourypa (A) o6aacru (A) oTseunzer
NOAOKATEABHME Ke 060X KouTypa (L) T0, KaKx Mil 3macw
[n°862) kanpasasomue KOCHHYCH HOPMaNH, XADAKTCPHSYIMIHE HMCHHO
BHOPaHHYO CTOPOHY MOBEPXHOCTH, ONPEXEANTCR (GOPMYNaMA

B

1= A m——-——-——-—-—-‘—,
R IVEIPT '°°“; FVALFTC

VAR

¢o suakoM {-+) nepes kopuew, C Apyro CropoRH, MpH mnepexofe
K ABOHHOMY KHTETPANY NO DADAMETPAM &, ¥, DAeMeHT ntomaan oS
HIAACKAT BAMCHHTL BHPANKCHHEM

VT F P Cdudo

[n° 869]. OxonuaTensHO, NOAYUAM PEBEHCTBO
SSS Pdydz - Ddzdx 4 Rdxdy=§5 (AP+BQ-+CR)dudv. (T)
[t (&

B npapofl wacTR ROEpasyMesaercd, uro B dyRKuMR P, Q, R smecto
X, J, Z NOACTARNSHH UuX BHPAMCHUR Wepes ¥ #4 O.

3AMEYAMAE DTOT pesyAbTaT pacnpocTpansercs ¥ Ha Goaee
ofmnA cxayyaRl MOBEPXHOCTH, COCTABAEHHOH H8 RPOCTHX FASAKHX
MoREPXKOCYER, TPHMSIKEKMIRK CARs K ApyroA. Ho neped wurerpanom
CHpANA MONET NOABHTBLCA KAK BHAK NJAPC, TaK H SHIK MEHYC
[cm. u° 861, samevanse].
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873, dopmysa Croxca, OGparumcs Teneps X BHBOZY (POPMYAH,
CBs3uBatonlell MOBEPXHOCTHHY HHTErpaq ¢ KPHBOARHEANHM d CAyHameR
oboluenuer yxe HapecTHoA HaMm (opmyaut Ipuua [n° 346]

Mu -coXpanfeM n[OHaYany OTHOCHTENbHO MNoBepxHocT (§) Te e
SIPENNONOMEHHS, YTO B HYHKTe 5° npeawaymero HOMepa.

Ilyctb »  Bekcropofi nPOCTPaHCTReHHOH 00A3cTH, coliepxkamef
BHYTpH ce0s moepxsocTk S, Sadawa ¢ywams P(x, y, 2), Henpe-
puBHaZ B 3TOH O0RacTH EMECTe €O CBOMMHM WYACTHEIMH HPOW3IBOAHHMH.
Toraa mmeer MecTo (QopMyna

(lEde Sssa—dzdx——-dxdy ®)

npadeM HanpasieHue olxoZa kourypa (L) cooTeercieyer Toit cropoHe
noBepxHocTd (), Ha KOTOPYIO pacHpoCTPaHeH BHTErpai cnpasa.

Tlpexge Ecerc npeoGpasyew Kpusoamnelnul WHTErpan no Kpupoft
(L), samenue ero murerpanoM no kpssofi {(A):

(lSpa:x § -a—du—l—wdo) )

PapercTeO 5TO NETKO NPOBEPUTH, €CAH BBECTH MAPaMETPHyECKOe Mnpel-
Craerenue Kpuso#t (A)

a=u(f), v=0() c=<t=f),
a vepes Hero -—u KpuBoft (L)
=x@@®) o), y=y@@), v@), z=z@{) o@®)

Torza o6z uurerpasa CBEAYTCH K OXHOMY H TOMY e oOuKHO-
B8EHHOMY HMHTErpany no NapaMeTpy

§rs trris o)
Teneps & unverpaay B (9) copasa npumenus dqopwyay puna
ds; p. (g%’ dut % do)= 3;‘5 (PE)—5 (pgg)} da dv.

Tak Kak DOCAeEHEE DOAHHTErPAAbHOE BRHPAMECHHE B PASBLPHYTON BIjE RIeT

oP o0x 0P 8z ox
(axau'l'ay%'l'm")a;‘i'f’m—

arPa. dPdy |, P gz

~ (5 T oy 5ot T w0 P

aPtdzdx Gz dx\ oOPfoxdy dxdy
3—(&3_ EE)_E(E“O_E—Eﬁ)



373) % 4, NOBEPYHOCTHLE WHTETPANK BTOPOIO THIA 295
TO MH OPUXOKHM K ABOHHOMY MHTErpasy

s;‘ {8—% Clauan.

s
To dopuyne xe (7) ero Aerko npeoSpasoBaTs B NOBEPXHOCTHLIA
Hepa P dedx—2Laxd

[ arsr—Faver

B3ATHH WMeHHO NO BHOPaHHOR CTOPOHE NOBEPXHOCTH, ITHM # 2aRep-
WAeTCR AOKASATEAbCTBO pasescTea (8) *).

Bra (opuyna YCTZHOBNEHA HAMH AAA MPOCTO# ¥ TAAEKON MOBEPXHO-
cra, Ho ee serko pachapocrpakuts B Ha ofmuft cayuat Kycoumo-
TAAAKOR RNOBEPXHOCTH, OrpaHNNEHHON KYCOUHO-TAAAKHM KOHTYPOM:
CTOMT JMIUB HANHCATE €€ AAA KaKAOTC NPpocToro U [A3AKOr0 KyCka
B OTACALHOCTH H AOUYACHHO CAQMHTL NOAYYCHHHE pPaBeHCTBA.

Ilyrem xpyrosof#f nepecTaHoBKH OYKB X, ¥, 2 NOAYYAOTCA €lE AB2
aHaNOrAMHHE PABEHCTBA;

Qdy-—-j‘ss"omy-ﬁ%ydz,

(8a)
Rdz = §§ R aydz— R dzax,
roe Q u R—HOBHE ¢$YHKIUA OT X, ¥, 2, YAOBACTBOPMOMME TEM e
YCAOBHAM, YTO H P.
Cxnanusas Bee Tpu pasencrea (8) H  (8a), moayuuM HCKOMKSA
pesyasTar 8 HamGoace ofmel dopue:

de—]—Qdy—[—Rdz-—-
= J (B— P axay+ (B~ 2y do+ (F—Fieax. a0y

310 pEBEHCTBO A HaswBaerca (fopmvaod Cmoxca. Ewe pas nod-
$EPRHEN, WIM0 CIROPORG NOBEPXHOCHMU U KABPpABAerRue o6xoda
KOKMYPQ 83AILNHO ONPEICARIOMCR NO NPASUAY, YCmanosaennoKy & n° 362,

Ecan 8 KayecTee KYCKa nOBEpPXHOCTE (S) BsfTh IIOCKYIC O0JaCTH
(D) ma mnockoctn xy, Tak uto 2=0, To noayuarca Gopuysa

(zi Pdx+ Qdy = SDS (R ~%)axay,

#) Caenyer OTMeTHTb, 4TO MpH BRIBOLC HAMM UCTOAL3OBARH CYHIECTROBAMIE

R ReNPpepHBHOCTE MPOHIBOAHKX g-x-, %, a%-'gb-, KOTOpHEe B OKOHYATENEHOM

pesyabTate He ywacteywr. Ha nene dopuysa uMeer Mecro W (e3 9THX Dpeanc-
QOMEHNE,
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B KOTOpOf! uuTarens Yyauaer dopuyay [peusz Tausm o6pasom, nochen-
HER ABARETCA wacTHHM caywaen dopwmyau Croxca *).

OTHeTnM, HANOHEL, YTO MNOBEPXHOCTHMH WHTErPaA BTOPOrO THNA
B dopmyne Croxca Momer GHTL BamMeNeH MOBEPXHOCTHHIM BHTIEIPAAOM
nepeoro Tuna. Toraa sra QOpMyAd TMPEMET BHA

Pdx-+ Qdy-+ Rde=

= =) s B (2 erfs
L

IPHYEM COS A, COS {, COSV OSHAYAOT HANPABANIOINAC KOCHHYCH HOPMEAR,
omeewawuiel unenno sulpansoli cmopoue nosepxrocma,

Jaa npusepa «oponepum> dopuyay Crokcs, NONOERE
P=ytt2) Q=24-x% R=uxt4p
B B3SB b Kavecrse (5) NOPEPIHOCTS, BEPESARHY) TRIANAPOM
A =2rx 3 chepel X4y L= 2R (R>1, 2200,
TiprGeruys % DapeMeTPRIECKOMY RPEACTARZCMEK KPHBOR
x==r(l4-cost), yxrsint, :=V%R—D VI + cos? (0 2<2x) %),

Adf XPHBOARHEAHOr0 MHTErpaxa HafiReM X0BONLHO CEOXHOE BHpAWERNE B BRIE
oSuKHOBCHHOTO HHTErpaxa:

=
‘{ {ir sttt 4-2r R—) (1 ) (—rsinry
12 R—1) (14 cont)+ 1 ( 4 cost)] 7 cont +-
Hrr (4 oot st Y TR sng

Ho nepsoe W Tperne caardeunie B QBrypamX CHOOKAX, FNHOEEHHRE Ha df,

HMewT BRA F(c08f) 4 COS F, W MHTErpaXH OT HHY, EBHEY WHEPHOXMYBOCTA KOCR-

Hyca, PABNH Ryzm. BHNOAHRB OCTAMMYPCA BHKRAARY, NMOXYYRM 2xRys
NOBepPIHOCTHHA M PATEIPER BTOPOTO TANA

2 sss (0 —2) dy dz 4 (¢ — x) dz dx + (x—y) dx dy,
[

*) das oGaerverns aanommdanum (Qopuyas Croxca yxaxeM, 910 mepsoe
CAaraeMoe B HETEFpaZe CNpasa--TO We, 4T0 B B Gopuyae Fpuua, 8 ocraxshue
AORYYAWTCR UI HEre KPYronof Mepecranoskoft 6yxs x, 3, 2 8 P, Q, R

#%) ECaR HOZORHTL X~—F==F €06 {, Y=t G f, TO [COMETPHUSCKHA CMECH
HapaMeTpa ¢ sicen; NOACTABNAA STH BWPEMEHHA B ypaBHewae cfepy, Hafizew u
BIBHCHMOCTE 2 o /. [Ipn namenen#m ¢ or 0 xo0 2n wpmsay omBcHEaeTCE
OPOTHBYACOBON CTPENXH, €CAH CMOTPETE CBEPX Y,
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PACOpOCTPAHERENT 1A B ¢ P XA 10 0 CTOPOMY YHNOMARYTON NOBEPIHOCTE, Npeclpa-
ayeM CHavaxa b HHTETpax NEepsoTo THNA;

25ﬂ§[(y—z)ml-]—(z—x)omp-]—(.t—y)oosv}d&
Tax wax R
ml T! ‘m!‘ Ra co8 ¥ R’
10, DONCTABAAN STA BUPANCHES, DPONIRexeM YRpOuIeHHe H CBeNeM nCKoMuft

HRTETPAA K CEEAYDIREMY:
2 3:’5 (z —y) d8.

B caxy cHMMETpHE ROBEpPIHOCYH OTHOCHTEABHO NAOCKOCTR X2z, HATErpaN
ydS oxasusattca aynes. Ocrapmufica Xe HHTerpax ¢HoBa mpeobpsayes

t‘ HHTErpaay BTOPOro THOAS

23:’5”3”2 Su;-é;-axdy-m S dx dy==2x Rr*,

874, lipuxoweane dopuyart Croxcd K HCCHOEORANAW KPHRONH+
neflanx mATerpaxos = mpocrpancrse. Ilycrs s orepsirelt obaacta (7)
samanyd ¢ymume P, Q R, BeOpepuBHEE CO CBOHMH FDORSBOANKHMM

0P 0P 2Q 4 IR IR
ar’ D2 & ax' ox’ ay_v

C nowomnpio Gopuyan CTOKCa Aerko YCTAHOBHTL YCAOSUS, HeoGXxo-
dumue u docmamonnse 048 mo20, Ymoli oOPRIAACR 8 KYAs UNMEPas

l Pdx+Qdy+Riz, (12)

s3amui no sofoMy RpocmoMy Sasxuymosy xoumypy (L), Asema-
weny & (7).

Bopouew, AaA TOre WroSH BOSMOXHO OHEO HCROALOBATH GOpMYAY
Crokca, Hy%HO HanepeA RAAOWWTL Ha Tpexwepuyw obnacte (7T),
K KOTOPON OTHOCATCA MAMIK DACCMOTDEHUR, ©CTECTBEHHOE OrpAHHYeHBE.
Huenno HyxHo norpeGoBath, urolu, xaxosa Ox Hu ONag npocman
xyconno-zaadran samxnyman gpusas (L) B obmacra (T), wma nee
MNONCHO GHAO CHAMAKYMSY KYCOARO-2AQ0KYI0 (COMONENEPECERADIYIOCR)
nosepxuocms (), uueowyw (L) ceoun xonmypos n maksce geauron
codepacamyocs & (T). 910 CcBoACTBO aMANTOTHYHO CBOACTRY O AHO-
CBRAHOCTH NAOCKON oOAacTH; APH HAAAUHH €10  RPOCTPAHCTBEH-
nyw obaacte (T) Take HasHBAOT (CNOBEPXHOCTHO>¥)) OARO-
CEARHON YROMSHEM AA% IIpHMEP3, 910 TEAO, OrpaHENeHHOE

*) B orgduie Ot APYrore THOA ORHOCBASHOCTA ApOCTpaHcteentoR oGKacTh,
o xotopoM peab Gymer hmwe {n” 381)
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ABYMA KOHGEHTPHYECKUMA cepnsecKuMn noBepXHOCTSME, OVAET B 3TON
CMHCAE QAHOCBAZHLIM, 3 TOD — HET.

Ilycte we ofracte (T) Oyaer (noBepxHOCTHO) OAHOCBAsHOH. Hara-
Hys Ha KowTyp (l), kak ckasaso, nopepxeoctd (S), aameHmM no ¢op-
uyne Crokca kpusoaknefinuft murerpan (12) nOBEPXHOCTHEM UHTe-
rpanok

Sss 50 BP dcdy +(%3—'§)dydz+(ap BR)d dx.

Has obpaiieHns ero B HYAb, OYEBHAHO, NOCTATOYHE YCIOBHUS

0Q_oP aR__aQ P 6R B

T H % % ox (B)
3TH ycAOBES B TO We BpeMs H HeoOXONWMH, B MeM Jerko yGemuThcs
(uanomeGne n°348), ecom paccearpusars nAOCKHE Qarypu (S),
Aewanne B MIOCKOCTAX, NapalIcAbHNX NOOYEpeiRo TOR Ham mRoM na
KOODANHATHRX THMQCKOCTEH,

Unrateny EBHMAAT, 4TO MW dcnomsosand smeck Gopuyay Crokca
COBEPUIEHHO TIK e, Kak B 0°348 ¢ adanoruuHEME Reasxy OHaa
ucroarsopana dopMyna I'puna.

Jlerko noxasars, uto Te we ycsosus (B) Oydym neofxoduunxa u
docmamotniiir 0R% mo20, LMol Uxmezpar

dﬁ Pdx+Qdy-+Rdz (3)
B)

He 3asncea om gopan wpusok (AB), coedunmiomes so0ue Ose
moske A u B ofsacmu (T), B NPRANONOMEHHH, KOHEUHO, YTO 5T4
06nacte (MOBEPXHOCTHO) ORHOCBA3HE.

Heo0X0AHMOCTh YCTAHABAHBAETCA TAK ¥e, KK H B NAOCKOM

cayuae [n° 349} UYro me kacaerca AOCTATONHOCTH, TO, KAK W TaM, AErKo

HCUEDNHBAeTCA CXyyall, Koraa jge

kpuene (AIB) u (AIIB), coenxuus-

omae TOUKA A B B, KpoMe HHX

@ ofmux Toyex me wMewr. Ecam me

ST0 HE TaK, H BSATHEC KpHBHE Ne-

Pye, 57, pecexkawTcs, T0 sAeCh BOMPOC

OKasmeaercs Gonee DPOCTHN, uYeM

B MJAOCKOM CAy9ae: B cBABHOR npocrpamcTBennoft ofaacra (7) mcerda

MOXHAO B3ATh TAKYI Tperbio Kpunywe (AllIB), woropas yxe He nepece-
kazacs OW #H C ommo#t u3 mpexHnx *). Toraa

= ’ = »
us:m (ASIB) (Aim (Affs

¥ ll{au NOKA3HBAET PHC. 5T, 9TO He BCErNA MOXeT $RTB CECH3HO B DIQCHOM
cayuae

&)
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OTKYRA H CAGAYEY, W0 BCErAa

(ASB} {AEB)

C 5THM HcCieROBaHHEM MOXHO CBA3ATH H 80MpPOC O MOM, Cydem Au
duthgbepennnassnoe SMpaNcerue

Pdx4-Qdy-Rdz (14)

(moMHEIM) KRdpepeHtAanoN OT HexOTOpOH MYHKUEE Tpex MepeMeRHmX.
HeoOxoaumocty ycnosrt (B) ana toro, urofm sro Omao TaK,
NpoBEpAETCA HenmocpeRcrseHno, kak ®H B n°3880. JocTatounocTs
JAOKABHBALTCA, TONKE KAK B IAOCKOM CAYYaE, HEMOCPEACTBEHHHIM NO-
CTpocHKeM nepeoolpasHol — B BHAE KPHBOMMHERHOIO MHTEIpPaAa
L, 5, 2)
Fix, y, )= Pdx-+Qdy-+Rdz

(%9, Yo, £0)

fcp. (8) » n°8B60), koropul— npr cobmoaendn ycaosalt (B) — we sa-
BucET OT nyrd, Wrak, ana ofaacra (T) ykasannoro rama ycaoeur (B)
OKQIWEAIOMER NeOSXODUMBNMNT B DOCMAMOUNNMT 0AR M0o20, wmobh
supanceste (14) Onao mounns oudepenynaron,



PIABA ABAZUATL TPETBS
TPORHHE KHTETPAJb

§ 1. TPOANON HHTEIPAN H EM'0 BLYHCIEHHE

375, 3axaua o suMuCECHNE MaccH Temd. [lycrs sano mekoropoe
reno (V), sancsustensoe waccaMu, B B KOXEOR ero touke M(x, ¥, 2)
H3BECTHS MAOTHOCYS

p=p{M=p(x, 3, 2}

pacnpenesesns STax Mace. Tpelyercs oONpelcanTL BCIO Naccy # TeAa
Ilng peutenas sToft sagaww pasacxrm Tero (V) wa paa vactedt:

Vi (Vo ..., (V)
# auwCepen B mpefeAay KakEof H3 HUX NO TOUKE

MGy % U

Ipumen npuGammenno, 4ro 8 npaAeaszx 98crd (V) DACTHOCTH NOCTO-
AHAA W pasHa Kax pas maotsoctH p(%, W, C) B BaGpanHod TOuKe.
Toraa Macca m, sToff YacTH NPRGANKCHAO BRIDASHTCH TAK:

my===p G % L) Vi
Macca xe BCero Tena Gymer

»
Mﬁgp(&, n &) Vi

Ecan Rmamerpst BeeX wacTell CTPeMATCA K HYAO, TO B npeliese 310
nPAGAHNCHHOS PABEHCTBO CTAHOBHTCA TOUHHM, T2K 9TO

L
m=tim BpGs 1 ) Vs ()
H 838348 pemieHz.

My pudaM, NTO pelieHHe 3aJaYH B SAECh NPUBEAO K PACCMOTPEHHI0
npefeAa Ce0e0GpIzHOR CyMMH -—THMNA HHTErPAALHHX CYMN pas-
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ZWMHOTO BHAA, € KOTOPHMH MH MHOUOKDATHO HMEAH MSAO HA NPOTRNE-
HUH BCEro Kypca.

TlonoGrore pofa npeNenst NPUXOARTCH YACTO PACCMATDHBATE B MEXa-
HHke A DAIAKE; OHA NOAYUHAN HASBRHWe mMpolinwy Humezpatos.
B mpungreix Zag BEAX  o60SHAaUEHMHNX NOAYSEHHME BHUDIE PesyAbTar

BANAILETCA TaK:
me={ i’j 2 (5 3, 2)dV. ®
( .

Teopuu TPOHHHX HHTEIPAAOD M WX DAKHHIM NPHAONKEHNAM HOCDR-
meHd, B OCHOBHOM, WaCTOSMAA raasa. Tak kK nmeanfl psg mpeasoxe-
Bufi, YCTAHOBAEHHWI [NA JABOAHWX HHTCTPEAOB, TEPEHOCHTCA BMECTE
€ RX JOKAS3TeABCTBANH MZ CAywait TPOHHNX BHTErpaxoR, TO MH OOHUHO
GyZeM J0BOABCTRORATECR MMOb  GOPMYARPOBKON STHX NPERAOMEHHSE,
NPeROCTABARA UATATCNO NepedpasHpOBATE DpeXHHe AOKIBATEALCTDA.

876. Tpofinoft HETerpax B YCMOBHe ero cymecrBopamus. Ipn
RCCTPOCHUH OBIIero ONpenesieHHd HOBOTO WHTErpazibhoro ofpasonamwms —
TpOHHOrO MHTErpana — OCHOBHYM pONL Hrpaer noHatee o0besa TeAs,
HanonoGue TOro KK MOHATHE NAOMANH DAocKoR Qmrypw Jaexsno
B OCHOBE OTpeliencHus ApofiHoro ETerpana,

C nossTEeM ofbeMa MEH YHE SHAKOMH HO NEPHOMY TOMY B CTIA-
KHBAAMCH C HAM HE pag. YCAOBBe CYHIECTOBAHEA OUDBEMA AAS JANHOrO
TeNa BAKMOMIELTCA B TOM, wTobH OFPERHYUBAONEA ErO HOBEDX-
© HOCTH AMexs oOnem, panppit wymo [n° 197]. Toasko Takue noBepXHOCTH
‘MH B GYIeM pacCMITPHRATH, T8K YTO CYmeCTAOBaHWe o0TEMOB BO BCEX
HYXHHX HAM caywanx TeM cawuM ofecneusmaercs. OrmeruM, uro, B
YaCTHOCTH, K BOTOMY Kadccy NopepxmocTefl OTHOCSTCE raafZkune o
KYCOUHOTAAAKHE MNOBEPXHOCTR.

DNycre Temeps B uexoropolt npocrpascreennofi ofascrs (V) sanama
dymamaa f(x, y, 2). Pasofivem sty 00MacTh ¢ NOMOMBX CeTH NOBEpPX-
sHoctelt Ha Komeunoe wmcro wacreft (V) (Vy), ..., (V) mMeomux
coorpercTaeHno obvemu Vy, Vi, ..., V. B npemenax lro sacuenra
(V;) sosemem no npoussony Touky (5, W, (), Snavenve dymizmn
s atoft Touke f(§, o () yemoxuM Ha ofveM V; m cocTapuM HuTe-
TPEABLHYI CYMMY

G-——lz.“f(ip W W)V,

ITpedea 1 smoll cymms, BPU CMPeMACHUN K HYAD HOUDOASHE20
u3 Oonamxempos scex obsacmell (Vy), u naswsaemcr mpollnum
anmezpasom dyuxgua f(x, y, 2) 8 obsecme (V). O obosna-
QaeTCd CHMBOJIONM

1= 3" 5‘ Sf(x, 3, dV= S (&Sf(x, », z)qxdydz.
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Koseynwfl npefen nozZoGHOTO BAfa MOXET CYINECTBOBATH TOMLKO
Ana orpaHsueHnof QyHxkumH; Aa8 Tako#! QYHKUHE BBOAATCH, Kpose
HHTErpaAbHOM CYyMMB o, eme cYyMMH HapGy:

L. 7
§== n V, = M V’
Tae
my=inf {f}, My=sup {f}.
7 (V‘)U} i “’:?{ }
OOuuHMM NyTEM YCTAHABAMBAETCA, HTO ANA CYUIECTBOBAHAA WHTE-
Fpana HeOOXONHMO H JOCTATOUHO YCJIOBHE

lim(S—s)=0
HAH

n
Hm ; m,V; =0,
-l

rie w;=M;~m; ectb XozeGaume ¢ynxuur f 8 obazera (V)
[3amerun, uro Ape cymecTBOBaHBH WHTETpald o0¢ CyMMH s, 8 TaRwe
HMEIOT €70 CBOHM MpPeleacM.)

Otcioaa  HENOCPEACTBEHHO CHEAYET, UTO GBCAKGR  HENpEPWONAR
dynxqun f unmeapupyesa.

MomHO HECKOABKO PaCIINPHTL STH YCAOBHSA, 3 BMEHHO: WKME2pU-
PYEMQ BCAKQR OPANUNENHAR (HYNKUUA, 8Ce DA3PHBN Komopol Aepcam
Ha sgtjemx Kucae nosepxnocmell ¢ nyaeomm obsemos, [Cp. n° 339
H ,

377. Coolictea WATerpupyeMuX $yaxnufi # TpolAKX HHTErPANOB,
HoCTarouno nepevucAHTh 5TH CBOHCTBA [AOKABWBAITCA ONE HAZOrHUHO
Hanokensomy B n° 841)

1°. Cymecmeosanue u seansnna mpolinoz0 URMeE2pasn Ke 3QoUCAM
Ot BKQUEHUY, RPUNUMGENHX PYHRNYUE 80086 KOHERHO20 RUCAR
HOBEPXKOCIIEH ¢ HYALBHM OOBEMON.

2° Eeau (V)=(V)4-(V"), mo
[ irmmg e

ApuLeM U3 CYWECIMBOBANUS UNMEZPAAA CACSR BWMEKALI YHCE CYilfe-
CHMBOSANUE LRME2PAACS CHPAsa, U OOPAMKO,
3° Ecan k=const, mo

S(i S RfdV=t S (&S fav,

npUieM B3 CYUecHIBOBRHUR UHMeE2PRAT CHpasa c.ceayem i cywecmeso-
SQNKle URMeEZPAAG CAL8Q.
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4° Ecan & obaacmu (V) unmezpupyess dse diynvgun f u g mo
unmezpupyexa u fynwwuuz X g, npusen

S{S' S (frdV= S(i S fav+ SUS} S gav.

5°% Bcau dsan unmezpupyenms 6 ofaacmu (V) dywxgud [ u g
sunosnnemcs nepasencmso fel g, mo

S(i {rave Sﬂi { gav.

6°. B caynae unmezpupyescemu Pynxuun [ unmezpupyers o
Syurgus [f|, 4 vuseem Mecmo wepasercnigo

5§ §rev]< { §unev

7% Ecan unmezpupyesan 8 (V) dynxgun [ ydossemsopsem nepa-

sencmay
mef< M,
ma

mw;u §ravemy
(

Viuun caoBawu, EMEET MeCTO TeopeNa 0 CDEeAHEM BH2-
qeHA N

S 5) Sde=p.V (m=p=M).
L

B cayuae senpepubHocTs $yHknua f 5Ty GOpMyZy MOMHO HamMcATH

B BRIE
S S' S fav=f@ 72V, @)
{

Fae (%, 9, Z) ecrs nexoTopan rovka ofnacra (V).

Janee Aerxko pacOpOCTPARAETCA Ha TpExXMepHHEt caygalt B copep-
wanne n® 842 TaK ke, KAK B TAM, YCTAHABJHBACTCH DOHATHE QYHKLHH
oT (TpexmepHol) o6aacTH, B YACTHOCTA, AARKTABHOR PyHKNuUA
BamuniM OpAMepOoM Takolt dyukums (cM. 2°) spaderca murerpan no
nepeMeHHoR oGaacre (v):

o=\ { { e @

(=}
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BsogsTcs, aHANOTANHO NpeXHEMY, NOHRTHC HPOHUSBOAHON QYHKUAR
®((»)) no o6aacTh B HAHKOH Touke M; TIK HasmBaeTca mpeNea

fim .9_«!)1
WM Y

npA CTATABAHAR B TOuky M cogepwxamedt ee oGnacra (o)

8°. Ecau noduwmezpassias (BYNKYRR KERDEpNSNG, mo Rpoussodnol
no obaacmu o moxe M{x, v, 2} om unmezpasx (4) Gydem warx pas
anavenne nodunmezpassioft Pynvyun 8 smod mosxe, m. e. f(M)=
=f 5 3 2

Takum ofpasow, UpPA CHSAIAHOM RpeAROAOKenus uHTerpan (4)
cayknr 1R QyHxuRk f B HEKOTODOM CMHICAE <DepRooGpaznofl,

878, Buvyncxeaue Tpolinoro murterpaza. M 3gece Jeso CBONMTCH
K BHWHCACHE0 TNOBTODHHX WHTCFPENOB, COCTABAMOMUXCH B3 HNTe-
rpanos mmameft kpareocrn. [Ipeanoaowam dyuromo f(x, y, 2) ne-
DpepuBHOA B paccuarpupzemolt oGaacrm, ueM ofecmeucHO CymRe-
CTEORAHWE BCEX BCTPEMWEIHXCH HuMme snrerpaace. (CTanoBmMcs CHEYala
Ma chysse, KOrA@ Tean, MO KOTOpOMY HuTerpapyerca dyuruns f{x, ¥, 2),
npencrasaser cofo# NPAMOYIOMBHLA RApAANCACNHDER

(N=la b c, d ¢ )

NpoeKTRPYIOMANCT Ha TAOCKOCTL ¥Z B MPAMOYTOABHHE

R)=lc, & ¢, N}
Toraa mMesM, npexae BCero, R
§ x {7 5 par={ “i,m' » 2dR. ®
{ s

Sawenss ApofHON HHTErpa¥ TOBTOPHHM, OKOHWATEALHO NPUBEACM BH-
uncAenne TPOHHOTO HHTErpadd K NOCAENOBITENLHOMY AKYHCAEHHIO TpPeX
IEPOCTHX HRTErPENOB:

Sggf(x, » z)defdxfdy Slf(x, ¥ 2dz {6)
{ G ¢ e

Haolopor, ecAn nepswe Hpa HHIErpaaa OGLeARHATS B 2BOHHOH
EHTEFpan, TO MOMYRAM

§ 5, {75, 5 9ar={ qs dxdy ff(x, »adn @
( § .

ree (Q=(a, & ¢, d]. Bo pcex stax c¢ayuasx, Kak camo CoboOlo pasy-
MELTCR, POAM MEepeMeHHHX X, ¥, Z MOKHO MepecTasiftb.

Mpeanonousam reneps, ur0 tpoliHoR mATerpan Gepercs mo Teay (V),
OTARYEOMY 0T HpWMOYroapHore mapansenensneda. Ilycre sro Texo
COMEPMATCH MEXAY MAOCKOCTAMH X=X, # X:==X B XaKRoi0 napai-
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AG/LHOKY WM NAGCKOCTRIY, OTBEYRNMEw (RKCHPOBAHHOMY SHASEHHO
x{re=sx=c X), mepecekaerca N0  mexoTopoi  QArype, Hwewomiech
nnomage; uepes (P,) oOosHaumm
ee DpOEKIWKr HA NAOCKOLTL ¥2
{puc. 58). Torna

S‘S‘ Sf(x, 3 2dV=

=—..f ds ijf(x,y, 2)dydz. (52)
*y

310 — anaaor Gopuyau (B).
Ilycrs, zanee, teao (V) mpex-

CTapAseT coloH «IHAHHADAUECKAR

Gpycr, OrpAaHRUCHHNH CHMBY H CEEPXY, COOTBEICTBEHHO, MOBCPXHOCEAME

zzmzy(x, ¥} B 2=2(x y)

NPOEKTUDYOMEMEC HA DAGCKOCT: XV B Hekoropyw ¢urypy D, orpa-
Havennyio xpusoio (K) ¢ naocmansio, pasuo#t mymo; ¢ Goxos Texo (V)

£z Z3

w

]

@m S

Paue, 60.

o)

OFpaHHYeH) BHAMHADHYECKON NOBEPXHOCTLI ¢ OOpasyOIME, Dapan-
RSALHEIMY OCH 2, H ¢ Kpmsow (K} & poau Hanpasamoueft (pre. B9).
Torpa, ananorsusio dopuyae (7), uMecM

S(&Sf(x,y, z)dV=udxdy“ ’

Ecan obmacte (D) npeacrasaser coGol KPUBOMMHEAHYI0 THAIEIHIO,
OFpAHHYEHHYI0 ABYMs xpuBHMH (prc. 60)

Iy=nx) » y=Y{) Fymx sz X)

Tz N
I, 5 Dda.  (T9)
n
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H ApAMBME X=X, X=X, 10 TeA0 (V) noaxcasr noa ofa Tuma,
PACCMOTPERHHX BHWE. 3aMeHas ABOHHON MHTErpanm-—7T0 A B GopMyae
(8a), r0 an B dopmyae (72)— NORTOPHEM, MOJYHHM

S(igf(x, v z)dv=jdx:.§)dy:3':f(x, y, 9dz.  (6a)

Bra ¢opmyna obobmtaer dopuyry (6).

Kak u B npocrefimiem caysae, KOTOpHH# OHA PaCCMOTPEH EBHIE,
H 3Zech, HApAAY ¢ YKasaHHMMA QODPMYyAaMH, HMET MECT0 ¥ EM [oxol-
HHe, NoAyYaloIHecs K3 HAX NepecTAHOBKOH
NEepPeMEHENE X, ¥, 2.

Nenuepw 1) Busucaurs arerpas

Jo= S S S dx dy dz
T+=F+y+2p°
pacnopocrpanerEnit ma rerpaexp (V), orpandus-
BaeMbi#t  mrockoctAME x={, y=0, z=04u
x+g-|-z=l {pac. 81).

EMEHHE [Ipoeknuelt Teta Ha MNAOCHOCTE
XY COYRUT TpeyroabHBK, obpaloBaHHWH NPAMHMH
Xx=0, y=04u x-+4y=1. $cHo, uTO rpanHuaMn
Puc. 61 H3MEeHeAUR x CcAyxar udcaa O w 1, a npa mocroan-
* BOM X B STHX FPaHHUAI N¢peMeHRad y HIMeAAerca
or 0o I—yx, H ke (UECHpOBAHR ¥ X, 4 ¥,
T0 TOUKZ MOMeT neipeuelnancn 00 BEPTHKAIN OT HNCEKOCLTA z==0 N0 naoC-
xoctu x-ty-4-2=1; raxWM ofpasoM, DpencnaMn H3MeHenus z Gynyr O M

— ——

Mo myne (Ga) umeeM
1 1y le=x—y

dz
!= dx d .
5 5 Y g TF++r+o
l'[ocle;onarenhuo BUYHCAAEM HHTerpaAld, HAMMHAR C BRYTPEHHErO:

1=g—y p
z

..__1_[ 1 ___I_].
OFx+y+2¢ 2IAFx+yF 41

1—x
7] o —alo=a(mr—55)

HaKonel,

1= S (T}FT" 3:*) dx=-;-(ln2—-'g-).
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2} Buvyncanrth HETErpaa Jppuzne

D= SSS xP-1ye-12r-1 dx dy dz,
X5 F=0
*+yta=xl
npexnoxaran p, ¢, r==1 (uvepr. 61).

Ecnn socnoabaosareca Gopuynoft suza (5a), mocrasus mHTErpHpoBaHHS 0O
# HA MECTO MATErpHPOBAHBA NO X, TO NOAYHEM:

1
D=§z’“dx SS xP it dx dy.

£ 3=0

3amenoit nepemenint X=(l —2)§ y=(1--2)7y ceeZem npofiHoft METErpal
X yxe nan:g:nouy [n® 344, g)] y=( & oP

_ 5 g e ] . T{p) -T{g
¢ zweuownﬂ Gar=(1—zpre. BTG,
Fha=1

TaK YTO

1
__T(@TQ _
D=tgtqtry J o (—arra

Hagoletl, BOCTIOABSCRSBINWCH W3BECTHHM BepakendedM dynkumn B yepes T
Iv” 811, (12)], oxorqareanHo Hafinem:

p=TWTOT{
T(p+e+r+1)
— pesyabTalT, COBEPIICHAO AHATOTHUHHNE moayvenuoMy B 1" 344, 3). Ha zeme on
AMeet MeCTo B DpH Goaee ofmeM NpennofokeHnH, HMenHo: p>0,g2>0, r>0,
Ho npa ofpameHER nopunterpatoyol QyREOEE B GecKoHeuHOCTH (HANDUMER,
npE 0<<p<-1 970 nposofiner ma RAOCKocTH x=0) MHTErpax YRe OKadH~-
BaeTCA <HEeCOOCIECHHHM» W Tpelyer RQEONHHTEAbLROIO MPeAGNLHOTO NEPeXoxa.
Onpenexentie TaROro KETErpaNa CTPOHICA TaK &e, KaK H B clyvyae nmofigoro
nﬂre&?‘na [cn. n° 344, 4), 3ameyaume].
Mexanuueckne EpRAGHenHN. Ecrecrseino, yro BCE reOMeTpRUECHHE
H MEFAHWUECKHE BeXZHYHHH, CBA3AHHHE C DACOPELCIEHHEM MAcC B OpeNeasx
negoroporo texs (V) B npoctrpancree, B UPHAUANE BHPAKAWTCA Ha STOT pas
TPOREL MH HHTEIPANAME, DACHPOCTDaHeHAHME Ba 1ea0 (V). dnech Taxme
RpOmE BCEr0  HOAb3OBATECH %nunmmu CYMMHPOBAHRA GECKOHEYBO MAANX
saeNerToB [cp. 1° 204-—208 u 345
Qdo3HaYNM Yeped p MIOTHOCTE PACTPeRescHHA Mace B NpoHSBOELHOH Totke
tess (V); oOna saBagercd dysunMelt of KOOPAMHAT TOWKE; S5TY {YHKUME MH
6yneN BCErAa CTofaraTh HempepuBHof, CyMWHPYA SOEMERTH MACCH
dip=p dV =p dx dy dz, naa sBeauunen beel Macce GyAed HMeETh

m__:SispdV:SsSpdxdydz ®)
[cp. n* 375] ‘ ”

Hcxons M3 SNEMEATEPHMI CTATHUCCKAY MOMEHTOR

dKyy=x dn=uxpdV, dK;x=ydm=ypdV,
dKyy=2 dm=2p dV,



388 FA, XZI1, TPORHKE HHTRTPALK 8%

AaliNen cameie CTATHUECKHE MOMEHTS:

e e

a4 00 HHN — A KOOpPOHHATH HCHIPDE TANKECTH:

e e e

m L]
B cayude OAHOPOAHOT O TEAR, p= CONSL, DOAYIAEM HPOIRE:

§=M, QEM’ c=§‘ S‘av

Canw  coGoft HOHATHN M QOPMYAN AUN MONEHTOE RREPUNN OTHOCHTICEbEO
acelt XOOPARHAT:

- Sé'ns P +)edV, 1= S(S’.S (&4 ) p v,

»

Iy S(ij &y v an
)

HAH OTHOCHTEIbE( KOODAHNATHHI MAOCKOCTER:

= oven 1um [ frren

ty={§rev @

Haxomen, mycrs waccw, ssnoaaspmpe rteso (U), npurarmsawr T1oIX
AR % ) (macem 1) mo aaxomy Huworona (puc. %
Cr3a NpRTAXEHUA CO CTOPOH! SREMENTA I = p

MACCH HMEeT Hi OCH EOODRHHAT POCELHE *)

=8y gy,
aFy=T g v,

i =224y,
rae ~
Puc. 62, r=¥(x—P 4 (y—P+ -2

ECTh PACCTOAHHE BJECMENTA (nm TOUKH, & XOTO-
poR Mu cuBTAEM COoCpexotovennoR ero Macey} or towkn A. Cyusspys, xaa

*) Cu. BTOPY CHOCKY Ha ¢rp. 316,
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npoexaEd NosHod cais F DpRTAReHER Ha ocH ROOPAHHLT AOAYIAMN

Fxngij £t a, F;=§§’§L‘;iﬂm. r.=5&5’—,7.—‘w. 3
( { {

AHagoryuHO ORpexeserca N NOTEHNBAR HAIIErO FeA: B TOYKe:

W S(& S 2V, (9

Bcam toyma A SeWHT BHE TeXs, T0 bCe ITH MHTErpasst OKEIHBAKTCA C0G-
CTReHHbIME. B 9TOM clzlme MowRO aR{epepennupoBats BETErpax W no amolt
H3 NepeMeHHEX § v, { NOX SHAROM KETErPAA2 HA OCHOBAHHM COOGpANEHRA,
CXIOMWI C TCMB, XOTODWMH M ROJD3OBAINCS B OTHOEICHEH NPOCTHX BMATE-
rpanos [n* 207). B pesyaprare uMp H NOAYUBN, uto

Qa‘g-sr,. 9%’-=F,, = Fe (15)

B cayuse we, xorna TowEa A cama ApEHanzewur teay (V), b sToRt TouKe
r={, B no; anbie Qymuny 8 (13) u (14) pGausn Ree nepecrawt 6ury
orpmmuem:mmuu. STH RNATErpaAM, XaK <HeCOOCTREREEIEY, BOE We
CYHIECTBYIOT, H IA4 HHEL BHIOAHEWICA OCHORRHE COOTHOWeREA {(15).

3aMevange B n® 345 39 crarMvecHNT RONCHTOB GEHOPOXHOTO NHAHWA-
paveckoro Gpyca (npw p=m ) Mb HMeAN Gopuyxsl

R_,,-s Sua‘xdy, @-szydxdy, K,,=-;-.insz'dx¢r.
P (

Ona, xonewno, suterant B3 oOupx Gopuys (9.

1
WeeN, HANpHMED, s
Ky S {U’ 2V LS dxdy 5 2z
<]
LA )] 1 =zl )
5 zdzw-i-z' .
£ am}

9ro § APHBOARY K TPEGYEMOMY DEsyanTary.

B n" 345 psaMeH BHUHCACHHA ROCACABEr0 INterpasa OMAR NPHBACUEHH
coobpameHns H3 OOAACTR MEXAHHEH (OTHOCHTGADHO CTATHRECKOTO MOMEHT?
BAEMENTAPHOTO CTONGHKA).

§ 2. $OPMYIA OCTPOIPAICKOTO

880, ®opmyaa Octporpamcuoro. B teopaM sBoBRNX murerpancs
MH OBHAKOMBAACH C dopuyroft I'pana, ceasmsaomel ABORHOR umTerpan
N0 WAQCKON 00A2CTE ¢ KPABOJHHENHHM HHTETDANOM N0 KOHTYDY GOMACTH.
Ee anasorom B 7T€OpHH TPOMHHX MHTErpadoB cAyxuT dopuyna Ocrpo-
FPAACKOrQ, CBAMBAMIAT TPOHHOR MHTErpa/l NO  APOCTPAHCTREHHOR
0GAACTH ¢ HOBEPXHOCTHRIN WKICTPRAOM MO rpiHMne OGAaCcTH.
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Paccmorpru texo (V) (pRe. 39), OrpsuuveHHOe CAIAKHMHM HOBEpX-

HOCTAMY (Sl)
z=2z(x )
() 2=Z(x, 3) } Ce<2)

4 HAAMHADAYECKCA MOBEPXROCTRIC (S,), obpasyolwe KOTOPOH napaa-
AenbHH OCH 2z, Hanpapamomedi afech CAyXar KYCOUHO-TA3AKA 2aMKHYTAs
kpepas (K) (C HyneRoH NAOMARBIO) HA DAOCKOCTH XY, OrPaHEYHBAIOMIAN
offnacte (D) — npoexnmie rena (V) Ba 5Ty naoCKOCT.

Honycram, aro 8 obaactd (V) onpeseaesa Hekoropan (pyHKLRA

R(¥, ¥, Z), nenpepHBHAA BNECTE CO CBoefl NpouspoAHON %% BO Bcelt
abaacty (V), Bkmouan ee rpaunny. Toras umeer mecto dopuyaa

SS/' R dxdyde— ‘5:5 Rdx dy, ¢)]

npudeM (S) €CTv NOBEPXHOCTh, OTPAHVYABAICHIAN T€A0, W HRHTErpad
crpaga PachEpOCTpaHeH A2 BHENIWIOI0 € CTOPOnYy,
Oencreurenpho, no gopuyae (7a) n° 878

zix»n

S.LS dxdydz_s;pgdxdy‘oi Rz =

. ¥
== SDS Rix, 3, Z(x, y)dxdy— LS R, ¥, z4(x, y))dxdy.
)

Ecad  BRECTH B PacCMOTPEHRE NOBEPXHOCTHHE HHIEIPANH, TO,
B cray dopuya (3} u (3a) n° 872,

S(\;S Sdxdydz={{ R(x, 5, Ddrdy+ LSR(x, v, Ddxdy,
) Sa) 4]

NpAYEM NEPBHE M3 KHTErPIAOB CNpaBa PacnpOCTPEHEH HA BEPXHO IO
CTOPOHY NOBePXHOCTH (83, a BropoH —H2a HAXMHIK CTOPOHY IO~
pepxHOCTH (S)). PapeHcTBO He HapywsTcs, ecad My npulssup Kk npasoll
€r0 YacTA BHTETpan

R(x, y, 2)dxdy,

pacnpoCTpancHHKE HA BHEW HI0W0 CTOPOHY NOBepXHOCTH (8§), TiK
KaK STOT HHTErpax papeH Hyao [n° 872, (B)]. OGrezunas Bce Tpu
NOBEPXHOCTHHX HHTerpaaa B OfWH, MW W NpEAeM k dopuyne (1),
KOTCpas npeacrasifer cofoft uwacrHufi caydah dopumynmu Ocrporpaa.
CKOTO,

Jlerxo noHsrs, uro Gopuyna (1) BepHa Aan  Golee  HMIMPOKOroO
KAACC4 TeX, KOTOpHe MOryr Otk PAasaOMeHH HA YacTH HBYSEHHOro
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TAn2, MomHO moxasats Takxke, wro dopsyra (1) cnpaseanmsa sooGme
AR T€A, OTPANRHMEHHHIX MPOHSBO/LHBIMA KYCOUHO-TNAAKUMH TIOBEPX-
HOCTANY,

Anarorruno ¢opuyae (1) amelor MecTo B QopMyAN:

Sij P ixdyde= Sss Pdydz, @

( [5]]

s(sggdxdydz=s Qdzdx, ®
V)

ecmn dymkuun P @ @ senpepusHH b obnacra (V) BMecTe co CBOHMH
TPOHSBONEWMA 5= ¥ ==,

Caowus Bee TpR opuyam (1), (2), (3), Mo © mpuger K oGmefl
dopayse Ocmpozpadckozo:

§§S 8+ B
=S“$ Pdydz+ Qdzdx+Rdxdy. @

Oea pupaitaer ofotero BRA4 NOBEPXHOCTHMEA HWHTErpaJg BIOpPOro THNA,
pacupocTpaseHHE! Ha BHEIDHIOW CTOPOHY SAMKHYTON [IOBEPXHOCTH,
yepes TpoHRON HMHATErpaa, BSATHMA NO Teay, OrpaHAYenHoMy 9TOH no-
BEPXHOCTEI,

Ecau npeeaeus X pPacCMOTPEHAD MOBEPIHOCTHHE HHTETPAAH NEpBOTO
THNS, TO NOAYyuHM Apyroff, pechbMz YMOTPeOHTE/ABHHHE M JSCKO BANOMH-
Haemuifl sup Qopuyan OcTporpaackoro:

148+ e
LLg)
=SSS(poos1+Qoosp+Rcosv)dS, )]

roe A f ¥ CYyTh YrAK, COCTaBACHHHE BHeWHe# HOPMaAbI K 0O-
pepxaocTe (S) ¢ KOOPAHHATHHIMEA OCAMH.

Baupganpe I Heorma dopuysy OcTporpaacroro CBASHBAWT ¢ NMEHEM
Fayeca. ¥ Taycca BCTPeyamTCA JRIb OdeHL wacTHue cAyvan svoil dopMyan,
opiyeM KaxaAufl pas RamOBO Naercd RBX mmBoj. B ofmeft dopme (4) sra dop-
Myas sneppue Gunz fama B 1828 r. Ocrporpasckuw, KOTOpHi NpHMEHHN ee
K BONPOCY O PACHPOCTPAHEHEH TENNA B TBEDAOM Texe,

3ampusnug . dopuyan Tpuna, Croxca m Ocrporpaackoro
obbenunens oOAnoft uueel; oMM BHDPANAIT HHTErpax, pacnpocrpa-
HeHHuH Ha HEKOTOpDHH reomerpmuecknfl o6pas, uepes HHTErpas, BoaTH
RO rpansue orToro ofpasa, Iipw srom d¢opuyaz [pEna OTHOCHTCA
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K CAyusld [ABYMEDHOTO MPOCTPaHCTBA, dopuysa Crokca — Takwe K cay-
YAl JBYMEPHGrO, HO <«KPHBOPO» NpOCTpancTBd, a Qopuyaa OCrpo-
TPAACKOr0 — K CAYUAI0 TPEXMEePHOr0 MPOCTPAHCTEA,

Ha ocnopsyi0 GOPMYZy BHTErPAALHOrO HCIACHCHUN

]
{r@a=ro—1@

MM TOXE MOWEM CMOTPeTb, KaK HA HEKOTOPHH 4Hanor STHX Qopayn —
NS OJHOMEPHOTO MPOCTPEHCTBA.

381, Hexoropue npusepu mpasowenna Qopwyan Ocrporpastxoro.

1 i O05EMa MEAG ROSEDXROCIRHMNL URMEZPAAONY, AHRXOIAYRO

, B B $opuyxe (4) MORHO pa3sHUBLIMH cnocobaMB NOACSPaTH QYHKLHE

P, Q, R rax, wrofh HOEUATErpaaAbNCE BHPZMEHNE B TPOHHOM UHTETpaie OKasa-

A0CH ’lpannuu CNAARNE TIXK 9TO 9TOY HMYErpad cEeXeTcs Kk ofremy V rem

(V). Taxnm ofpasom, ofbem V' upencrabHTcs B 2nEe [OBEPIHOCTHOTO HBTE-

;pua. PRCTIPOCTPANECHHORO H2 OrpaHHYHBaDMY® Texo (V) momepysocts (S)

ax, nossras & (4) woowepenHo

P=x Q=0 R=0 P=0,Q=y R=0 Pm0, Q=0 R=1,

HpEACH K opuyzam:

Ve Sﬂsxdydz= S§ydzdx= S{jzdxdy, ©

BPHYCM SCE MATErPALk BIATH HO BHEIEH & it CTOpONE NOBEPIHOCTH ¥nob-
Boft apaserca Goace CHNMETPHYEHAA (OpMyas, OTBEYAMINAR P S

P=';'xt Q“'}’s R-%"S;
GRA HMEeT PRR
V=-%-ngdydz+ydz¢x+sdxdy
)

HIH— €CAH flepefiTH K BRTErpaay hnepeor¢ Taa—

Vn%-ﬁ(xml—}-ywsp-i—zmv)ds

(saecy ©o0s}, coBg, CO8Y OHAUSNT HENPABEAWLIRE KOCHHYCH bHemHef
HOPMAER 1 & NOBEPIAOCTH).
Moweo ppencraBnTs 9TY (OPMYAY e€ile RHYE: £CAH PACCMOTPETh BEETOD

7. COPAHRAOIAR BATSAO ¢ nepeMeRtel TOYXKOR ROBepINOCIH, ¢ DpoexnHIME
X, ¥, 7 Ba OCH EQODAWHAT, TO BWDAREHHE B CKOOKAX MOKCT GiTh RMEPEnHCAHO
B BHje

r-cos(7, @)

V=-},—Sj§r-mﬁ,¥)d&

B rakofl Qopue sror pesyantar serpevaerca y Taycca eme B 1813 r,

W, OKOHUATEALHO,
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2) Passosecue xcecmuofl saxxuymolt nosepxnocma. Jokames, uto Xecriss
SaMKHYT48 NOBEPXHOCTb, HOABEPrEYTdA BCECTOPOAWEMY pPABHOMEDHOMY
EABOEHHI, OCTAETCA B PABHORECHH.

C sroll Hexpl YCIZHOBHM, 9TO DASHE HYZI0 2408l seKmOp W 2adasHsl
MOMeRm (OTHOCHTEIbHO XaKoR-EHG0 TOURA)BCEH CHCTOMA HPHACELHPEX K NOBEPT-
HOCTH CHb.

Bupessu saement {4S) nosepxsocn. Ecan uwepez p==const ofozHavurs
BiBieRHe, T. ¢ CHAY, NEeRCTBRYOWYOD Fa CEMNWLY N& T0 sxeMeHTADAAS
caae, pefictayoman Ha (dS) nO HOpManm ¥ STOMY MleMeHTY, GYNCT HMETH OpoeK-
1HH Ha oCH

—poBidS, —pcoepdS, --pcosvdS (n

{36a% MBHEYC ROCTABACH NOTOMY, UTO NABACHRE HANPABXEHO BH YT pb NOBEpPX-
HOCTH, & ), f4, ¥ cyrb’;rnl BHEMHE N HOPMATH ¢ KOODPHAHHATHHIMM OCAMH)

poexnas Ry, R; raamuoro Bexropa moxywamrca #3 npoexuud (7)
SEEMEHTAPHLT CHA cyn’fmponanneu BL

Ry=—p Sﬂ‘mlds, Ry=—p S‘Smpds. R,:-—-psfsoosvds.
) t

Ho Bce stm mmrerpasu paeum Myamw, wTo BUgHo E3 dopmyan Ocrporpagcroro,
eCAH NOJOMHTL P Hefh

P=1l, QuRe=l; Qwl, P=R=0 R=1 P=Q=0.

Hrax, 2aaensi sexmop dasaenad paser ryaw.

ONPEALACHAR TAABHOTO MOMERTA CHCTEMM 3XCMCHTADHMEX CHA, CHANEM,
OTHOCHTEALHO HEUAAA ROOPAADAT, APOCYMMHPYEM NPOLEUAH Ha OCH MOMEHTOB
STEX MCMEHTAPHMX CHA:

plzcoap—ycoevydS, plxcosv—zcos A} dS, p(ycosd-—xcosp)dS*)

gaxml 00pa3oN, NPOEKUHA IAIBHOIC MOMeRTa NABRCHHA OTHOCHTEABNO HavaA:
YAYT:

Ly=p Sﬁg (pcoop-—yeosv) dS, Ly=p S;S (xcos v — zcoe M) 45,
Ly=p sﬂg {ycos A — xcoe p) 4S.

Ecm » syae Ocrporpanciors paars P==0, Q==pz, R==—py, 10 noxyan,
w10 L,H ‘;an ME JEIKO YCTAMOBHTD, NTO B Ly=1,==0, rx':ymua xo.{leuu
dassennlt (OTHOCHTEALNO HAvaAd) PaSeH KYA0. “STHM H 3aBEPIIAETCR NOKASA-
TERLCTRO.

3) 3axon Apxuseds. VismectRo, uT0 nuBicHAe WHIKOCTE HA NOrpymeHHYW
B Hee NECHIAEKY BanpasZeH0 MO BOPMIAR K MAOUISTKE H DABHO BeCy cToAGa
WHAKOCTH, OCHOBEHHEM KOTODOTO CAYKHT SYa NACIINKE, A BLCOTOR — raySnua
ROrpyReHna RACUENKH. JONYCTHM Teneph, 9T0 B EMEAKOCTD ROTPYMEHO TBEDAOE
rexo (V); Ma wamauf sacment (45) ero nopeprnocrd (S5) N0 YKAsuHROMY 3aR0BY

*) Hanouuuw, ¥To €CXH cAsramilfie CHAN N0 ocaM ¢yre X, ¥, Z u npusomeny
oHA B TOUKE (X, ¥, £), TO MOMEHT CRIH OTHoCHTCALHO TouwH (€ v, () MMeex
CASAYIOMEE MPOCKIAY HA OCK:

Lemm(y—=)Z—(—0Y, Ly=(E—-0X—(x—02Z
Le=(x—Y—(y—) X
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LABRT mEakocts. TpeGYeTcA OApeneanTs pPABHOACHCTRYOMLYID SAEMEHTPHLIX
IapEéEHA A e¢ TOSKY HPATONKEHHA.

Has pemrenun 910l samaun BuGEPEM WOODAHRATHYIO CHCTENY, COBMCCTHD
HAOCROCTE Xy €0 CBOGOLHOH MOBEPIMOCTLI WAAKOCTH, @ OCh 7 HANDIBHE BeD-
THXAABHO BHUD.

TIycTh YEEALHHR BEC WUAKOCTH DameH p, A ray(fHa DOrpYWends SIEMENTa
(#S) ectb z; Torng MCHETHEACMOE THM SHEMENTON MaBlewnEe Oyger

pz dS,

@ NMPOEKLUHN €TO HAa OCH:
—pzcos L dS, ——pzoospdS, —proosvdS.
B TaxoM cayuae nas npoexumfl rAZBHOTO BEETOPA HA OCH BMESM:

Ry=—p 3;5 2008 L 45, Ryu—psss zcos p dS,
¢

Ryu=—p S zo0s v dS,

C nomompw dopmysu Ocrporpaickoro, Kak B B npelwaymelt 3afave, Jereo
HOAYURTD
Re=Ry=0, Ry=—p Sij dV=— V.
}

Take ofipasoM, 24aenuil sexmop Oosienuli Kanpasten SepMUKGABNO 08EPX
U pagen secy SMIMECHEHROE mes0M Neudnocme.

PaceMOTpAN TeNéph NOMEHTH SOEMEBTAPHMX CHA OTHOCHTENbHO NEHTPA
TIEeCTH C?E). # {) Telia (3heck W MaZblie MNEeeTCH B BEHAY LeHTD
TAMECTH ZEOMEMPUNECEKOZ0 TeIa, NPY PABEOMEPHON piac-
npeXeNeMMA MACC OH MOMET He COBRANATh ¢ HERTPOM TARECTH Quanve-
cEoro reaa). CoCTABAANULIHE SICMEHTADHHI MOMEHTOB MO OCAN SYAYT

pz [(z— &) cosp— (¥ —n)cosv] &S, pz[(x —E)coev— (z—L)cos A} 48,
pe [(9—n)cosk —(x—E)cos ] 45,

a JAA COCTAENANIONI Ir¥aBEHOIG MOMCHTE (OTHDC!ITEIBEO TOUKH C) NoRAYYEM:

Ly=y 555 2[(2 —T)cos s — (y— 1) co8 ¥] S,
{

Ly=p 55 z [(x — &) cos v—(z— L) cos 1)} 45,
[L3

L= &Szt@——wm—(x—aww] as.

Tlpusenna k nepeomy ma